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Definition: A function f fromX - Y (f: X = Y) is a subset
f € X x Y with the property :

Vx € X,3ly e Ysuchthat (x,y) € f,f(x) = y.

Example: Let X be any set define I,(x) = x Vx € X, I, called
the identity map.

Example: Let Xbe any setand let A ¢ X definei:A - X as

follows
i(a)=a VaeA

Example: Let X and Y be any two sets define P.: X XY — X as

follows:

P.(x,y) =x, V(x,y) EX XY
Similarly, we define

Py(x,y)=y, V(x,y) EX XY

Definition: Let f: X > Y beamapandletAC X,BCY



f) ={f(a);a € A}
fB)={x€eX;f(x) €B}
Definition: Let f: X — Y be amap fis (1-1) or monomorphism if
Vx;,x, € X suchthat f(x;) = f(x,) we have x; = x,
Or
Vx,,x, € X suchthat x; # x, , we have f(x;) # f(x,).
Definition: Let f: X — Y be a map f is (onto) or epimorphism if

Yy €Y ,3x € X suchthat f(x) = y.

Theorem: Let f: X — Y and let {A4,: @ €A} be a family of subset
of Xand let {Cs: B € {} be a family of subset of Y', then

1- f(Ugerda) = Uger f(Ag)

2- f(naEAAa) = naEAf(Aa)
3- If A B < X ,then f(A) € f(B)

*f(B-A4)2f(B)—-f(4)
4- 7 (Upes Cp) = Upes f71(Cp)
5- f'(Npec Cp) = Nper f~H(Cp)
6- If SCcTcY, thenf'(S)cf*(Tandf1(T-5) =
fHT) =71



Definition: Two sets A and B said to have the same cardinality (
same number of elements) , if there is a 1-1 and onto function
f:A- B.

Definition: A set E is called finite if E has cardinality as

{1,2,...,n} for some n € N , otherwise E is infinite.

Definition: A set E is called countable if it has the cardinality as

subset of N, otherwise E is uncountable.
Remark:

1- If Sis finite and S; < S, then S; is finite.

2- If S is countable and S; < S, then S; is countable.

3- If {4, },,en 1S a countable collection of countable sets , then
Unen 4, 1S countable,

4- If X and Y are countable sets, then X X Y is countable.

5- Z and Q (countable)

6- R (uncountable)

7- If a set has the same cardinality as a proper subset of itself, then

it is infinite.

Definition: Let X be any setand let d: X X X — R be a map such
that :

1- d(x,y) >0 Vx,y € X

2- d(x,y) =0 iff X=y

d(x,y) =d(y,x) Vx,y € X

d(x,z) <d(x,y) +d(y,z) Vx,y,z €X

A~ W
1 1



Then d is called matric on X and (X, d) is called matric space.

Example: Let R be the set of real numbers define d: R X R — R as

follows:

(x,y) ERXR , d(x,y)=|x—y|
(R, d) is matric space.
Example: R? define d: R? x R? — R as follows:

(x1, 1), (%2, ¥2) € R?

d((x1»)’1); (Xz;)’z)) = \/(x1 —x3)% + (Y1 — ¥2)?

(R?,d) is matric space.

Definition: Let (X, d) be a matric space and let x € X and r > 0,
N:(x) ={y € X:d(x,y) <r}
Is called neighborhood of x.

Definition: Let (X, d) be a matric spaceand letU € X, U is

called open set in X if

Vx €U,3r > 0suchthat B.(x) € U.

Definition: Let € X , F is called closed if X — F is open in X.



Proposition: Let (X, d) be a matric space ,then

1- X, @ open sets.

2- Let {A,: a €A} be a family of open subsets in X, then U, 4,
IS open set.

3- Let A4, A,, ..., A, are open subsets in X, then A, N4, N ..NA,

IS open set.

Proposition: Let (X, d) be a matric space ,then

4- X, @ closed sets.

5- Let {Fz: f €A} be a family of closed subsets in X, then Nge, Fp
Is closed set.

6- Let F,, F,, ..., F, are closed subsets in X, then A, UA, U ..U A,

is closed set.

