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Mathematical logical

1. Statement (proposition)

A statement is a declarative sentence which is either true or false but not
both. The statement is also known as proposition.

Sun rises in the east. X is a dog.

Two is less than five.
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2. Logical connectives
- e Y

Disjunction Conjunction Negation

AN J /

Truth Table (Disjunction) Truth Table (Conjunction) Truth Table (Negatlon)

P Q PvQ Q PrQ _P
T T
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F T T T F
F F F F ¥
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Negation =not= -p, ~p, p'
Consider the example of a statement.
P: London is the capital of Iraq.

Logical -p: London is not the capital of Irag.

connectives

Negation As we all know that Baghdad is the capital of Iraqg, the truth
value for the statements P is false (F) and -p is true (T).

Rule:ifpis true, then —p is false and if P is false, then —p
is true.

Truth Table (Negation)

=P

F
T




Logical
connectives

Conjunction

The conjunction of two statements P and Q is also a

statement denoted by (PAQ). We use the connective And for
conjunction.

Consider the example where P and Q are two statements.
P:2+3=5
Q:5is a prime number.

(P AQ):2+3=5and5isaprime number.

Rule: (P A Q) is true if both P and Q are true, otherwise
false.

Truth Table (Conjunction)

(P A~ Q)




Logical
connectives

Disjunction

The disjunction of two statements P and Q is also a statement

denoted by (P V Q). We use the connective Or for
disjunction.

Consider the example where P and Q are two statements
P: 243 is not equal to 5
Q:5is a prime number

(PVvQ):2+3isnotequalto5or5isaprime number.

Rule: (P v Q) is true, if either P or Q is true and it is false
when both P and Q are false.

Truth Table (Disjunction)

P v Q)
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3.conditional

Let P and Q be any two statements. Then the statement P —> Q is called a conditional state-
ment. This can be put in any one of the following forms.

(a) If P,thenQ (b)PonlyifQ
(C) P implies Q (d)Qif P

Ex) “I will take you boating on Sunday, if it is not raining”.

Rule: an implication (conditional) P —> Q is false only when the hypothesis (P) is true and
conclusion (Q) is false, otherwise true.




Truth Table (Conditional)




4 .Bi-conditional

Let P and Q be any two statements. Then the statement P <—>Q is called a bi-conditional
statement. This P <—> Q can be put in any one of the following forms.

(a) P if and only if Q (b) P is necessary and sufficient of Q
(c) P is necessary and sufficient for Q (d) P is implies and implied by Q

Rule: (P<—>Q) is true only when both P and Q have identical truth values, otherwise false.




Truth Table (Bi-Conditional)

P-Q Q-P
T T

K
i
T

Peo Q)
T




5.converse

Let P and Q be any two statements. The converse statement of the conditional P —> Q is given
asQ —>P.

6.Inverse

Let P and Q be any two statements. The inverse statement of the conditional (P —>Q) is given
as (-p —>-Q).




Let P and Q be any two statements. The contra positive
statement of the conditional (P —>Q) is given As (-Q —> =P).

Truth Table (Contra Positive)

P-Q

- Q

- P

Rule: From the truth table it is observed that both

conditional (P —>Q) and contra positive(-Q —> -P) have same
truth values.




8. Tautology

If the truth values of a composite statement are always true.

So, (P A (P - Q)) — Q is a tautology.

Truth Table

P-Q | PAP-Q | PAP->Q)—>Q
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9. Contradiction

If the truth values of a composite statement are always false.

So,—R=—(P = (Q — (P AQ))) is a contradiction.

Truth Table

P AQ Q- PArQ (P-> Q- [PAQ)
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Commutative Laws: PAQ=QAPand
PvQ=QvVvP

Associative Laws: PAQAR)=(PAQ) ARand
PviQvR)=(PvQ) VR

PAQvV R)=(PAQ)vVv (P AR)and

Distributive Laws: Pyv(QAR) =(Pv@) APvR)

PAP=Pand

Idempotent Laws:
P PyP=P

Pv((PAQ)=Pand
Absorptionlaws: P A (Pv Q)=P




11. Duality law 12.de morgan’s laws

Two formulae P and P* are said to be

duals of each other if either one can be IfP and Q be tWO StatementS, then

obtained from the other by

two connectives Aandvare catied dust | () =(PAQ)&(=P)v(~Q)and

to each other.

Consider the formulae (u) _| (P v Q) = (_| P) A (_| Q)
P=(PvQaRandP*=(PAQ VR

Which are dual to each other.
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Example  Construct the truth table for (P - Q) & (=P v Q).

Solution:  The given compound statement is (P - Q) ¢ (= P v Q) where P and Q are two
atomic statements.

-P 'IPVQ (P-’Q)H(HPVQ)
i)

/)
T
T
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Example  Construct the truth table for P - (Q &P A Q).

Solution:  The given compound statementis P - (Q & P A Q), where P and Q are two atomic
statements.

QePAQ | PoQePAQ
fi i

T T
F ()
T T
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SETS

Collection of well defined objects is called a set. Well defined means distinct and distinguish-
able. The objects are called as elements of the set.

Ex: A={a, b, c,d}and B ={b, a, d, c} are equal sets.

The symbol € stands for 'belongs to’. X € A means x is an element of the set A.







1. Tabular Method

Expressing the elements of a set within a parenthesis where the elements
are separated by commas is known as tabular method, roster method or
method of extension.

Consider the example:
A={1,3,5,7,9,6 11, 13, 15}




2. Set Builder Method

S=1{]P(x);

where P(x) is the property that describes the elements of the set.
A={x|x=2n+1,0<n<7;n € [}

=1{1,3,5,7,9, 11, 13, 15}




» Finite set

> Infinite set
»Singleton set
» Pair set

> Empty set
> Set of sets
» Universal set




Finite set: A set which contains finite number of elements is known as finite set.
Consider the example of finite setas. A={a, b, c, d, e}.

