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Definition:
A ring is an ordered triple (R,+,"), where R is a nonempty set and + ,-are

binary operation on R such that

1) (R, +)is an abelian group.

Mean:(@a) (a + b)+ c=a + (b + ¢), Va,b,c € R.
(b)30 € R suchthata + 0=0 + a =a.

(c) Va € R 3(—a) e Rsuchthat a + (—a) =(—a) + a=0.
(da+ b=b+ a Vab eR.

2)(a-c)-c=a-(b-c) Va,b,c € R.

3)a- (b +c)=a-b +a-c,and(a + b).c=a-c + b-c Va,b,c €R.

Example:(1) (Z, +,")
1) (Z,+) is abelian group.
2) (a.b).c =a.(b.c) .
3y a:(b+c)=a-c+a-cAnd (a + b)-c=a-c+ b- c.

~.(Z,+,) Isaring.
Example:(2)

(Q,+,) isaring.
Example:(3)

(Z, ,+,, p)isaring.
Z,={0,1,2,---,7}

(Z,,,+,,) is abelian group.
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Definition:

Let (R, +,") be aring, then R commutative if a-b =b-a Va,b €R.

Definition:

Let (R, +,") be aring, then R is said to have identity if there exists 1 € R such
that 1-a=a-1=a,Va R and a is invertible (unit) if there exists b € R
suchthat a-b =b-a =1.

Examples:

(1) (Z,+,) is a ring with identity, commutative, 1,—1 are only invertible

element.

(2) (Q,+,") is a ring with identity commutative, and every element in Q has

inverse except 0.

(3) (3Z, +,7) .is a commutative with no identity.

c d 0 1

4) ((a b),+,->is a ring not comm. with identity (1 0).

Example: (p(X), 4, n) .isaring?
1) (p(X), n).is an abelian group, commutative. A N A =A (identity) no
inverse.
2) AnB)NnC=An(BNC) VA,BCEeX
3)VA,B,CEX An (BAC)=(ANB)A(ANC)?
AN (BAC)=AN[(B-C)u(C—-B)]

3
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=AN(B-C)UAN(C - B))
=[(ANB)—(ANC)JU[(ANC)—(ANB)]

= (ANB)ACANC)

Remark:

Let R be a ring such that R ={0} is a ring with identity 1, then
1 =0.

Proof: Suppose that 1 =0,leta#0 € R, a=a*- 1=a- 0=0Cl

S 1 20.

Definition:

Let R be commutative ring. An element a € R is called zero divisor if a #0

and there exists b e R, b z0 with a- b =0.

Example:Z.={0, 1, 2, 3, 4} has no zero divisor.
Example:(Z, +,7), (C,+,"), (R, +,"), (Q, +,) has no zero divisor.

H.W:(p(x), 4,n) has zero divisor or not?
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Lemma: Let R be aring, then

Ma-0=0-a=0.

) (-=a): b=a- (=b)= — (a.b).

3) (—a)(=b)=a" b.

4)a(b —c) = ab —ac Va,b,c R.

Proof(1): a-0=a-(0 + 0)=a-0+a-0 = 0=a-0

Proof(2): 0= 0-b= (a + (—a))b= ab + (—a)b = (—a)b = —(ab)
Proof(3): (—a)(=b) = —(a-(-b)) = —(—(a-b))=a"b

Proof(4): a-(b—c)=a-[b+ (—c)]

=ab+a-(—c) =a'b—a-c.

Definition:

A commutative ring with identity is called integral domain if it has no zero

divisors.

Example:

(Z,+,),Q,+), (R, +,),(Z,,+,, ) Where p is prime are integral domains.

Lemma:

Let R be commutative ring with identity, R is integral domain if and only if a -

b=a-c;a=o,then b=c, b.a=c.a ;a=o ,then b=c
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Proof:=) suppose a- b =a- ¢ ; a=0
(a- b) —(a-c) =0 [associative]
a-(b—-c)=0[R isintegral domain]
* R has no zero divisor and a =0
b-c=0 = b-=c.
<)Let aeR, a=0
a*b=0,andwehave 0ra=a-0=0, a*-b=a-0

.. b=0.

Definition:
Let (R,+,7) bearing, and =S < R, then (S, +,") is called subring if (S, +,)

is a ring itself.

Example:
(2Z,+,") subring of (Z, +,").

Definition:

Let (R,+,7) bearing @=S < R, then (S,+,") is subring if:
(1) a—b €S Va,b eS.

(2) a.b €S Va,b €8S.

Example:
Z isasubring of (Q, +,.).




The Rings Dr. Nuhad Salim

Q isasubring of (R,+,.).
R isasubring of (C,+,.).
({0, 2,4}, +,")is a subring of Zg
({0, 3}, +,) is a subring of Zs.
Example:
Let (R,+,.)bearing R xR ={(a,b):a,b €R)}
(a,b) + (¢c,d)=(a + ¢,b + ¢),
(a,b).(c,d) = (ac, bd)
Proof: (1) (R xR, +) is abelian group
@) (a,b) - [(c,d) + (e,)] = (a,b)-(c + e, d + [)
=(alc + e),b(d + f))
=(ac + ae,bd + bf) =(ac,bd) + (ae, bf)
=(a,b) - (¢,d) + (a,b)- (e, f)
(3)ldentity = (1,1) ; (a,b)- (1, 1) = (a-1, b- 1) = (a,b)
~ (R X R, +,.)is aring with identity .
(4)S =R x{e}= {(a,0):a eR}. S isasubring of R xR.
Proof: S # & since (0,0) € S
(a,0) —(b,0) = (a —b,0) € S
(a,0).(b,0) =(a.b,0) € S

Identity = (1,0)
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Definition:

Let R be a ring the center of a ring R is denoted by Cent R is the set
CentR={x € R: x-r=r-x Vr €R}.

Lemma:

Cent R is asubring of R.