Definition: Let (X, d), (v, d,) are matric spaces , x, € X and
f:(X,d) = (Y,d,), then f is continuous at x, if ,

Ve >0,36,>0suchthatvy e X,d(xy,y) < 6 we have
di(f(x0), f(¥)) <€

ie y € Bs(xo) = f(¥) € Be(f(x0)).

Definition: Let f: (X,d) = (Y,d,) be amap, f is called

continuous map if it is continuous at x ,V x € X.

Theorem: f: (X,d) — (Y,d,), then f is continuous if and only if
v U, U open in Y we have f~1(U) openin X.



Definition: Let (X, d) be a matric space and let {x,,},,ey be a
sequence in X and let x, € X, we say that the sequence {x,},en

converge to x, if :
v r > 0,3 k, positive integer such that x,, € B,(x,) Vn=k.

Or d(x,,x,) <r Vnz=k.



Topological space

Definition 1-1: Let X be any set and let T be a family of subset of
X such that:

1- X,0 €T
2- Each union of members of T a member of T

3- Each finite intersection members of T is also a member of T.

Then T is called a topological on X and (X, T) is called topological

space.

Remarkl-2:

1- Let (X, T) be atopological space , then the elements of T are
called open set.

2- Let x be a point in a topological space X. Asubset S of X is
a neighborhood of x iff

3 an open set G containing x such that x € G c N.

Examplel-3: Let X = {a,b} ,T = {0, X, {a}}
Is (X, T) topological space ?

Or Tl = {®'X' {b}}
Is (X, T;) topological space ?



Exam plel-4:X = {a,b} , T, = {X, 0}

Then (x, T,) is topological space.

Examplel-5:X = {a,b} , T3 = {X,0,{a}, {b}}

Then (x, T3) is topological space.

Definition1-6: Let (X, Ty) and (Y, Ty) are two topological spaces

we say that the topological space (X, Ty) is equivalent to the

topological space (Y, Ty) if X =Y and Ty = Ty.

Definition1-7: Let X be any set and let D = P(X), then (X, D)is

topological space called discrete topological space.

Definition1-8: Let X be any set and let I = {X, @}, then (X, 1) is

topological space called indiscrete topological space.

Examplel-9: Let X = {1,2, ..., n, ... } be the set of natural numbers

and let

A, ={1},4, ={1,2}, .., 4, ={1,2,..,n}, ..
Let T = {X,0,4;,4,, ..., Ay, ...}
Then (X, T) is topological space (check)



Examplel-10: Let X be any infinitesetandletT = {AC X: X — A

iIs finite} U @, then (X, T) is topological space. T is called the co-
finite topology on X.
Sol:
1- 0 T (u=4 ()
X€eTsinceX—X=0 (finite)
2- LetA, €T Va e
We have to show that U e A, €T
Sinced, €ET - A, S Xand X — A, finite V a EA.
We want to show that U,ec A4, € X
X — Uger Ay is finite
But (X — UgexAa) = Naer (X — A)

finite

finite
3- LetA, ,A4,,..,A, €T
We have to showthat4;, N A, n..N A, €T ie(X—
(A; N A, n..n Ap)is finite)
SinceA; €T - A; € X and X — A, finite

A, €T - A, € Xand X — A, finite
But

X—(4; N4, n..n A4, =
X-—A)H)UX—-4,)V..UX—-4,)

finite finite finite

finite

So T is topological space.



Definition1-11: Let (X,T) be a topological space and let B € X, B

is called closed in X if X — B open in X.

Remark1-12: Let (X, T) be a topological space , then

1- X, @ are closed set.
2- The intersection of any family of closed set is closed.

3- The union of a finite family of closed set is closed.
Proof:

1-X—-X=0 €T
~ X is closed
X—-0=X €T
~ @ is closed
2- Let A  isclosed V a €A

We want to show that N, A, IS closed ?
X —NgerAg = Uger X —A4y)

open V a€A
Then X — N ex A, 1S Open set
o NgerAg 18 closed
3- (check) ?