Infinite set:A set which contains infinite number of elements is known as
infinite set. Consider the example of infinite set as

N={1,2,3,4,..}.

1={.,-3,-2,-1,0,1, 2,3, ....}

Singleton set:A set which contains only one element is known as a singleton

set. Consider the example. S = {9}
Pair set:A set which contains only two elements is known as a pair set.

Consider the examples
S={e, f}.
s={{a}, {1, 3, 5}}
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5. Empty set :A set which contains no element is known as empty set. The

empty set is also known as void set or null set. denoted by ©.
Consider the examples

(i) f={x:x # x}
(i) f={x:xis a month of the year containing 368 days}6.

6.Set of sets:A set which contains sets is known as set of sets.
Consider the example A = {{a, b}, {1}, {1, 2, 3, 4}, {u, v}, {Book, Pen}}

7.Universal Set:A set which is superset of all the sets under consideration or particular
discussion is known as universal set. denoted by U

lets -
A = {a, b, c}
B={a, e, i, o, u)
C=1{p, g, r,; s}
So, we can take the universal set U as {a, b, c, ...., =z}
U i= &y b5 6; s €5 aveis )
AN BPX SRV
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CARDINALITY OF ASET

If S be a set, then the number of elements present in the set S is known as
cardinality of S and is denoted by |S]|.

A=1{2,4, 8,16, 32, 64, 128, 256}

A| =8
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CARDINALITY OF
ASET

Equivalent Sets

Equivalent Sets: Two sets A and B are
said to be equivalent if they contains
equal number of elements.

In other words A and B are said to be
equivalent if they have same cardinality,

i.e.|A| = |B].
denoted as A = B.



SUBSET AND SUPERSET

Set A is said to be a subset of B or set B is said to be the superset of A if each element of A is also
an element of the set B.

We write A& B.
le. AcBo{xe A>xe B;Vxe A}
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(zz) Let A =la, b, c}
B =16, c, a}
so, A c B and B < A.

(i) Let A={} and B =11, 2, 3
S0, A ¢ B.
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1.Equal Sets
2. Proper Subset

Equal Sets: Two sets A and B are said to be
equal if and only if every element of Aisin B
and every element of Bisin A

i.e. Ac B and B c A. Mathematically

A=B«< {AcBand B cA}
Le., A=Bo {xe A~ xe B

Consider the example: Let A = {x, y, z, p, q, )}

B=1{p,q,rxy,2z}
So, Bc A and A ¢ B. Thus A =B.



1.Equal Sets
2. Proper Subset

Proper Subset: Set A is said to be a proper
subset of B if each element of A is also an
element of B and set B has at least one element

which is not an element of set A.

We write A c B
AcBe{re A-xeBandforatleastoneye B—y¢ Al
Consider an example
Let A=la,b,c d)
B={a,b,c,d,ef gl
Here forx e Awehavexe Bandy=ee Bsuchthaty=e¢ A ThusAcB.

Rule: 1. Every set is a subset of itself, i.e. A c A.
2. Empty set is a subset of every set, i.e. ¢ < A.
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POWER SET

If A be a set, then the set of all subsets of A is known as power
set of A and is denoted as P(A)

Mathematically, P(A) = {X: X c A}

Consider the example:

Let A ={a}

= PA) ={ @, {a}}

Let A =la, b}

= PA) = {{a}, {b}, {a, b}, D}

Let A ={a,b,c}

=3 PA) = {a}, {b}, {c}, {a, b}, {b, ¢}, {c,a}, {a, b,c}, D}

[A| =n = |P(A)| =2".
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1.Union
2.Intersection

Power set 3.Difference

4.Symmetric Difference

5.Complement of a set
6.Theorem




1. Union: If A and B be two sets, then the union (A ( B) is defined as a set of all those
elements which are eitherin AorinBorinboth. A UB={x:x € A or x € B}

Venn diagram

Consider the example:
Let A= {a, b, e, d, el

B = {&, e, i; 0, i}
Therefore, (AU B) = {a, b, ¢, d, e, i, o, i}
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2.Intersection: If A and B be two sets, then the intersection
(A M B)is defined as a set of all those elements which are
common to both the sets. (A~AB)={x:xe A and x € B}

Venn diagram

Consider the example:

Let A=1a,b,c,d, e}
B=1{a,e,i,o,u}

Therefore, (AN B)=1{a,e}
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3.Difference: If A and B be two sets, then the difference (A - B) is defined as a

set of all those elements of A which are not in B.
(A—B)={x | xe Aand x ¢ B}

Consider the example:

Let A={a,b,c,d, e f}
B={a,c,i,o,u,k}

Therefore (A-B)={b,d, e, f}
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Symmetric Difference: If A and B be two sets, then the symmetric differencexas)
or (A ® B)is defined as a set of all those elements which are eitherin Aorin B

but not in both.
A®B) =(A-B)u(B-A)

Venn diagram

[
(
\

A
Consider the example:
Let A={a,b,c,k,p,q,r,s}
B=1{b,k,q, m,n,o,t}
So, (A-B)={a,c,p,r,s}
and (B-A)={m, n, o, t}
Therefore, A®B)=(A-B)uB-A)

={a’C,p’r98’m9n’O’t}
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5.Complement of a Set: If A be a set, then the complement
of Ais given as A°, A’or A and is defined as a set of all those
elements of the universal set U which are not in A.

A= {x | x € Uand x g A}
Venn diagram

A

/
7
(
\
N\
\

W
\
/
Z
o

Consider the example:
Let A= 1{b, o, B, d, ., P, Qs s 8 €}
So, we can take the universal set U = {a, b, c, ..., x, vy, 2}.