Proof: CentR#2J [0 € CentR, 0.a =a.0 =0],let a,b € CentR
=a'x=x'a ,b-x=x'b Vx€R

x(a-b)=x-a-x-b=a-x-b-x=(@a-b)-x[Since a,b €
Cent R]

x-(a-b)=x-ab =ax.b =a.bx
~.Cent R is subring.
Remark:
(1) Let R be aring, n positive integer,

na=a+a+:--+a, a*=a.a.. a
| S ——

n times n times

(2) If R isaring with 1 and ais invertible

Tal.ala’=1.

n times

a "=qa

Remark:
LetRbearingandn,m € Z
(1) (n + m)a =na + ma.
(2) n(a —b) =na —nb.

(3) (nm)a =n(ma) =m(na).
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Proof :(1):(n + m)a=a+a+--+a=a+a+--+a+a+a+-+a

(n+m)' times n times m times

=na + ma

Proof: (2): n(a -b) =(a—b)+(a—b) + -+ (a —b)

n times

—at+a+--+a—b—b—--—b

n times n times

=na —nb

Definition:

Let (R,+,) be a ring, if there exists a positive integer n such that
na =0, Va € R, then the smallest positive integer with this property is called
the characteristic of R. If no such positive integer exists we say R has

characteristic zero, we denote the characteristic of R by Char R.

Example:

Char Z =0 ,Char Q =0 , Char Zz;=6, Char Z,=4, Char Z,=n.
(p(x),4Nn),Char p(x) =2

2A=AAA=(A— A)U(A-A)=0

Theorem:(1)

Let R be a ring with identity, then Char R =n > 0if and only if n is the

smallest positive integer such that n.1 =0.

Proof:=) Char R =n > 0, then n.a =0, then n.1 =0 suppose 3 positive
integer msuchthat m < n, m.1=0andlet a eR
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ma=a+a+--+a=al+al+--+al=mla)

m times m times

=(m.1).a =0.a =0C!

Since n 1s Char R.

<)Leta € R, na=n.(1l.a)=m.1).a=0.a=0

~.Char R =n since n is the smallest positive integer; n.1 =0.

Corollary:

Let R be an integral domain, then Char R is either zero or prime integer.
Proof: Suppose Char R > 0, suppose n =n,.n, , 1<n,<n, < n.
0=nl=(n 'ny)-1

(ny.n,).1 =(ny.1). (n,.1) [R integral domain]

But R is integral domain, then either n,.1 =0 or n,.1 =0 C! by theorem(1)

since n;,n, < n and n is the smallest integer such that n.1 =0.

. n is a prime integer.

Definition:

Let R and R” berings f:R —R’, then f is a ring homomorphism if
() f(a + b) =f(a) + f(b).

(2) f(a.b) =f(a). f(b).

Example:
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(1)Let @:R——> R’ ; @(r)=0 Vr € R is aring homomorphism is called zero

homo.

(2)I: R——>R ; I(r)=r Vr € R the identity homomorphism.
3 h: Z—>Z, ; h(n)=n VneZzZ.

Definition:

Let f: R——> R’ bearing homomorphism.

1) If f is one to one, then f is monomorphism.

2) If f is onto, then f is epimorphism.

3) If fis (1 —1) and onto, then f is isomorphism.

Definition:

If f: R——> R’ and f isisomorphism, then we say that R is isomorphic to R,
R = R

Remark:

If f: R——> R’ is homomorphism, then:

1) f(0g) = Og;.

2)f(-a)=—f(a) Va€eR.

3) f(1g) =1g, when R and R’are rings with identity.
Theorem:

Any ring can be imbedded in a ring with identity.
Proof: Let R X Z={(r,n): r €eR, n €Z}

Define + and .on R x Z as follows
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(r,n) + (t,m)=(r + t,n + m).
(r,n).(t,m) =(rt + nt + mr,nm).
Then R X Zisaring with identity (0, 1).
(r,n).(0,1) =(r,n).
R x {0} € R X Z.
Now we must show that R x {0} is subring of R X Z
(a,0){€ R x {0}} —(b,0){€ R X {0} = (a—b,0) € R x {0}
(a,0).(b,0) = (ab,0) R x{0}
Now we defineamap @:R —-R x{0}; @(r)= (r,0) VreRr
(1) Let @(ry) = 0(1,)
(r,0) = (,0) = rp=mn
0 is (1-1)
(2) Let (w,0) € R x {0}.
d(w) = (w,0).
. @ isonto, @ is homo.
(3) 8(ry + 1) = (1p + 15,0) = (11,0) + (1,0) = B(ry) + B(ry).
O(ry.15) = (113, 0).
B(r).0(ry) = (11, 0).(15,0) = (11, 0) .
. @ is homomorphism.
~ R =~ R x{0}.

~ Risimbeddedinaring R X Z.
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Definition:
Let R be aring an element a € R is said to be idempotent element if a?=a.
Definition:

An element a € R is called nilpotent if there exists an integer n such that

(2) Zs=10,1,2,3,%,5,6,7)
Solution:0, 2, 4, 6 are nilpotent elements.
(3) Z5: the idempotent element are 0,1 and nilpotent is 0.

(4) (p(x), 4, N)

Solution: A NA=A, VA isidempotent A Nn.. NA =0, justwhen A=0.

Definition:

Let R be a ring such that every element of R is idempotent, then R is Boolean
ring.

Example :

In Z,={0,1}, (0)2= 0, (1)%=1.