Definition1-13: Let (X, Tyx) and (Y, Ty) two topological spaces. A

map f: (X, Tx) = (Y, Ty) is called continuous if for each U open in
Y, then f~1(U) openin X.

xry T ¥, Ty)

Definition1-14: Let f: (X, Tx) — (Y, Ty) be amap and x, € X, we

say that f is continuous at x if for each open set U in Y such that

f(x0) € U, there exist an open set V in X such that

X, €V S FL(U)

Examplel-15: LetX = {a,b,c} , T,={X,0{a}} Y=
{b,cy , T,={Y,0{c}}

Define f:(X,Tx) — (Y, Ty) as follows:

flay=b , fh)=c , f(c)=c

Is f continuous ?



Sol:
1-YET, » fFAY)={x€X;f(x)€EY}=X€ET, (open)
2-0€ETy > @) ={xeX;f(x) Ed}=0€T, (open)
3-{ceT, > f'{ch={xeX;f(x) =c}={bc} (not
open)
Then f is not continuous.
Examplel-17: LetX ={a,b,c} , T, ={X,0,{a}} Y=
{b,cy , T,={Y,0{c}}

Define g: (X, Tx) = (Y, Ty) as follows:

gla=c , gb)=>b , gl)=>b
Is g continuous ?
1-YET, » gl(Y)={xeX;g(x)eY}=X€T, (open)
2-0€ETy > gl (@={xeX;gx)Ed}=0 €T, (open)
3-{c3eT,»f{cHh={xeX;fx)=c}={a}  (open)
Then, g is continuous.

Questions-18:

1- Listall possible topology on = {a, b, c} ?

2- Let N be the set of the natural numbersand T = {N, @, A, },
where A,, = {n,n+ 1, ...} show that T is topology on N.

3- Let N be the set of the natural numbersand T = {N, @, 4,,},
where A,, is the set of all finite subset of N. Is (N, T)

topological space



Examplel-19: Let
X=A{ab,c,d} , T,=1{X 0{a},{b},{ab}} , T,=

{Y,0,{c}}
Define f:(X,Tx) — (X, T;) as follows:
f@=a , f)=b , flO)=c , fd)=d

Is f continuous ? (check)

Remark1-20: Let (X, Ty) and (Y, Ty) two topological spaces.

Then any constant map k: (X, T,) — (Y, T,) is continuous.
Proof: since k is constant

Then,3y, e Ysuchthatk(x) =y, ,Vx€X

Let U open set in , we have to show that K1 (U) open set in X ?
Case1:ify, € U,

:K‘l(U)z{xeX;@eU}zX (open in X)
Yo

Case2:ify, ¢ U
S>K M) ={xeX;k(x)eEU}=0 (open in X)
Then , K is continuous.

Remarkl1-21: Let D be the discrete topology on a set , then any

map f: (X,D) — (Y, Ty) where (Y, Ty) any topological space , is

continuous.

Proof: D(X) = P(X) ={A;a € X}



Let U be any open setin Y

) ={xeX;fx)el}cX
> the topology on X is discrete topology
~ f~1(U) openin X = f is continuous.

Remark1-22: Let I be the indiscrete topology on a set , then any

map f: (X, Tx) = (Y,I) where (X, Tyx) any topological space , is

continuous.
Proof: I = {@,Y}
@) =0 €T,
ffIN) =X€eT,
=~ f is continuous.

Remark1-23: Let f: (X,T,) - (Y,T)) and let g: (Y, Ty) — (Z,T7)

be two continuous map. Then

geof:(X,T,) = (Z,T,) is also continuous.
Proof: Let U be open setin (Z,T,)

We want to show that (g o f)~1(U) open in X ?
*+ g continuous

~ g Y(U) openinyY

+ f continuous

s~ g7 (U)) openin X

= (fTlog ™ H(U)openinX



= (gof) Y(U)openinX

Then, (g ° f) is continuous.

Theorem1-24: Amap f: (X, T,) - (Y,T,) is continuous if and
only if v V closed set in Y , we have f~1(V) closed in X.

Proof: (=

Let f be a continuous map, let V be closed setin Y
=Y —-VopeninY

*+ f continuous

s~ Yy —v)openinX

= 1Y) - f1(V)openinX

=X — f~1(V)openinX

f~1(V) closed in X.