Therefore, A =1U —- A
- {a, e,ﬁg> h>.j3 l’ m, n,o, u, vV, wW, xX,Yy, z}
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6.Theorem: Let A, B and C be subsets of the universal set U.
Then the following important laws hold.

(a) Commutative laws:
(AuB)=(1B uUA) - AmB)=(BnA)
(b) Associative laws:
Auvo@BulC=(LAuBulC; AmnmBMmMC)=(AnB)C
(c) Idempotent laws:
(AUA)=A : (AmA) =A
(d) Identity laws:
(Auo)=A : (AnNU)=A
(e) Bound laws:
(AuU)=U : (AN =4¢
(f) Absorption laws:
AUANB)=A : An(AuB)=A
(g) Complement laws:
(AU A)=U : (AMNA°) =0¢
(A) Involution law:
(A°)° =
(z) Distributive laws :
@D AuBNmCOC)=(LAuB n(Au C)
@@ An(BulO=(LAnBUlKNOC)
GJMAM S ARk 94& e,\
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Binary Relation

Let A and B be two sets. Then any subset R of the Cartesian product (A x B) is a relation (binary
relation) from the set A to the set B. Symbolically rcaxp.

R={x,y) | x e Aandy € B}

If (x, y) € R, then we write x R y and say that x is related to y. If (x, y) ¢ R, then we write
x R vy and say that x is not related to y. If A = B, then R is a relation (binary relation) on A.

Consider the example A = {1, 2, 3, 4, 5} and B = {5, 6, 7, 8, 9} and let the relation R from the
set A to the set B as
R={(x,y) | xe Aandy =2x + 3 € B}
ie., R=1{1,5),(2,7),(3,9), (4, 11), (5, 13)}
l.e., RcAxB
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1.Domain of a Relation: Let R be a relation from the set A to the set B. Then
the set of all first constituents of the ordered pairs present in the relation R
is known as domain of R . Denoted by dom. R or D(R). Mathematically,

DR) ={x| (x,y) € R, forx € A}
DR) cA

Range of a Relation: Let R be a relation from the set A to the set B.
Then the set of all second constituents of the ordered pairs present in
the relation R is known as range of R. Denoted by rng.R or

R(R).Mathematically

AN BPX SRV




Mathematically,

R(R)={y| (x,y) € R, fory € B}

l.e. R(R)cB

Consider the example: Let A ={a, b,c,d} and B = {5, 6, 7}. Let us define a relation R from the
set A to the set B as below.

R = {(a, 5), (a, 6), (c, 6), (d, 6)}
So, DR) = {a, ¢, d} and R(R) = {5, 6}




2.INVERSE RELATION: Let R be a relation from the set A to the set B. Then
the inverse of the relation R is a relation from the set B to the set A. It is
denoted by R and is defined as

Rt ={(y,x) | (x,y) e R}
Consider the example: Let A=1{1, 2, 3, 4, 5}
and B=1{4,09, 16,17, 25}
Let us consider the relation R from the set A to the set Bas R ={(2, 4), (3, 9), (4, 16), (3, 17)}
Therefore, R ~'={(4, 2), (9, 3), (16, 4), (17, 3)}.




3.GRAPH OF RELATION: Let R be a relation from the set A to the set B; that
is Ris a subset of (A x B). Since (A x B) can be represented by the set of
points on the coordinate diagram of (A x B),

LetA={-3,-2,-1,1,2,3}and B={1, 2, 3,4, 5,6, 7, 8 9} and
x Ry such that y = x* . Thus we have

R=1{-1,1),Q1,1),(-2,4),(2,4),(-3,9),(3,9))




Consider another example: Let A = {x| x is a real number} and x R y such that 2x + 3y <6.
Thus, we have R ={(x,y) | 2x + 3y <6 and x,y € A} .

Figure - 2




4.KINDS OF RELATION

** One-One

** One-Many
** Many-One
*** Many-Many




5. ARROW DIAGRAM: We use arrow diagrams to represent relations.

Consider the example: Let A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8}. Let us define the relations
from the set A to the set B as

R, = {(1, 2), (3, 6), (4, 8))

R, = (2, 4), (2, 6), (2, 8), (1, 2)}

R, = {(1, 4), (2, 4), (3,4), (5, 8)}

R, = ((1,4), (2, 4), (1, 8), (2, 8), (5, 2)}

A Rj B A R4 B

The arrow diagrams for the above relations are given above. From the above diagrams it is
clear that R;, Ry, R3 and R, are One-One, One-Many, Many-One and Many-Many relations
respectively.
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6. VOID RELATION

Let R be a relation on a set A; that is R is a subset of (A x A). Then the relation R is said to be
an identity relation if (x, x) € R. Generally denoted by I,. Mathematically,

I, ={(x,x) | xe A}

7.IDENTITY RELATION

A relation R from a set A to a set B is said to be a void relation or empty relation if R = ¢.
Consider the example: Let A={3,5,7}; B=1{2,4,8}; RcAxBandx Ry | x dividesy; x € A,
y € B. Hence, we observe that R = ¢ ¢ A X B is a void relation from the set A to the set B.

Consider the example: Let A = {a, b, c} and I, be a relation on A such that I, = {(a, @), (b, b),
(c, ¢)}. This is an identity relation on A.
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8.UNIVERSAL RELATION: relation R from a set Ato a
set B is said to be an universal relation if R is equal to
(A xB). Thatis R=(A x B).