. Z, is Boolean ring.
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Theorem:

Let R be aring such that every element in R is idempotent (R is Boolean ring),

then R is commutative.
Proof: (a + b) =(a + b)>=(a + b) (a + b) =a.a + a.b + b.a + b.b
a+ b=a*+ a.b + b.a + b?
a+ b=a+ b+ ab+ b.a
0 =ab + ba =ab =-ba
ab =(-ba) =(-ba)?*=b%a*=ba
. Ris commutative.
Remark:
Let R be aring if there exists an element a € R, such that:
(1) ais idempotent.
(2) a is not zero divisor. Then a must be the identity of the ring.
Proof: (2) Let b € R
a.b=a*h = (a’.b)-a.b= 0.
a(ab —b) = 0 [ ais not zero divisor]
~ab-b=0 = ab=>b.
. a Is identity.
Example:

Consider the ring (p(x),4, n) ; p(x)={A:A € X}, for a fixed subset
Sc X, S € px),define f: p(x)—>p(x) by
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f(A)=An S.
(1)A=B = AnS= BnS.
f) = fB)
~ f is well defined.
(2) f(AaB) = f(A)Af(B)?
f(AAB)=(AAB) NS
= [(A-B) U (B-A)] NS
= [(A-B) NnS] U[(B -4) U ]
=(ANS-BNS)U(BNS-ANS)
= (A nSHAB S)=fA)Af(B)

RQfANB)=(ANB)NS=ANS) NBNS)=fA) n f(B)

=~ f 1S homomorphism.
(3) ker f ={A S p(x): f(A) =0} ={4 € p(x): A N S =P} =S¢ identity.
AHVAC X= XNA=A ,identity =X

~ fisnot (1 -1).

Problems:
1) Let R be a ring and a € R, If C(a) the set of all elemente with a ,
C(a) ={re€eR:ra = ar} show that C(a) is subring of R. and
Cent R = Ngeg C(a).
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2) Let (G, +) be abelian group, R set of all groups homomorphism of G in

toitself (f + g)(x) = f(x) + g(x),f o g(x) = f(g(x)), show that
( R, +, o)form aring, determine the invertible elements of R.

3) Given that f is homomorphism. from the ring R in to the ring R ,prove

that
A. f(Cent (R)) € Cent (f(R))
B. If a € R s nilpotent, then f(a) is nilpotentin R .
C. If R has positive characteristic,then Char f(R) < Char R.
4) Let R be aring without zero divisors:
. a.b=1iff b.a =1
ii. If a?= 1 theneithera=1 or a = —1.
Sol(i):
If a.b =1,then b #0
[If b=0 = a.0 =0=+1]
~a.b =1 = b.a.b=0»>
b.aab-b =0 = (ba—1)b =0 ,b #0
~ ba =1
Sol (ii):
a> =1, a.a=1—a+ a
a.a+a-a—1=20

a(a+1)—(a+1)=0
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(a+ 1).(a—1)=0

Either a =1 or a = —1.

Definition:
Let I be a nonempty subset of ring R, then I is ideal of R if
(1) a-b €1 Va,b € 1.
(2ar €1, (ra€el) Vae€el,r €R.
3 I=0.
Remark:
Every ideal is subring.
Proof: Let I be an ideal, to show that I is subring
(1) I =0 .
(2)Let ab €l = abel, a-b el
=~ I issubring
But the converse is not true for example:

(Q,+,.)isaring, Z S Q ; Zissubring

1 3
3EZ,E€Q, 3. =3 €7 .

~ Z is not ideal
Example: In the ring Z
(1) 2Z is subring and ideal.

(2) 5Z, 3Z are ideals.
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In general nZ is an ideal vn .

Remark(1):
Let I be an ideal of aringwith 1. If 1 € I, thenI =R.

Proof: I € R,let r € R, 1 € Ibut] isideal
lL.r el = rel = RC.

Thus I =R

Remark(2):

Let I be an ideal of a ring with 1 and I contains an invertible element, then
I =R.

Proof: a € I butais invertiblethen 3 b € Rsuchthat a.b € =1 € [

~ I =R, by remark (1).

Definition: An ideal I of a ring R is called a proper ideal if I #R and I is

called nontrivial ideal if I #{0} and I #R.

Theorem: Let {I,: « € A} be a family of ideals of a ring R, then N .1, IS an

ideal in R.

Proof: Ngeala @ [0 € I, VaeA]

Let ab €eNyql, = a€l, Vaed and b €I, Va € A
a-b €l, Vac€ Alidealdef.] .. a-b € N, 4],

Let a € Ngeal, , 7™ ER
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a€l, VvVaeAd = rael, Va
ra € Ngealy
c Ngenl, Is ideal.
But the union is not ideal for example:
2Z isideal, 37 isideal, 2 € 2Z, 3 €3Z
If 2Z U 3Z isideal
2,3 € 22 U3Z..3-2€ 22 VU3ZC! 1#2Z VU 37

27 U 3Z isnotideal.

Definition:

Let S be anonempty subset of aring R the set < S >, where:
<S>=n{l: lisanideal of R containing S}

is called the ideal generated by S.

Remark:

1. < § >is smallest ideal containing S.
2. <S>=Sifandonlyif S isan ideal.
3. If S={a}, <S>=<a> iscalled principle ideal.

Remark:
If R is commutative ring with identity and x € R, then
<x>={rx: v € R} =Rx

Forexample:< 2 >= 2Z, <3 >=37
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Definition:

A ring R is called principle ideal ring if every ideal in R is principle ideal.
Theorem:

(Z,+,.) isP.L.R.

Proof: Suppose I be an ideal in Z if I = {0}, then [ =< 0 > if [ #{0}, then 3
aninteger 0 #=m € I, ifitis negative then —m € I, then Icontains a positive
integer, let n be the least positive integer such that n € I, we claim that I =<

n>.

It's clear that <n >C< I since n € I.

Now, let m € I by division algorithm theorem 3 q,r € Z, such that:
m=nqg +r , 0<r <n , r=m(el)-nq(e I)

-.r €1Clsince nis the least positive integer n € ITand r < n.

~r=0 = m=nq

~me<n>

Ll =<n >

The union is not ideal for example:

U 1;={0,2,3,4}

3-2=1¢Ul, i=1,2 .
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Definition:

Let 7 and J be ideals of a ring R, then the sum of I and J denoted by:
I +]J={a+b:a€l,bce]}

Remark:

If I and J ideals in R then I + ] is also ideal in R.