<)

Let U be open set in Y, we want to show that f~1(U) open in X ?
Since U openin Y, then

Y—UisclosedinY

By our assumption

= f~1(Y — U) closed in X

=> 1Y) - fr*WU)=X—-f"1(U)closed in X

= f~1(U) openin X.



Definition1-25: Let f: (X, T,) — (Y, T,) be a map, then f is

called homeomorphism if f is continuous , 1-1, onto and f~1 is

continuous.

Definition1-26: Let (X, Tyx) and (Y, Ty) be two topological spaces,

then we say that X is homeomorphic to Y, or is topological

equivalent to Y if there exist a homeomorphism f: X - Y.

Remarkl1-27:

1- Let (X, Tyx) be a topological space , then X is homeomorphic to
X

2- If (X, Tyx) is homeomorphic to (Y, Ty), then (Y, Ty) is
homeomorphic to (X, Ty)

3- Let (X, Ty), (Y, Ty) and (Z, T,) be topological spaces,
If (X, Tx) is homeomorphic to (Y, Ty), and (Y, Ty) is
homeomorphic to (Z, T;), then (X, Tx) is homeomorphic to
(Z,Ty).

Proof:

1- I.: (X, Tx) = (X, Tx) be the identity map

L(x)=x VxeX

L, is continuous , 1-1, onto , and (I,,)~! = I, continuous
Then X homeomorphic to X.

2- Since X homeomorphic to Y
Then3 f: (X, T,) — (Y,T,) such that f, f~* are continuous, f

Is onto and 1-1



Now f~1:(Y,Ty) = (X, Ty) is 1-1 onto and continuous (since
f is homeomorphism)
(f~H~1 = f is continuous
Then Y is homeomorphic to X.
X homeomorphic to Y and Y homeomorphic to Z
We have to show that X homeomorphic to Z.
3 f: (X, T,) = (Y, T)) such that f, f = are continuous, f is onto
and 1-1
And 3 g: (Y, Ty) — (Z,T,) such that g, g~ are continuous, g is
onto and 1-1
Consider g o f:: (X, T,) = (Z,T;)
a- Since f and g are continuous, then g o f is continuous.
b- g o fis 1-1 and onto since f, g are 1-1 and onto.
(check)
c- (g o f)~tis continuous since
(gef)t=f"1og ™, butf~1and g1 are continuous
Then f~1 o g7t = (g o )1 continuous.

Definition1-28: Let f: (X, T,) — (Y, T,) be a map, then f is called

open map if, v U open set in X, we have f(U) openinY.

Definition1-29: Let f: (X, T,) — (Y, T,) be a map, then f is called

closed map if , vV V closed set in X, we have f (V) closed in Y.



Remark1-30: A continuous map need not be open map as the

following example:

Examplel-31: Let X = {a,b} D =PX)={X,0,{a},{b}}
I ={X, 0}

Let I.: (X,D) — (X, ) be the identity map ( it is continuous )
why?

{a} € D openin (X,D)
L.({a}) = {a} € I not open in (X,])

Then I, is not open map.



Definition2-1: Let (X, T) be a topological space and let p € X, any

open set U in X such that p € U is called an open neighborhood of

p and denoted by N,,.

Definition2-2: Let (X, T) be a topological space and let E € X and

p € E, p is called interior point of E if there exists an open

neighborhood N, such thatp € N, € E.

the interior of E = i(E) = {p € E; p is an interior point of E'}

Remark?2-3: Let (X, T) be an topological space and let E € X,
then E is open if and only if i(E) = E.

Proof: (=

Let E open set, we want to show that i(E) = E ?
Clearly that i(E) € E  (by definition)

Letp € E

Since E open ,then N, = E € E

Thenp € i(E) = i(E) =E.

<) Leti(E) = E, we want to show that E is open ?
Letp€eE, vi(E)=E =>pe€i(E)

~ 3 openset N, suchthatp € N, € E



“E = Upeg Ny

open€eT

Thus E is open set.

Definition2-4: let (X, T) be a topological space, let E < X and

p € X. pis called limit point of E if every open neighbourhood of

p has at least one point of E different from p.

i.e) V open neighborhood N, we have

(N, —{pPHNE=+0

The set of all limit point of E is called the derived set of E and
denoted by d(E).

d(E) = {p € X;p isalimit point of E}.