Let A={1, 2, 3} and B ={a, b}. Therefore the universal

relation R from the set A to the set B is given as
R = {(1) a)/ (11 b)/ (21 a)) (21 b)/ (31 a)) (3) b)}




9.RELATION MATRIX (MATRIX OF THE RELATION)

Let A = {al, ag,Qg, .... , Q;,
and B={b1, bz, b3, Ve e ’bj’ PRSI
be two finite sets and R be a relation from the set A to the set B. Then the matrix of the

relation R, i.e., M(R) is defined as
M(R) = [m;] of order (k x 1)

1, ifa; RO,
mlj— O, lfaleJ

—

b
0
1
0




10 COMPOSITION OF RELATIONS

Let R, be a relation from the set A to the set B and R, be a relation from the set B to the set
C. Thatis R, is a subset of (A x B) and R, is a subset of (B x C). Then the composition of R; and
R, is given by R;R, and is defined by
RR, ={(x,2) € (AxC) | for someye B, (x,y) € R; and (y,2) € Ry}
Consider the example: Let A =1{1, 2, 4, 5, 7};

Bs {a,b,c, dae}

and C =11, 4, 16, 25}
Consider the relations R;: A - B and Ry: B — C as

R, =1{(1, @), (1, 0), (2,d), (2, e), (5, d)} and R, = {(c, 1), (d, 4), (e, 25)}. The arrow diagram is
given as

R

RiR, = (1, 1), (2, 4), (2, 25), (5, 4)}




1. Reflexive Relations

A relation R defined on a set A is said to be reflexive if (x, x) € R for every element x € A.
ie., xRx VxeA
Consider the following relations on the set A = {1, 3, 5, 7}
R, ={(1, 1), (1, 3), (1, 5), (5, 5), (5, T)}
R, =1{(1, 3), (1, 5), (5, 7), (3, T}
R; =1{(1, 1), (1, 3), (3, 3), (5, 5), (5, 7), (1, 7), (7, T}

From the above relations it is clear that Rj is a reflexive relation. R; is not a reflexive
relation as (3, 3) ¢ R, and (7, 7) ¢ R,. Similarly, R, is also not reflexive.

2. Symmetric Relations

A relation R defined on a set A is said to be symmetric if (x, y) € R then (y, x) € R.
$Bs xRy =y Rux
Consider the following relations on the set A = {1, 3, 5, 7}
R, =1{(1, 1), (1, 3), (3, 5), 3, 1), (5, 3), (5, 5))

R, =1{(1, 1), (1,3),(3, 1), 8, 5), (5, 3), (5, ), (7, 7))
From the above relations it is clear that R, is a symmetric relation, but R, is not a symmet-
ric relation as (5, 7) € Ry, = (7, 5) ¢ R,.




3. Transitive Relations:

A relation R defined on a set A is said to be transitive if (x,y) € R and (y, z) € R then (x, z) € R.
bies; xRyandyRz=xRz
Consider the following relations on the set A = {1, 3, 5, 7}.
R, =1{(1,1),(Q,3),(,5),(1,7),@8,3),@3,5), 3,7, (5, 3), (5, 5), (5, 7))
R, ={(1, 1), (1, 3), (3, 5), (5, b), (7, 7))

From the above relations it is clear that R, is a transitive relation. The relation R, is not
transitive as (1, 3) € Ry, (3,5) € Ry, = (1, 5) ¢ R,.




12. EQUIVALENCE RELATION: A relation R defined on a set A is said to
be an equivalence relation in A if and only if R is reflexive, symmetric
and transitive.

o Theorem: If R be an equivalence
relation defined in a set A, then gr
is also an equivalence relation in

the set A.




Example Let R be the relation on the set {1, 2, 3, 4, 5} defined by the rule (x, y) € R if
x +y <6. Find the followings.

(@) List the elements of R () List the elements of R =1

(¢c) Domain of R (d) Range of R

(¢) Range of R 1 (/) Domain of R ~!

Check that domain of R is equal to range of R ~! and range of R is equal to domain of R ~ .

Solution: Let A=1{1,2,3,4,5}and R={(x,y) e R | x+y<6;x,y € A}

(@) R =1{(1, 1), 1, 2), (1, 3), (1, 4), (1,:5), (2, 1), (2, 2), (2, 3),(2, 4), (3, 1), 3, 2), (3, 3), 4, 1),
4, 2), (5, 1)}

® R 1'={(1,1),(2,1),(3,1),(4,1),(5,1),(1,2),(2,2),(3,2),(4,2),(1,3),(2,3), (3, 3),(1, 4),
(2,4), (1, 5)}

(¢) Domain of R LB DR) =11, 2, 3,4

(d) Range of R Lgis RR) =(1,2, 3,4

(e) Range of R ™1 ie., RR™H=1{1,2 3,4,

(f) Domain of R 1! ie., DR YH=1{1,2, 3,4,
From this it is clear that D(R) = R(R ™ ') and R(R) = D(R ™).
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Function

Let A and B be two non-empty sets. A relation f from the set A to the set B is said to be a
function if it satisfies the following two conditions.

@ D(f)=A and
@) if (x4, y1) € fand (xy, y,) € f, then y; = y,.

In other words a relation f from the set A to the set B is said to be a function if for each
element x in A there exists unique element y in B. A function from A to B is sometimes
denoted as f: A — B.

Consider the following relations from the set A = {1, 2, 3, 4} tothe set B ={1, 4, 6, 9, 16, 18}.
f1=11,1),(2, 6), (4, 9), (4, 18)}
fo =11, 1), (2, 6), (3, 9), 4, 9), (4, 16)}
f3=11,1),(2,4),3,9), 4, 16))
fi=11,1),(2,4),3,9), 4, 9}







1. a) Domain and Co-domain of a Function

Suppose that f be a function from the set A to the set B. The set A is called the domain of the
function f where as the set B is called the co-domain of the function f.

Consider the function f from the set A = {a, b, ¢, d} to the set B = {1, 2, 3, 4} as

f=1(a, 1), (b, 2), (c, 2), (d, 4)}
Therefore, domain of f = {a, b, ¢, d} and co-domain of f = {1, 2, 3, 4}.i.e., D(f) = {a, b, ¢,d} and
Co-domain f= {1, 2, 3, 4}.




b) Range of a Function

Let f be a function from the set A to the set B. The element y € B which the function
f associates to an element x € A is called the image of x or the value of the function f for x.
From the definition of function it is clear that each element of A has an unique image on B.
Therefore the range of a function f: A — B is defined as the image of its domain A. Mathemati-
cally,

R(f)orrng (f) ={y =f(x) : x € A}
It is clear that R (f) < B.