Proof:1 + J=@ [0 €I, 0€]..0€l +]]

Leth,W2€I+]:,>W1:a1 +b1,a1€I, b1€], W2=a2 +b2,a261,
b, € ]

wy —wy=a; + bi—a;—b,=(a;-a;)(€ I) + (by—by)(€ J)
Swi—wy, €1 + .
letwel + ], reR,w=a+b ; a€l, b €]
rw=r(a + b)=ra(e ) +rb(e]) €l +]

- I —] isanideal.

I + ] isanideal

Example:
In(Z,+,.)

27 + 3Z=Ideal.
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Definition:

Let I and J be ideals in a ring R we say that R is internal direct sum of [ and J
if:

(DR=I +]

()1 nJ={0}

We denote thatby: R=1®] .

1={0,3}, J={0,2,4}
S Z6 = I@] or Z6 = Z6® {O}
Theorem:

Let I and J be ideal in R, then R =1 @ Jif and only if every element in R can be

written in only one way.
Proof:=)LetR=1®] = R=1+], I nJ={0}letr eR
~dae€l,be]suchthat r=a + b ifnot r=al + bl , al€ I, bl €
J
a, + bj=a +b = a,—a=b-by €I n J={0}
sa;—a=0 = a=a,, b-b;=0 = b=b
<)+ ] <SR ,letweR ,w=w+0€l+]
ZRCI+] .- R=I+]
let weln] = weland wej, w=w+0= 0+ w(!

Sow =0
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Definition:

Let R,,R, be rings consider the set R; X R, ={(x,y):x €R;, ¥y €R,},

define +, - on R; X R,
(1, 1) + (x2,2) =(x1 + x5, y1 + V)
(x1,¥1)- (X2, ¥2) =(x1. %2, Y1.Y2)

Then we can show that R; X R, isaring? Is called the external direct sum of R
and R,

R, ~R, x{0} , R, =~ {0} xR,
Theorem:
Let f : R ——> R’be ring homomorphism.
(1) If K isanideal in R’, then f~1(K) is an ideal in R.

(2) If Jisanideal in R and f is onto then f(J) isideal in R’

Proof: f~Y(K)={r eR:f(r)eK}# @ since [0 € f~1(K),f(0) =0 € K]

Let x,y € fT{(K)=f(x)E K, f(y)E K

Kisideal = f(x)-f(y) € K , f isring homomorphism = f(x —y) € K
wx -y € fTHK)

let we fFI(K), r€ R, flw)e K, f(r) € Rand K is ideal

o f(w).f(r) € K[ fisring homomorphism] f(w.r) € K =w.r € f~1(K)
- fY(K)is ideal.

(2) fU) # @since [ 0g=f(0g) .0z € f(J)]

Let x,y € f(J) = x=f(w) ,w €] ,y=fwp), wy €]
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w;—w, € J[Since Jisanideal], f(w,—-w,) € f({J) [f is homomorphism]
fw)-fwy) e f(J), x-y € f(Q)
Let aef(J), r'e R’, a=f(w), w €]

r’e R’ since fisontothen Ir R suchthat f(r) =r’

. rw € J[Jis ideal]

fw)e f(D), fr)fw)e f(J) [f ishomomorphism], ra € f(J)
- f({J) isanideal.

Corollary:

Let f: R — R’be a ring homomorphism, then kerf is ideal in R.

Proof: kerf ={r eR: f(r)=0}=f"1(0g),0pzis ideal

by  theorem
f~1(0p)is ideal

- ker f isideal.

={x + I:x e R}. Define +,

The quotient ring, let | be an ideal inaring R , ?

- as:
@+D+ @+ D=(x+y+1e7
x+D.@y+D= (xy)+1 e?

To show that +,- is well define (1) is well defined, by (1)
x+1I=x,+1 & x—-x¢€l
y+Il=y;,+1 & y-yel

x+DG+D=(x; +D.(yy + 1)

xy + I =x;y; +1 & xy-xy;€l

24
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Xy — X1Y1 =Xy =Xy + Xy1—X1)1
= x(y v) + (x =)y, e I (I isideal)

Then xy —x;y;€ I = iswell defined.

Theorem:

Let I be an ideal of a ring R, then (% +, ) Is a ring which is called the quotient

ring of R by I.
Proof: (1) well defined
a+l=a4+1 & a-ael, b+1=b +1 <& b-bjel
(a+1)+(b+1)=2(a; + 1)+ (by + 1)
(a+b)+1= (@@ +b)+1 << a+b-—(a, + b)el
a+ b-a,— bj=a—-—a,(el)+ b—-b(eDel
.+ is well define- is well define.
(2) Associative
r+ 1+ + 1)+ + D=2+ D+(rn + D]+ (rn+ 1)
r+D)+(nn+n+l)=C+n+1)+0y +1)
c(r+n+n)+l= (r4+n+n) +1
(3)The identity
G+D+O0O+1)= +0+I1=1r+1
.~ 0 4+ I =1 1istheidentity.

4 r+1)+[(r)+I]l= rr-nN+I1=0+1=1

25
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~.(=r)+ I istheinverse
G r+1)+(np + D=(rp + 1)+ @ + 1)
r+r)+I=00 +1r)+1

r+r)+I=@C+mnr)+1,since r+reR and R is aring r+

r,=r; + r [abelian group]
(R/I, +)is abelian group.
®)[(@+ D.(b + D)].(c + D=@@b+D.(c + )=ab.c+1I
(a+ D.[(b+D.(c+D]=(@+ D.(b.c +1)=a.b.c +1
M@+ D.[(b+D+(c+D]=(@a+ Db+ c+1I
=a.(+c)+1
= ab+ac+1
=(ab + 1)+ (ac+ 1)

=@+ Db +D+ @+ D+

. . R . .
.. - Is associative .. (T ,+, ) IS aring.

Note: If R with identity 1, then = with identity 1 + 1.

Example: Let Z be a ring,

(1) = 32,1+ 3Z, 2 + 3Z,}.