* closure of E = E = E U d(E).

Definition2-5:- let (X, T) be a topological spaceand E € X and P € X, p is
called a boundary point of E if every open neighbourhood , N,, of p has a
nonempty intersection with both of E and X — E.

ie. VN, N,NE#@¢and N, N(X—E) # ¢

the set of boundary points of E is called the boundary of E and denoted by
b(E)

b(E) =[P € X; P is boundary point of E]



Example2-6:- let X = {a, b, c,d}

T = {X, ¢,{a}, {b},{a, b}
E ={a,c}

Find i(E),d(E), E, b(E)
Sol

1- i(E) =
{p € E;p is interior point of E},3 open set U suchthat p € U S
E
a€E N,={a}—>opena€N, S E}=>ac€i(F)
c €EE,thereisnoopensetUs.t. ce UCE,~c¢&i(E)=Ii(E)
= {a}
2- d(E) = {p € X;p is alimit point of E} V neighbourhood

N, (N, —{p}) NE =@

a€X,N, =X open set

(Na - {a}) NE =

X —{ahNnE=

{b,c,d}n{a,c}={c}+ 0
N, = {a} open set

(Ng —{ah)nE =
{a}—{a}nE =
ONE=0

thus a is not limit point of E.
Now b € X ,N, = X open set
(Np —{PH) NE =
X —{bHNE =
{a,c,d}n{a,c}=E 0

N, = {b} open set
(N, —{b)DNE=0->b¢&d(E)

b is not limit point of E.

Now c € X, N. = X open set



(Ne —{c})NE =
X —{chHhnE =
{a,b,d}n{a,c}={a}# O
~ cis a limit point of E.
Nowd € X ,N; = X open set
(Ng —{d})NE =
{a,c}=E+0Q
~ d is a limit point of E.
~d(E) = {c,d}
3- E=End(E)={ac}u{c,d}=1{acd}
4- b(E) = {p € X;p is a boundary point of E}V N, neigh.of p
NyNE#@and N,Nn(x—E) # @
a€X,N, =X open set
N,NE=XNE=E#0

NyNX—E)=XNX—-E)=X—-E=#0
N, = {a} neighbourhood of a

N,NE ={a}n{a,c}+ 0
N,Nn(X—E)={a}n{b,d}=0

~ a is not boundary point of E

Now

b€ X,N, =X open set
NNNE=XNE=E+0
NNN(X—E)=XN(X—E)=X—-E=#0
N, = {b}neighbourhood of b

N,NE ={b}n{a,c}=0

~ b is not boundary point of E.

c €X,N, =X open set
NNE=XNE=E+0

XN(X—E)=X-E+0



c € b(E)

alsod € b(E)

— b(E) = {c,d}

HW 2-7letx ={a,b,c,d}

T = {X,9,{a}, (b}, {a b}

s ={a, b}

find i(s),d(s),S, b(s)

Example2-8:- let X = {a, b, c, d} with the indiscrete topology I
and let E = {a,c}, find i(E),d(E),E, b(E)

I ={X, 0}

i(E) ={p € E;pis an interior point of E} 3 open set U s.t
peEUCE

1- a € E, the only open set that contain a is X but X € E. Thus
a ¢ i(E).Bythesamewayc ¢ i(E) = i(E) =0

2-d(E) = {p € X;p is limit point of E}V Nyof p
(N, —{p})NE+®

a€eX

take N, = X

(Ny—{ah)nE=X—-{a}) nE={b,c,d}n{a,c}=c+0®
= a € d(E)
similarly we have b € d(E),c € d(E),d € d(E) =~ d(E) =X



3-E=d(E)UE=XUE=X

4-b(E) = {p € X;p is a boundary point of E}

VN,

N,NE#@and NN (X —E) # 0

ae€eX

N,=X

N,NE=XNE=E+#Q
NN(X—E)=XN(X—E)=X—-E+0
~a € b(E)

Similarly b € b(E)

c € b(E) - b(E) = X.

d € b(E)

Example2-10:- let N = {1,2, ...., N, ..... } be the set of natural
numbers with the cofinite top. , and let E = {2,4,6, .... }, find
i(E),d(E),E,b(E).