Consider the function f from A = {a, b, ¢} to B =1{1, 3, 5, 7, 9} as f = {(a, 3), (b, 5), (c, 5)}.
Therefore, R(f) = {3, 5}.




2.EQUALITY OF FUNCTIONS

If f and g are functions from A to B, then they are said to be equal i.e., f = g if the following
conditions hold.

(@) D(f)=D(g) b) R(f)=R(g)
(c) flx) #g(x) Vx e A.
Consider f(x) = 3x%> + 6:R > R and g(x) = 3x% + 6:C — C, where R and C are the set of real

numbers and complex numbers respectively. Now it is clear that D(f) # D(g). Therefore
ftx) Zp(x).
Let us consider A={1,2,3,4};B={1,2,7,8,17, 18, 31, 32} and the function /: A — B defined
by f=1{(1, 2), (2, 8), (3, 18), (4, 32)}. Consider another function g:A — N defined by g(x) = 2x>.
Now it is clear that D(f) = {1, 2, 3, 4} with f(1) = 2, f(2) = 8, f(3) = 18, f(4) = 32.
Similarly D(g) = A ={1, 2, 3, 4} with g(1) = 2, g(2) = 8, g(3) = 18, g(4) = 32. Therefore, we get
@ D(f)=11,2, 8,4} =D(g) b) R(f)=1{2,8,18, 32} =R(g) and
) fx)=g(x) Vx e {1, 2, 3, 4}.
This implies f and g are equal. i.e., f=g.
(al) gdru 3 ggs ol




1. One-One Function:

A function f: A — B is said to be an one-one function or injective if f(x;) = f(x5), then x; = x, for
X1, X9 € A. L., xq Zx9 = flx1) #f(x5)

Consider a function f: Q — Q defined by f(x) = 4x + 3; x € Q.

Suppose that f(x,) = flx,) for x, x, € Q.
4x, + 3 = 4xy + 3
4x, = 4xq
Xy = Xp
e, flx))=flxy) = x,=2%5.850,f(x)=(4x +3):Q — Q is One-One.
Consider another function f: R — R defined by f(x) = %, x € R. Suppose that flx,) = flx,)
x =22
Xi=£xy
X1 # Xo

ie., flx)) = flxy) = x, # xy. It is also clear that f(1) = 1 = f(=1); but 1 # —1. Therefore flx) = x> :
R — R; x € R is not One-One.




2 Onto Function

A function f: A — B is said to be an onto function or surjective if for every y € B there exists at
least one element x € A such that f(x) = y.

In other words a function f: A — B is said to be an Onto function if f(A) = B. i.e., range of f is
equal to co-domain of f.

Consider a function f: Q — Q defined by f(x) = 4x + 3, x € Q. Then for everyy € co-domain set

y-3

Q there exists x = belongs to domain set Q. Therefore, f(x) = 4x + 3 is an Onto function.

3 One-One Onto Function

A function f: A — B is said to be an one-one onto function or bijective if fis both one-one and

onto function.

Consider a function f: Q — Q defined by f(x) = 4x + 3, x € Q. From the above discussions it
is clear that f(x) = 4x + 3, x € Q is an one-one onto function.

4 Into Function

A function f: A — B is said to be an into function if for at least one y € B there exists no element
x € A such that f(x) =y. In other words

A function f: A — B is said to be an into function if f(A) c B, i.e., range of fis a proper subset
of co-domain of f.

Consider a function f: Q — R defined by f(x) = x + 4, x € Q. Hence, it is clear that fory = /3 € R
there exists no element x = V3 —4 € Q. Therefore, f(x) =x + 4 : Q — R is an into function.




4 COMPOSITION OF FUNCTIONS

Let f be a function from the set A to the set B and g be a function from the set B to the set C.
Then the composition of the functions f and g is given as (g , /) or gf. This is a function from
the set A to the set C. It may also be noted that domain of g is equal to co-domain of f.

f g




As f'is a function from the set A to the set B, then for every x € A there exists uniquey € B
such that y = flix). Similarly g is a function from the set B to the set C, then for every y € B
there exists unique z € C such that z =g(y). Again (g, f) is a function from the set A to the set
C, so we get g, f)x)=zforallx e A.

Le., g, f) =gl

ie., g, f)x)=g(flx))
Consider two functions f(x) = 2x + 5 and g(x) = 3x.
Therefore (g , f) (x) =g (f(x))

=g (2x+5)

=3 (2x + 5)
le., g, f)x)=6x+15
Similarly, (f, 8) (x) =f(gx))
=f(3x)
=23x)+5
(f,8) (x)=6x+5




4.composition of function

» Theorem

Letf: A— B andg: B — C be two functions. Then (g , /) is one-one if both fand g are one-one
and (g , f) is onto if both fand g are onto.

» Theorem

Iff:A—-B;g2:B—->Candh:C—>D,thenh (g, f)=(,g),f, ie., composition of functions
holds the associative law.




5. INVERSE FUNCTION

Let f: A — B be a bijective function. Then the inverse of £, i.e. f ~ ! be a function from B to A.
Since fis a function from A to B, for every x € A, there exists unique y € B such that f (x) = y.

f

Since f~!: B — A for every y € B there exists unique x € A such that £~ (y) = x, i.e.,

f~ (@) =x.
ral) g3 3 ggs al




1 Identity Function

Let A be a set. The function f: A — A is said to be an identity function if for every x € A,
f(x) = x. Mathematically flx) =x V x € A.