(2 -=1{4Z, 1+ 4Z, 2 + 4Z, 3 + 4Z,}.
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(B) =={2Z, 1 + 2Z,-}.
27
Remark:

Let I be an ideal of R, the function @ : R — R/l defined by n(r) = r + I, for

all r € R,isaring epimorphism, it is called the natural epemorphism.
n(r+1r)="2n(n) + 7(r)

(n+n)+l=(m+H+(r+]

m(r.r) =? w(r).m(ry)

).l =0 +10.(n, +1).

Remark: (Fundamental Homomorphism Theorem of rings)

Let f : R——> R’be aring homomorphism, which is onto, then R/ker f =~ R’

Proof: Define g: %—)R’ by g(r + K) = f(r) where ker f =K

Dr+K=n+K < r-nek
=2fr-r)=0, f()-f(rn) =0 =f)=/[f(r)
gir + K)= g, + K)
.Well defined
(2) g is homomorphism
g +K+ ( + K)=gr +K)+ gty +K)
gr + n + K)=f)+ f(r)
o f(r + r)=f(@r + r)(since f is homo.)

27
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g((r +K)- (ry + K)) =?2g(r +K)- g(r; +K)
. g 1s homo.

B yglr + K)=g(n + K) = f(r)=f(n) = f(r)=f(r1) =0 [Sincef is
homomorphism]

fr—-n)=0=r-nrneckerf=K <& r+K=rn+K = gis(1-1)
(4) Let w eR’since fisonto 7x e R,suchthat f(x) =w

glx + K)=f(x)=w = gis onto.

Example: Show that é ~7n

Solution: f: Z—>Z, , f(x)=x Vx€eZ

+y =f) + fO)

. f 1s homo.

Let weZ, =3 w eZ suchthat f(w)=w

~.f isonto

by F.H. Th. — =2,

kerfZ
ker f={xeZ:f(x)=0}={x eZ:x =0} = nZ

Remark:
The only nontrivial homomorphism from Z to Z is the identity.

Proof: f: Z—>Z ; 0=zneZ ,
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fo) = fA+14-41) = FO) + D)+ +f(D)

n times ntimes

[Since f is homomorphism]

f(m) =nf(1) (*)

f)=f(n.1)
f).1=f(n).f(1)=f(1)=1 [by(*)]

S f(n) =n
- f is identity.

Corollary (1):

Let R be a ring and suppose that f, g a ring isomorphism, then
f=9g: R—>Z.
Proof: f: R—>Z , gR—>Z ; R =17

g~':Z——>R isaring isomorphism

fogl:Z—>7, (Zg—>R—>Z) S fogliZ— >z

o f og =1 [by Remark]

- g=f

Corollary (2):

Let R bearingand f,g: R — Z be an epimorphism, then if

ker f =ker g ,then f =g.
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Proof: by F.H.Th. R/kerf =~ Zand k:;rgz Z , by coro.(l) f"=g7%
f“R/kerf - Zand g":R/kerg — Z . Toprovethat f =g

Let r eR, f(r)=f"(r + ker f) = g*"(r + Kerg) = g(r);

m = Znm ifandonlyif g.c.d(n,m) =1.

Proof: We only have to show that L oL ~ 2 since by F. H. Th. L~ 7n
nzZz mz nmz nz

Z

and an o m

Define @: Z—)nZ—Z 69%

Byd(x)=(x + nZ, x + mZ) Vx eZ

@ is a ring homomorphism?

kerd ={x €Z: 0(x) = (nZ,mZ)}

={xeZ:(x + nZ,x + mZ) =(nZ,mZ)}
={xeZ:(xenZ,x emZ)}={x eZ:x enZ NnmZ}=nmZ

since g.c.d(n,m) =1

Z
mZ

@ isonto: Let (a + nZ, b + mZ) e%@
g.c.cdimm)=1 = 3s,t eZ

=sn + tm =1 (**) ,since sn—1€emZ and tm— 1 €nZ
Letx =atm + bsn

O(x) = (x + nZ, x + mZ)
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= (atm + nZ,bsn + mZ)
= (a + nZ,b + mZ)
a+ nZ=atm + nZ & a—-atmenZ <a(l -tm) enZ < aenZ

Similarly bsn+ mZ =b +

mZ < (b —-bsn)emZ < b(l —sn)emZ < btm emZ

~.@ is onto.

Definition:

A proper ideal M of aring R is called maximal ideal if where ever I is an ideal
of R with M c I,then I = R.

Example: In Zsthe ideals are:

{0}, zs, {0,3}, {0, 2,4}

{0, 3} is the maximal in Ze

(0,2,4} is the maximal in Z.

Definition:

A proper ideal P of a ring R is called a prime ideal if for all a,b in R with

a.b € P eithera € Por b € P.

Example:
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1)4Z isan ideal in Z, but not a prime ideal in Z.
2){0} is a prime ideal in Z.but not maximal.

3){0} is not a prime ideal in Z .

Definition:

A commutative ring with identity is called an integral domain if it has no zero

divisor.

Definition:

A ring (R, +,") is said to be field if (R —{0},-) forms a commutative ring (with
identity 1).

Or

The field is commutative ring with identity in which each nonzero element has

inverse under multiplication.

Remark:

Every field is an integral domain.

Proof: Let R be a field and let a,b € Rsuch that a.b =0

If a #0 = a hasinverse say a™! [since a efieldl]=a t.a.b=0=b=0

I.e., R is integral domain.
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Remark:

Let R be a commutative ring with identity, then R is a field if and only if {0}

and R are the only ideals of R.

Proof:= let I #0 be an ideal iIn R let a=0, ael, but R is a field
—3aland a.al=1¢el[l ideal ael, r eR=arel]l] = 1= R [by

remark]
<) Let a#0, aeR ,<a>isanidealin R but <a > #{0} =><a>= R

S21eR = 1le<a> = 1=r.a

Example:Q have ideals {0}, Q.
R have ideals {0}, R.
C have ideals {0}, C

Zy, Zs ,Z, are fields.

Remark:
Every finite integral domain is field.