Sol. T = {A € N; N — Ais finite} U {@}

1- i(E) = {p € E;p is interiorm point of E}
2€Eis2€i(E)
JopensetU s.t.2e€UCE
U open set
UeT
N — U is finite —» UCis finite, E€ is infinite =
{1,3,5, .....}



2- d(E) = {p € x;is alimit point of E}
VN,(N, —{p}) NE # @
let p € N any point
assume p is not a limit point of E =
i.e Aneigh.Us.t
U—-{phHnE=0........(D
U open set
= N — U is finite
= N — (U — {p}) is finite but from (1)
U—{p}cE‘°=EcU—{ph°

but E is infinite , (U — {p})¢finite , contradiction

3- Thus for each p € N p is limit point
i.e. d(E) =N
4-E=d(E)UE =N
5- Check(find b(E))?
Suppose p is not boundary point A
—= 3dU EeTs.t
UNE=0Q0=FECU° - butEisinfinite ,is (U)finite
. contradiction



OrUN(N—E)=0= (N—E) C U >
but N — E is infinite ,is (U)“finite , contradiction
=b(E)=N

Definition2-11:-let (X, T) be a topological space and let
E € X Eiscalled dencein X if E = E.

Theorem?2-12:- let (X, T) be a topological space and let E € X , then
is closed iff d(E) S E.

Proof: let E be a closed set, . X — E open set we want to show that
d(E) S E letp € d(E) = p is a limit point of E to showp € E
assume not {p & E}

~pEX—E
but X — E open set
put Ny =X — F

but p is a limit point of E

(N, —{p}))NE+#0

((X —FE) — {p}) NE # @ contradiction
= peEE

&)letd(E) S E

We want to show E is closed (X — E) open
LetPeEX—-E=>P€eX AP&E

“d(E) S E

P is not limit point of E

3 neighbourhood Np s.t

(Np —{PHNE=0>

NoNE=0 =

Np CX—E



X—E= U Np €T (why,,,,,?)
PEX—E
= E is closed.

Corollary2.13.: - let (X,T) be a topological space and let E € X, then E is
closed iff E = E.

Remark?2.14.:- let (X, T) be a topological space and let E € X
i(E) = The largest open set that contained in E

E = the smallest closed set that contained E

Remark2.15.:- i(i(E)) = i(E) = E =E

Remark2.16:- Let (X,T) be a topological space and let E € X, then
b(E) is closed.

Proof:- We want to show that X — b(E) is open

Letp e X—b(E) > p & b(E)

3 Npof p s.t.

either NyNE=@or N,N(X—E) =0

claim that N, € X — b(E)

lety € N, we want to show y & b(E)

if not

y € b(E) = y is a boundary point of E and N, open set s.ty € N,
= N, NE # @ and N, N (X — E) # @ contradiction
thusy ¢ b(E) >y € X —b(E)

~ N, €X—b(E)

X —=b(E) = Upex-b@e)Np €T



-~ X —b(E) openset = b(E) is closed

let (R, T,),A = (0,1] find i(A),d(A),A,b(A)?
{pEA,EINps.t p EN, QA}

vp e (0,1),3a,b s.ta<b,p€ (ab) < (01]
~1(A) = (0,1)

2-d(A)

Vp ERs.t,VN,,p € Np,(Np — {p}) Nn0,1]+0
= (0,1) € d(4)
0€RVa<0,((ab)—{0})Nn(01] =0
~1€d(A)

d(4) = [0,1]

3-A=4vU[01] =[01]

4-b(A)

Vp € R,YN, ,N, NA # @

N, N(R—A) #

b(A) = {0,1}

A is not dence since A + A.