A
2 Constant Function

The function /2 A — B is said to be a constant function if for every x € A there exists unique
y € B such that f(x) =y. Mathematically,

fx)=y Vxe A




3 Absolute Function

The absolute function or absolute value function f(x) = |x| is defined as

2| = x;, ifx=20
T l-x; ifx<O

The graph of f = {(x, |x|): x € R} is shown in the following figure.

Y
A
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Discrete mathematics

Matrix



Square matrices

A matrix with the same number of rows as columns is called square matrix . A
square matrix with n rows and n columns is said to be order n ,and is called an
n-square matrix.

Def: Main diagonal

The main diagonal or simply diagonal ,of asquare matrix A=[aij] consists of the
numbers: all,a22,a33,......,ann.

1 -2 0
Ex:The matrix [0 —4 —1]
5 3 2

Is asquare matrix of order 3 .The numbers along the main diagonal are 1,-
4,2.
Def:(Trace of the matrix)

If A=[a;]is an nxn matrix, then the trace of A which is denoted by tr(A) is
defined as the sum of all elements on the main diagonal of A.

Tr(A)=Y1-, aii
. . [1 07,
Ex :The trace of the following matrix [2 3] is4

Trace of the matrix has the following properties:-
1)Tr(A+B)=Tr(A)+Tr(B)

2)Tr(c A)=c Tr(A)

3)Tr (AB)=Tr(BA)

4)Tr(AT)=Tr(A)



Def:ldentity matrix
The n-sqare matrix with 1's along the main diagonal and 0's else where, is called
the unit matrix and will be denoted and defined by

1 0:-- 0
o - 1

Note : The unit matrix (I,)plays the same role in matrix multiplication as the
number 1 does in the usual multiplication of number ,specifically

Al=1,A=A
For any square matrix A .

Def:Diagonal matrix

Asquare matrix A=[a;] for which every term off the main diagonal is zero ,that is
,a;=0 for i+ j ,is called diagonal matrix.

3 0 0
Ex:G=[g _02] ,H=[g 20

Are diagonal matrices.
Def:Scalar matrix

A diagonal matrix A=[a;] for which all terms on the main diagonal are equal
,that is ,a;=c for i=j and a;=0 for i+ j, is called scalar matrix.

Ex: The following are scalar matrices

~ 100
o Shaslgre




Def:Upper triangular matrix

A matrix A=[a;] is called upper triangular matrix if a;=0 for i > j, and defined by

all al12..... aln
A= 0 a22..... a2n]
0 0 ann

7 5 12

Ex:Supposethat A=|0 1 18‘

0 0 6

Is an upper triangular matrix of order 3.

Def: Lower triangular matrix :

An n- square matrix A=[a;] is called lower triangular matrix if a; =0 for i< j ,and

all 0..... 0
definedby A = [a21 a22..... O ]
anl an2..... ann
200 0
5600
Ex:Suppose that A= 2180
3245

Is a lower triangular matrix of order 4.
Def:(Periodic matrix)

If A is an n-square matrix .Such that AK+1=A where k is positive integer, then
A is called periodic matrix.

1 -2 -6
-3 2 9 |,is a periodic matrix.

2 0 -3

Ex:Suppose that A= A =




Def:(ldempotent matrix)

If A is an n-square matrix such that A2=A ,then Ais called idempotent matrix.

2 -2 —4
Ex:SupposethatA = (-1 3 4 [,isidempotent matrix.
1 -2 -3

Def:(Nilpotent matrix)

If A is an n-square matrix such that A’=0, where P is apositive integer ,then A
is called nilpotent matrix.

1 1 3
Ex:Supposethat A=|5 2 6 ] is nilpotent matrix of order 3..
-2 -1 -3

Transpose of matrix:

If A=[ay] is an m x n matrix ,then the n x m matrix AT=[a;T] where aijT=ay,

(1<i<m,1<j<n)iscalled the transpose of A ,thus the transpose of A is
obtained by interchanging the rows and columns of A.

a2 b2 b1 b2 c2

[al b1 cll lal a2 an]
an bn cn

The transpose operation on matrices satisfies the following properties :-
Theorem:1)(A+B)™=AT+BT

2)(KA)™=K AT for K ascalar.
3)(AB)"=BT.A”
4)(A")T=A

Def:(Symmetric matrix )




A matrix A=[ay] is called symmetric if AT=A.
That is ,A is symmetric if it is asquare matrix for which aij=aji

If A is symmetric ,then the elements of A are symmetric with respect to the main

diagonal of A.
1 2 3 1 0 0
2 4 5] 3= [O 1 O]

3 5 6 0 0 1

Ex: The matrices A=

are symmetric.

Def:Skew symmetric matrix:

Amatrix A=[a;] is called skew symmetric matrix if AT=-A that is ,A is skew symmetric
matrix if and only if A4=-3j , forall i,

0O 1 4
Ex:A=[—-1 0 —5],Ais skew symmetric matrix .
-4 5 0
Def:(Orthogonal matrix)

If Ais an n- square matrix such that A .AT= AT A =In, then A is called orthogonal
matrix

2/3 -2/3 1/3
2/3 1/3 —2/3]is an orthogonal matrix.
1/3 2/3 2/3

Ex:A =

Notes:1)we can form powers of asquare matrix A by defining

A=A A A3=AZA,.. ... ,and A% =]

In general ,If p and g be non negative integers and A be asquare matrix ,then
1)AP Ad=A P*d

2)(AP)a=Ara

3)If AB =BA,then (AB)P= AP B®



4)(c A)P =cP AP where cis ascalar .
2)We can form polynomials in A . That is ,for any polynomials
f(x)=aptasx + ag X2 +........... +a, X"
we define f(A) to be the matrix
f(A)= ag[*+a A + ap A2 +........... +a, A"
In the case that f(A) is the zero matrix, then A is said azero or root of the

polynomial f(x).