Proof: Let R ={a,, a,, ..., a,} be an integral domain and 0 #a; € R consider the
set S ={ayaj,a,q;,..,a,a;} all elements of S are distinct since if

qa;=ara;= a; = ayCl

Clearly ScRand RcS =2 S=R = 1€S

= 1 eaya; = a; hasinverse =R is field.
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Remark:

Let R be an integral domain with only finite number of ideals in R, then R is a
field.

Proof: Let a #0, aeR, <a>, <a?*>, <a®>,.. be ideals in R but R
has only finite number of ideals = 3 k,fsuch that k < £ positive integers

suchthat < aX > =< af >.

—sake<al¥>=<a? > = ak=ra’ forsome r eR = ak=raf=rat*ak

+ R is integral domain = cancelation law is valid. = 1 =ra‘* =

1=(ra’*1).a and ~ 1=a"ta

k1 > g7leR

. R isafield.

Remark:

If R is a field, then either f:R >R’ is 1-1 or f:R - R’ is the zero

homomaorphism.

Proof:

Ker f isanideal in R.

Kerf = {0} or ker f = R.

~ fisl-lorf isthe zero.

Remark:
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Let R be a commutative ring with 1, let N be the set of nilpotent elements of R,

then N is an ideal in Rand % has no nonzero nilpotent element.

[ a is a nilpotent a™ = 0 for some positive integer n |

Proof: N0 [0 e N , (0)"=0, Vn]leta eNandr eR

wa e N = 3Japositive integer k such that a*=0
(ar)k=akr*=0.r* =0, r €r

~ar e N

Let a,b € N =3 n, m positive integers such thata=0,b™=0

(a_b)n+m:an+m_()an+m—1b+()an+m—2b2_()an+m—3b3 + ...+

()a™p™ +-- + b =0,
—=(a —b) isnilpotent = a-b € N =N isan ideal.
Now, let r 4+ N be nilpotent element in % ,7 k eZ*suchthat (r + N)*=N
r*+ N=N < rkeN
= Fse Z% suchthat (r®)S= 0 = r*(nilpotent) = 0
=2re N=1r+ N=N.

Remark:

Let R be commutative ring with identity and let a be an idempotent element in

R,then R=<a> ®<1-a>
Proof: a E<a> , a € R,<a>CR,<a>+<1-a>c€ R, 1 €ER
l=a+1-a=1€e<a>+<1l-a>=Rc<<a>+<1-a>

DR=<a> +<1-a>
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Let w E<a>nNn<1l-a> = w=ra ; reR
w=t.(1-a) ; teR = ra=t.(1-a)

+ a is idempotent = a?=a Now,
w.a =r a’*=ra =t(1 -a)
w=t(1-a)a
w =t(a — a?) =t(a —a)
w=0=2<a>nN<1l-a>=0

>R=<a>®<1-a>.

Example: In Z,

3 is idempotent in Z,

3)2=3 = Z,=<3>®<1-3> ={0,3}1#{0,2,4}

Example:

(p(X), 4,N) is a commutative ring with identity ,

Let Aep(X),then A>=ANA=A; Aisidempotent.

p(X)=<A> @B X-A>.

Remark:
Let f: R — R ’be an eipemorphism, if RisP IR, thensoisR".

Proof:
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Let K be anideal in R”, f~1(K) is an ideal in R [theorem] but R is principle
ideal ring, then f1(K)=<x>; x R

x €EfYK), fx)e K= <f(x)>< K weclaimthat K =< f(x) >
Let y € K, f isaneipemorphism.
~3r € f7Y(K) suchthat y= f(r) € K but f71(K) =<x >
LT =W.X
f)=fw.x) = fw).f(x) ..y=fWw).f(x)
y E<f(x)> = K=<f(x)>

~R7IiSP.LLR.

Definition:

Let I and J be ideals in R, then I.J {7 ,a,b;: a,€1 , b,e] } is called the
product of I and J .

Theorem:

Let f: R — R ’be an epimorphism and let I,/ be ideals in R, then
DA N < fU) nf(y)andif ker f clor ker f <] then
2 fU + D) =fI) + fO)

AN =fID).fU)

Remark:

Let I,/,K Dbeidealsin R, then




The Rings Dr. Nuhad Salim

HIJ + K)=I] + IK.
2)If J cI,then INJ + K)=] + (INK)
Proof(1): Let w eI(J + K)
w =a,;b; +a,b, + .. + a,b,
a,el ,bje] + K bj=c; +d; ;c;€], d; €K
w=a,(c; +dy)+ .. + a,(c, + d,)
=a,¢; + a4dy + ... + ayc, + a,b,
=a,¢; + ayc, + .. +ayc, +ad; + ... +adyel] + IK
<)Let xel] +IK = a=a+ b ; acl],belK
a=cdy + ..+ c,d, ,ci;el,d;e]
b=ce + ..+ cpe, ; ciel ,eekK
x=a + b=dy + ..+ c,d, + cie; + ... + cpe,=
c,(dy +e) + ... +c(dy+ ey) €lI(J + K)
Proof(2):
Let wel N(J+ K); weland we] + K
w=a+b;; a1eJ, bjekK
w=a+(w-ay); w-a,el ,w-a,=bekK
a, +w-a=w
~we] + (NK)
<) ye] +(1nK)
y=a+b; ae] ,bel , bekK

38
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ac]cl,ael, bel

a+b=ye]+K ..yeln(J + K) .

Definition:

Let R be a commutative ring with identity. An ideal M of a ring R is called

maximal ideal if
1) M #R.

2) Whenever | is an ideal with ] oM, then | =R.

Example:Inthering Z,, {0,3}, {0,2,4} are maximal ideals

27 cZ ideal, 4Z <Z is not maximal ideal, since <4 > c< 2 >

Example: Q, R, C, Z, ; pisprime are fields so {0} is the only ideal

. {0} is the only maximal ideal

Theorem:

Let M be a proper ideal of a ring R, then M is maximal ideal if and only if the
ideal <M,a>= R, VaeR ,agM.