Theorem2.17:- let (X,Tx) — (Y, Ty) be a cont. map and let E € X and let
p € X, if p is a limit point of E, then f(p) € f(E). Thus F(E) € (f(E))

Proof Let p be a limit point of E we have to show that

f(p) € f(E) = f(E) U d(f(E))

Now p € X

Ifp € E > f(p) € f(E) < fF(E)UA(f(E)) — f(p) € (f(E)



peE-f(p) e f(E)———()
We want to show f (p) € d(f(E))

1.9 f (p) limit point of f(E)

let Ny »)be a neigh of f(p) we have to show

(Nyay = Lf @D N f(E) # 02

 Nepyopen iny and f continuous

Thus f~(N¢)) open in X

But f(p) € Nryy = p € f 7 (Np )

And p is limit point of E = (f~*(Nfp)) —{p})) NE #
~3we f Y (Npy)andw =pandw € E

f(w) € Ny and f(w) € f(E)

Iffw) = f(p)

f(p) =f(w) € f(E) = f(p) € f(E) contradiction

= fw) € (Nrpy — {f (®)}) N f(E) # @ and we have done.

Theorem?2.18:- let f: (X, Tyx) — (Y, Ty) bea homeomorphism and let E € X,
then f(b(E)) = b(f(E)).

Proof:- first we show that f(b(E)) € b(f(E)) let w e f(b(E))? p is a
boundary point of E.

Sincew € f(b(E)) = 3ps.tp € b(E)

w = f(P) € f(b(E))

We want to show f (b) € b(f(E))?

Let N¢,y be aneigh.of f(p) we have to show that

Niy N f(E) # ¢ and Neopy N (Y — f(E)) # @



* Nrpy Open in ¥ and f continuous

o f7(Nf(py) openin X

“ () € Npyy = p € f 7 (Np)

And p is a boundry point of E

2 (F (Npgy) NE) #= B and (£ (Np) N (X —E)) # @
Leta € f~*(Nry) anda € E

Letb € f~*(Nspy)andb € X — E

= f(a) € Nepy and f(a) € f(E)

= Nepy N f(E) # 0 -1

ANd £ (b) € Nyqpy and £ (b) € f (X — E)[f(A— B) 2 f(4) - f(B)]
Butfisl—1

= f(X—E)=f(X) - f(E)

And fisonto = f(X) =Y

= f(X—E)=Y - f(E)

= f(b) € Nriyy N (Y — f(E))

“Neepy N (Y = f(E)) # 0 ---2

By 1 and 2 the proof is complete

By the same way we proof

b(f(E)) € f(b(E)) HW



The subspace topology

Definition3-1:let (X,T) be a topological space and Y C X let Ty =
YnU;UeT}, (Y, Ty)

a topological space called sub space topology (relative topology) (induced
topology)

Remark3.2: (Y, Ty) is topological space
Proof: 0 €Ty, 0 =YNO,0€T,@isopeninT

1-YET,
Y=YNX,XET
=Y
~YET,
2- Let A, € Ty,Va € 1

We want to show that U, A, € Ty
Since A, € Ty = Ju, € T st
A, =Y Nu,

Ugerda = Ugea(Y Nuy) =Y N (UaeAua €ET) € Ty

A, =YNnu,= A, nAn. .NnA, =FYnu)n..n¥YnNnu,)

=YNnwyNu,Nn..Nnu,) €Ty

Definition3-3:- let (X,T) be atop spaceand E € X and P € X, pis called a
boundary point of E if every open neighbourhood , N, of p has a nonempty
intersection with both of £ and X — E.



i.e. VN, ,NyNE #pand N,Nn (X —E) # ¢

the set of boundary points of E is called the boundary of E and denoted by
b(E)

b(E) =[P € X; P is boundary point of E]
ExletX ={a,b,c,d}

T = {X,¢,{a}, {b},{a, b}
E ={a,c}

Find i(E),d(E),E, b(E)
Sol

1- i(E) ={p € E;pis interior point of E}, 3 openset Us.t. p €
UCE
a€E N,={a}—>opena€eN, S E}=>aci(E)
c €EE,thereisnoopensetUs.t. ce UCE,~c¢&i(E)=Ii(E)
= {a}
2- d(E) = {p € X;pis alimit point of E}V negh. N, (Np — {p}) N
E+0Q
a€X,N, =X open set
(Ng —{ah) NE =
X —{ahnE =
{b,c,d}n{a,c}={c}#0
N, = {a} open set

Ny —{ah) nE =
{a}—{a}nE =
ONE=0

thus a is not limit point of E.

Now b € X,N, =X open set