Ex:LetA=[; _24],thenA2=[7 o]

-9 22
If f(x) =x2+3 x -10 ,then

f(x)= [_79 ;3 +3[§ _24] +-10) [(1) SH 8]

Thus A is azero of the polynomial f(x).

Invertible matrices :

Asquare matrix A is said to be invertible if there exist amatrix B with the property
that AB =BA=I(The identity matrix),such amatrix B is unique ,it is called the inverse
of A is denoted by A1.Observe that B is the inverse of A if and only if A is the
inverse of B .For example

Suppose that A=[i g] and B=[ 3 —5]

-1 2
—-10+ 10

_[6—5
ThenAB-[3_3 e 6

o alenaeasly ]

Thus A and B are inverses.

Note:lf is known that AB =I,, if and only if BA =I, , hence it is necessary to test only
one product to determine whether two given matrices are inverse as in the
following example .



1 0 2 -11 2 2 1 0 O
Ex:A=|2 -1 3] andB=| —4 0 1 AB=l0 1 0]
4 1 8 6 -1 -1 0 0 1

Thus the two matrices are invertible and are inverses of each other .
Note :-If A and B are two square matrices with the same size then

(AB)-=BLAL

Determinants

To each n- square matrix A =[3;] we assign aspecific real number called the
determinant of A ,denoted by det(A) or | A | where

all al2.... aln
| A|=]a21 a22.... a2n |
anl an2.... ann

The determinants of order one ,two and three are defined as follows:

1) | al1 |=all
+

2) |Z

2| =alla22 _al2 a2l

all al2 al3
a2l a22 a23
a3l a32 a33

3)

=all a22 a33 +al2 a23 a31+al3 a21 a32 —al3 a22 a31 —all a23 a32 —al2 a2l
a33

Ex-1)| 6 |=6



) 1 2 1 3
2|5, o|12+4=16 3)ja 6 —1|=81
5 1 0

Properties of determinants:-

1)The determinants of matrix and its transpose are equal
Thatis | A|=| AT |

1 2 3
2 1 3],then|A|=|AT|=6
3 1 2

Ex: Suppose that A=

2)If matrix B result from matrix A by interchanging two rows (columns) of A ,then
| Bl=—| 4|

el .4k e

3
2

2

Suppose that B=[ 1 =-7

2 _ 3
= | then| Bl=—| 3

3)If two rows (columns)of A are equal , then | A |=0

1 2 3
Ex:A=|—1 0 7],then| A |=0
1 2 3

4)If arow(column)of A consists entirely of zero ,then | A| =0

1 2 3
Ex:A =l4 5 6
0 00

=|A|:0

5)If B is obtained from A by multiplying arow (column) of A by areal number

c,then| B| =c| A|

Ex:Suppose that B=[§ _91] and A= [i —3 1]

3.| A|=3.7=21



| B |=21,0bserve that | B |=3.| A |=21.

6)If amatrix A=[a;] is upper (lower ) triangular matrix then

That is , the determinant of atriangular matrix is the product of the elements on the
main diagonal.

7 5 12
0 1 18],then| A|=7.1.6=42
0 0 6

Ex:A=

7)The determinant of aproduct of two matrices is the product of their determinants
jthatis, | AB|=| A|.| B|

Ex:letA=[; i] and [i _21] then| A|=-2,| B|=5

| A|| B|=-2.5=-10,also

4

A‘B=[140 g] A ABT==1 40

§| =20-30 =-10

Observethat,| AB|=| A|.| B|=-10
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Minors and cofactors of the elements of matrix

Let A=[a;] be an n x n matrix .let M;; be the (n-1)x(n-1) sub matrix of A obtained by
deleting the i-th row and j-th column of A .The determinants | M
of aj.

i

ij |is called minor

5 2 1
Ex:letA=| 0 4 3]
-1 7 8

We are disply the minors of a; of amatrix A

The minor of aggis | M4 |=[£7L z
The minor of agis | My, |=[_01 :]
The minor of a;gis | M3 |=[_01 ‘-;]
The minor of ayis | M, |= 3 513]

The minorof ag is | M,; |= __51 51;]

. . 5 2
The minor of agzis | M, |—__1 7]

2 1

The minor of ag;is | M3 |=[4 3
The minor of azyis | M, |=[(5) ;]

5 2
0 4

Cofactors and the matrix of cofactors

The minor of agzis | M35 |=[

The cofactor a; of a; is defined as ay= (- 1) | M ij

and the matrix of cofactors of ay is defined as



C(A)=[ a)= [aZl a22

anl an2
3 -2 1
Ex:letA=|5 6 2 ],compute CA)?
1 0 -3

Sol.:- The cofactors of A are :
all=(-1)*| M, |= |o B |--18 -0=-18

a12=(DUMp[=C1P[T 2| =15 2117

a13 =10 M3 |10 3 O] 0-6=6

2 1
Q21=(1P My = (17 F L |=-6-01=6
=(_T)242 = a3 1| -
022 =(-1)%) My, |= (-1 ” _3|--9-1 =10
- 243 = 5 3 _2_ =
a23=(-1)%3 [Mys| = (1P| |=[0+2l=-2

2 1
a31=(-1)%1 |Ma,| = (-1)* 2|--4-6 =-10
3
a32=(-1)2 [ M3, | = (-1 |=t6-51=-1
=(-1)3#3 = 6 3 =2 =
a33=(-1)*3 |M 5| = (-1) |5 . |—18+10-28
18 17 -6
So C(A) = ~10 —2]
~10 -1 28

Def: adjoint matrix:

Let A =[a;] be an nx n matrix .The n x n matrix ,adj (A), called adjoint of A ,is the
matrix whose i, j th element is the cofactor a j; of a; ,that is adj(A)=[ C (A)I"



all o2l.... anl
Thus adj (A)= [alZ oa22 ... anZ‘
aln o2n..... oann

Ex:from the previous example ,the adj(A) of amatrix A

3 -2 1 -18 -6 -10
A=[5 6 2 ] , adj (A)=[C(A))"=| 17 -10 —1‘
1 0 -3 -6 -2 28

Notes:1)If A and B are n x n matrix ,then adj (A B) =adj (A ). adj (B)

2)The magnitude of any determinant for agiven matrix is define by multiplying the
elements of any row (column)by its cofactors ,that is,

| A|=Y}-1aikaik=ailail+ai2ai2+....xainain[expansion
of | A | about the i-th row]

| A|=Yi-1aKjakj=a1ljalj+a?2ja2j+....+anj anj [expansion of | A | about
the j-th column]

2 -1 3
Ex:find the value determinant of A=|5 1 —zlby using
1 2 -1

| A|=Y}-qaik aik

Sol.:| A| =24 ay+as Ay +ags Aygs
=ayq .(-1)1*| M11 | +ag5 .(-1)1*2 | M12 | +ag3.(-1)1*3. | M13 |
1 -2 5 -2 5 1
=2 (-1)? - ~1)3 _T)4
260 [ T| ener 2 Tssens ]
=2[-1#4]+#[-5 +#2]+3[10 -1]
=6-3+27=30

Note:If A=[a;]is an n x n matrix,then



ail akl *+ai2 ak2 +....#ainakn=| A |=0 fori#k
or

alj alk + a2j a2k+...+ anjank=| A|=0 forj¥k

2 -1 3
Ex:find the value of determinantof A=|5 1 —Zlby using
1 2 -1

| A|=Yp-qaikaik

Sol.:| A|=aqy agg+ag, agp +ags ags

=di1 .(—1)1}1| M11 I +ag .(—1)“2' M12 | +ai3 .(—1)1}3. | M13 |

20127 2o p Zlear]d

Al
=2[-1+4]+[-5 +2]+3[10 -1]
=6-3+27=30

Note:If A=[a;is an n xn matrix,then

ail akl +ai2 ak2 +....#ainakn=| A |=0 fori#k
or

alj alk +a2j a2k+....+ anjank=| A|=0 forj#k

Apractical method for finding the inverse of n x n non- singular
matrix

Def:(Singular matrix)ilizal) ,.£-33LAY) 48 shaal)




An n x n matrix A is non —singular if and only if | A | #0.
Otherwise ,amatrix A is singular if and only if | A |=0

In other words ,An n x n matrix A is called non —singular (or invertible )if there exist
an n x n matrix B such that A B=B A=l,,.

The matrix B is called an inverse of A ,if there exists no such matrix B, then A is
called singular(or non- invertible)

Properties of the inverse:

1)If A is a non singular matrix ,then A-is non =singular and (A-%)1=A

2)If A and B are non —singular matrices ,then AB is non —singular and
(AB)*=B-*A1

3)If Ais a non singular matrix ,then (AT)*=(A1)"

4)If A is anon — singular matrix ,and | A | #0 then

At =

Notes :1)If Aand B be n x n matrices and if AB is singular ,then A or B must be
singular.

2)If A is a non —singular matrix (| A | #0) and A B =AC then B=C.
We will illustrate the following method for finding A-of non —singular matrix:-

1)The inverse of anon —singular diagonal matrix:(s3L3 e 4 yhad 48 e (e Saa)

Suppose that A is an n x n diagonal matrix

ki O 0
A=|]0 k2 0
0 0 Kkn




Then A3=

S OE|=
of~ ©
B © ©

2)The inverse of an n x n matrix by using determinants and the cofactors matrix
(4881 yal) Jal gl 48 ghima g culddaal) aladiindy 4b ghuaa ) (u gS2al) dla)

If Ais an n x n matrix ,then the inverse of A is defined as

Al=—
Al

Note:If A =[aij] is an n x n matrix ,then A (adj(A))=(adj(A)) A=| A|.l.

Linear Systems

Consider the linear n equations in n- unknowns:
dgz Xgtadgo Xpt......... -Ea;nxn=b;

Ap1 X1 +Agp XgFucsennnne +aynXn=by

@1 X1+any XgFeeennn. +apnXn=b, /

now, define the following matrices

A=|a21 a22..... aZn ,B=

all al12..... aln
anl an2......

g

The linear system can be written in matrix form as AX=B

The matrix A is called the coefficient matrix of the linear system.



Alinear system of the form

di1 Xg#agp Xpt......... +a1nXn=

N
az; Xp#az Xp#......... a2 Xn=
ng X1+ang XoFveseeens *+aX,=0 /

is called ahomogeneous system .We can also write in amatrix form as AX=0
We have two methods to solve the linear system:
1)By using the inverse of coefficient matrix
AX=B
AYA X)=A'B
IX=X=A1B(If| A| +0)
We have an unige solution.
Ex:Solve the following linear system by using the inverse of coefficients matrix
x1+x2+x3=8
2x2+3x3=24
5x1+5x2+x3=8

The linear system can be written in matrix form as

X =A"1B, Then



A‘1=|—:| adj(A)

Therefore x1=0,x2=0,x3=8

Second(Cramer’s —rule): If A is an n x n matrix ,then we can solve the linear system
(1) AX=B

If| A |# 0,then the system has the unique solution

x_IA1| X, = |A2 | _ lA1]
1|A|12|A|‘ ........... anAl

where Ai is the matrix obtained from A by replacing the i th column of A by B
EX: consider the linear system
-2x1 +3x2-x3=1

x1 + 2x2 - x3=4

-2x1 - x2 + x3=-3, find the solution of the linear system by using Cramer 's rule?
SOL.| A|=-2

x1=2 ,x2 =3 ,x3=4