Proof:=)Let we<M,a>=M+<a>=m + ra
M &< M,a > [since a g M]

L. < M,a>=R
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<) let J beanidealin Rsuchthat ] 2 M
. Ix € Jandx ¢ M,since< M,x > =R
] o< M,x > =R

-.J =R, so M is maximal ideal.
Definition:
Let {Au}acr. be a family of ideals of a ring R, {Ad}a«e. is called a chain if vy,

Be either AgcA, or A,cAg.

Zorn’s Lemma:

Let F be a family of subsets of fixed nonempty set X. If for each chain {As}aer
in F the U, A, 1S @ member of F, then F contains a maximal element M in

the sense that M is not contained properly in any member of F.

Theorem:

Let I be a proper ideal of a commutative ring with 1. Then there exists a

maximal ideal Mcontaining I.

Proof: Let I be a proper ideal of R, let F = {J: Jis an ideal withJ 21, J # R}
F = @ [since | ideal proper]

Let {C,}ucr be achaininF. Then U, C,

(1) UyerC, isanideal, U,.; C, #Dsince F = @
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Let x,yeUyerCy . then x eCg, y €C,, y,pel

But {C,} is a chain then either CzcC,, or C,cCp .

If CscC, ,then x,y €C, C, isideal so x —y €C, .

Or C,cCp,thenx,y € Cgthen x —y € Cg = x -y €Uy Cy

Let welUy C, 5 TER

welyg, pel=rwelpso rwely., C, ,then U,y C, is an ideal.

(2) I cU,,Cysincel cC, , Vael

B Uyes.Cu #R , I €Uy C, = 1 €C, forsome aeAC! (J#R) V] €F
. By Zorn’s Lemma F has maximal element say M.

We claim that M is maximal ideal if K ideal of Rsuchthat K 2 M ,then K ¢ F

(since M is maximal element in F)

.. K =R so M is maximal ideal.

Corollary:

Every commutative ring with identity has at least one maximal ideal.
Theorem:

let R be a commutative ring with identity, an element x € R is invertible if and

only if it belongs to no maximal ideal.
Proof:
=) Let x be an invertible element of R.

Suppose x € M and M is a maximal ideal
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Since x invertible, then 3y € R suchthat x -y = 1.

X €M, then x.y e M,1 € M,then M = R C!

<) let x € R and x dose not belong to any maximal ideal

Now, < x > isan ideal in R.

If<x>=R > 1e<x>=1 = r.x = x invertible

If <x >+ R, by the previous theorem there exist a maximal ideal M

M3<x>C M = xeM Cl!.

Remark:

Let R be a ring with only one maximal ideal, then the only idempotent of R are

zero and one.
Proof: let x be an idempotent element x =0 and

x’=x =x*-x=0= x(x-1)=0 so x,x —1 are zero divisors. Hence x and

x — 1 are not invertible?

But R has only one maximal ideal M so x,x -1 € M,then x+ (x —1) € M.
Thus 1 € M C!

Theorem:

Let R be a commutative ring with 1, let M be a proper ideal of R, then M is

maximal if and only if % is a field.

Proof:
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=) R is commutative with 1, then % IS commutative with 1, let x + Meﬂ%

and x + M =M = x ¢ M,

M is maximal, then < M,x > =R, then1=m + rx =1 —rx =m e M, then
1-rxeM [aH =bH <a-beH],then 1+ M=rx + M. Hence 1 +
M=+ M).(x + M)

Thus x 4+ M is invertible and % is a field.

<) Let J be ideal

Supposethat /] 2 M ,then 3x €] ,x M, then x + M =M .
But — isafield >3y + M €~ Suchthat (x + M)(y + M) = 1+ M

xy +M =14+ M .Then 1—xyeM c ]
1—-xy)+xye] = 1 €] =R

~ M is maximal.

Definition:

The intersection of all maximal ideal in a ring R is called the Jacoson radical of
aring R itisdenoted by rad(R).

Example: (1) In Z,(2Z)n (3Z2) n (7Z) n ... ={0} ,rad(Z) =0
(2)InZg, {0,2,} n {0,3}={0} , rad(Z;) =0
3)In z,, M={0,2}

rad(Z,)={0, 2}
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Definition:

An ideal P of a ring R is called prime ideal if P #R and for every a.b €P

either a e P or b e P Va,b R.

Example: (1) Inthering Z, ,let P =1{0,2,4} , 2.4=2 € P
(2 P2Z,,6cP

6=2.3, 2€P,

6=6.1, 6 €P.

.~ Pisaprime ideal.

Remark:

{0} is a prime ideal if and only if R is an integral domain.
Proof:=) Let a #0,b € R suchthat a.b =0

s.a.b € {0} but {0} isprimeand a =0 =b € {0}
. b=0.

R is an integral domain.

Theorem:

Let R be commutative ring with 1 and P be a proper ideal of R, Pis a prime

ideal if and only if % Is integral domain.

Proof:=) Since R is commutative ring with 1 so is %

44
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Let b+P, a+P € %,then

(a + P).(b + P)=P,thena-b + P=P < ab P
Pisprime = aecP or bePif aeP,then a + P =P

Orb € P=b+ P=P.

<) % is an integral domain, leta.b € P

Then ab + P =P ,

(a + P)(b + P)=P.

Since % iIs an integral domain, then either a + P=P <a € P or b +

P=P &b € P.ThusP is prime.

Corollary:
Let R be a commutative ring with 1, then every maximal ideal is prime ideal.

Proof: M maximal ideal = %is afield = % is integral domain [Every field is

integral domain]

Thus M is prime.

Example: In Z,2Z,3Z

(1) 2Z is a ring without 1,4Z is not maximal ideal and is not prime since

4 €47 forexample 4 =2.2 , 2 #4Z
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Q: Icrad(R) & V a € 1 + 1 , aisinvertible.

Proof:=) Let I crad(R) and assume that 3 a € Isuch thatl + a has no
inverse 3 maximal idealMsuch thatl + aeM ,a € I € rad(R) S

M,aeM ,14+a-a€e€M = 1M
Hence M =R C!.Thus 1 + I has inverse.

<) Suppose that each member of 1 + I has inverse, but I € rad(R) =n
M ; M is maximal ideal, then I € M.

Now, if a €1, then a € M. Since M is maximal, then < M,a > =R
[Theorem], hencel eR = 1=m 4+ ra;r€ER,mMeEM = m=1-ra, but

1—ra € 1 + I,then m €1 + [,then m has inverse.

Thus M has inverse C! [since M=R]

Q: a isinvertiblein R < a + rad(R) invertible in —raiR)

Proof:=) a is invertible, 3 b € Rsuchthat a.b =1

(a + rad(R))(b + rad(R)) =ab + rad(R) = 1 + rad(R)

R
rad(R)

So a + rad(R) is invertible in
<) (a + radR)(b + radR)=1 + rad(R)
= abrad(R) = 1 + rad(R)

<) ab -1 erad(R)

Then 1 + ab —1 isinvertible, ab invertible.

Hence 3 x € R suchthat (ab)x =1, a(bx)=1
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Thus a is invertible.

Q: aerad(R) <& 1 + ra hasinverse V r eR
Proof: =) Let a erad(R) , = <a > crad(R),
<a>={ra:r eR} , 14+ <a> hasinverse

Then 1 + ra hasinverse Vr eR.

<) Let 1 + ra Vr R hasinverse

1+ <a> hasinverse < <a > c rad(R),

= a € rad(R)

Theorem:( Boolean ring)

Let R be aring with a?=a ,V a R, then every prime ideal is maximal ideal.
Proof: Let M be a prime ideal and J ideal of Rsuch that

M & JcR,then 3 aej,a¢ M

a’?= a=ala-1)= 0eM but Misprime, a ¢ M

Then a-1eMcj] anda €] .

sa-1, ae] [Jisideal]

Thus 1eJ = J= R [lideal, 1 el = R = 1I]

Theorem:

Let R be principle ideal domain, then every nonzero prime ideal is maximal.
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Proof: Let I #0, I'isprimeand I & JcR , R isP.1.D

1 abeR suchthat I =<a>mjJ=<b>, <a>%<b>

So a=rb, reR, rb €E<a>, <a> isprime

Theneither r eE<a>orb e<a>if b E<a>= <a>=<b>C!

Thus r e <a >and r =sa

a.1= a= rb= sab= a.s.b [Rcomm.] [R integral domain]
l1=s.b,le<b>=]

. J=R.

Definition:

The intersection of all prime ideals in a ring R is called the prime radical of R itis
denoted by Rad R

rad R Rad R
rad Z Rad Z

Theorem:

Let R be a commutative ring with 1, then every maximal ideal is prime ideal.

Proof: Let M be a maximal ideal of aring R suppose that a.b e M and a ¢
M ,M is maximal,then < M,a > =R ,then 1=m + ra ; meM,reR,

Hence b= mb+ rab € M.

Q: Is the converse true?

Example: Inthering Z x Z ,{0} X Z is a prime ideal in Z X Z.

2Z x Zisanideal in Z x Z whichismaximal. {0} X Z S 2Z X Z & Z X Z.
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Definition:
Let I be an ideal of aring R. Then the nil radical of I denoted by /I is the set:
Vi={reR:3nezt> mel}

Remark:

1. JVI21.
2. \/Tis an ideal of R.

Proof: Letx,y € VI, x€e VIa neZ*3 x" €1,
yeVIimezts y"el.

(x_y)n+m =xn+m+( )xn+m—1y e _|_( )xnym+( )xn—lym+1 4
_l_yn+m_

Hence (x —y) € VI

Letr e R,we VI, whreI;neZz .

(rw)™ = r"w™ € I, then € V1.

Example:If VI =[] » I=].
V27 =47
V8Z = 27

Remark:

L JInj=1=VIn,/.

2. VVI =1

3. JT+] 2 VI+,/].
Proof:1.Let we JINJ,then 3 ne€eZ* >3 w"elInj,then w" €l andw™ € J,
hence w € VI and w € ﬁ.ThuS w E \/Tnﬁ

49
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Let y € ﬁn\/j,then y€Vland y€ \/7,hence y*€land y" €].
ymtm=yn.ym e ] theny € [I].
yttMm=yn.yMm e NJ, theny€ \/W.Thus \/m=\/70\/7

2. Letwemg VI,

Let xevVI I3 nezts x"e+I,andthen 3 me Z* 3 (x™)™ €I, hence
x™ € I, which implies that x € V1.

3Let we VI+ JJ,then w=x+y; x€ VI and y€ /], then 3 neZ* >
x"elandaImeZ* s yme].

(x+y)n+m =xn+m+( )xn+m—1y e _|_( )xnym_|_( )xn—lym+1 4o
_l_yn+m.

Thus x +y € /x + y.

Theorem:
Let f : R——> R’be aring epimorphism.

1. If M isa maximal (prime) with ker f € M in R, then f(M) is maximal
(prime) ideal in R”.

2. If M’is a maximal (prime) in R’ then f~1 (M) is maximal (prime) in R .

Proof :1. Let M be a maximal ideal clearly f(M) is an ideal in R
If f(M)= R’ ,then 1’e f(M) > 1'=f(m);meM
Butf(1)=1"- f(m) = f(1) » f(m-1) =0

—-m—1€kerf €M > m—(m—1)€eM - 1 € M contradiction.
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Let ] 2f (M), 3y €] and y €& f(M)

But fisonto > dx ERS3f(x)=y >x ¢M
Then <M, x >=R —>1=m+tx ; meM,t €R
'=f) =fm+f(©).f(x)

I'=fm+f)y €] »J=R

2. Let M’ be aprime ideal of R,thenclearly f~1(M) isanideal in R.
If ffAM)=R->1€fM)> f(1)eM’

Let x.y € f~Y(M) and x & f~1(M)

fQ).f) = flx.y) €M’ and f(x) & M.

 f)EM > ye fTHM).




