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Definition:

A ring is an ordered triple(R, +,7), where R is a nonempty set and +,- are two

binary operation on R such that:
1) (R, +) is an abelian group.
2) (R,.) . is asemigroup and

3) The operation . is distributive over the operation +.

Example:

If Z,Q,R* denote the sets of integers, rational, and real numbers, then the

systems

(Z' +'.)’ (Q’ +’.)' (R#’ +’.) "

Are all examples of rings; here 4+ and - are taken to be ordinary addition and

multiplication.

Definition:

Let R be a commutative ring. An element a € R is called zero divisor if a #0

and there existsb € R, b =0witha- b =0.

Example:
Z¢={0,1,2,3,4,5}

Solution:2.3 =0, 3.4 =0, 2,3,4 are zero divisors of Z.

Example:
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Z:={0,1, 2, 3,4} Has no zero divisors.
Definition:

A commutative ring with identity is called an integral domain if it has no zero

divisors.

Example:

(Z,+,),(@Q,+,), (R, +,), (Z,, +,, *p)Where p is prime are integral domains.
Definition:

Aring (R, +,.) is said to be field if (R —{0},.) forms a commutative ring (with
identity 1).

Or

The field is commutative ring with identity in which each nonzero

element has inverse under multiplication.

Definition:

Let (R, +,)) bearing, and ©=S < R, then (§,+,") is called a subring if (S, +,7)

Is a ring itself.

Example:

(2Z, +,”)subring of (Z, +,")

Rrmark:

Let (R,+,7) bearing @S S R, then (S,+,) is subring if:
(1) a-b € S Vabes.

(2) a.b €S Va,b eS.
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Definition:

A subring I of the ring R is said to be two sided ideal of R if and only if r e R

anda € I implyra el andar 1.
Definition:
Let I be a nonempty subset of ring R, then I is ideal of R if
()a-b el Va,b 1.
(2)ar el,(ra€l)Vael, r eR.
Remark:
Every ideal is subring.
Proof: Let I be an ideal, to show that I is subring
() =0
(2)Leta,b €l =a.bel, a-b el
.1 is subring
But the converse is not true for example:

(Q,+,.)isaring, Z S Q ; Zissubring

1
2

~.Z 1s not ideal
Remark™:
Let / be an ideal of aring with 1. If 1 €1, then I =R.
Proof:I € R,letr e R,1 € I butlisideal

Jlr€el=r el =R CI.
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Thus I =R

Remark:

Let I be an ideal of a ring with 1 and I contains an invertible element,
then I =R.

Proof:a 1 butais invertiblethen3 b e Rsuchthata.b € I =1 € I

~.1 =R, by remark (*)

Definition:

A ring R is called principle ideal ring if every ideal in R is principle ideal.
Theorem:

(Z,+,.)isP. LR,

Proof: (H.W)

Definition:

A proper ideal M of aring R is called maximal ideal if where ever I is an ideal
of RwithM c I, then I = R.

Example:

In Zthe ideals are:
{0} ,Zs ,{0,3},¢0,2, 4}

{0, 3} is the maximal in Zs.

{6, 2, 4} is the maximal in Ze,

Theorem:
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Let R be commutative ring with 1 and I be a proper ideal of R, Iis a maximal

ideal if and only if% is a fiald.

Proof: (H.W)

Definition:

A proper ideal P of a ring R is called a prime ideal if for all a,b in R with

a.b € Peithera € Por b € P.

Example:

1)4Zis an ideal in Z, but not a prime ideal in Z.
2){0}is a prime ideal in Z.but not maximal.
3){0}is not a prime ideal in Z.

Theorem:

Let R be commutative ring with 1 and P be a proper ideal of R, P is a prime

ideal if and only if % is an integral domain.

Proof: (H.W)
Definition:

A commutative ring with identity is called local ring if it has unique maximal

Z, =1{0,1,2,3}is alocal ring.
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Remark:

Every field is a local ring

Proof: (H.W)

Remark:

In the local ring the idempotent element is only O or 1.

Proof: let a # 0 and a # 1 be an idempotent element. Since a is an idempotent,
then a®? = a, then a? —a =0, thena(a — 1) = 0, since a # 0 and a,a — 1 are
zero divisors, thus a,a — 1 has no inverse, hence a,a — 1 must belong to the
unique maximal ideal say M , then a,a —1 € M, then a — (a — 1) € M, hence
1 € M. Thus eithera=0o0ra = 1.

Definition:
Let Ibe an ideal of aring R. Then the nil radical of I denoted by /1T is the set:
Vi={reR:3nezt>mel}
Remark(1):

1. JVI21.
2. \/Tis an ideal of R.

Proof: (H.W)

Remark(2):

L JInj=1=VIn,/.
2. VI =+1.
3. JI+] 2 VI+./].

Proof:1).Letw € \/INJthen3d n€ Z* 5 w" €I n]J,then w" € landw™" € J,
hence w € VIand w € \/T.Thus wE \/Tﬂ\/j.

8
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Lety € VIn \/7, then y € VIand y € \/7, hencey™ € I and y" € J.
ymtm=yn. ym e ] theny € /I].
yWm=yn.ym e [ nJtheny € \JIN]. Thus,/In] =vIn,/J

2).we have v+/I 2 /I from Remark (1), we want to show that v7 2 v~vT
Letx eVVI 3 neZts x" eI, andthend me Z* 3 (x™)™ € I, hence x"™ €

I, which implies that x € vI. Thus VI 2 vVT and VT = VI

3).Let we Vi+ JJ,thenw=x+y; x€ VIand y € /], thend n€ Z* 3
x"elanda meZ* > y™e].

(x+y)n+m :xn+m+( )xn+m—1y oo _|_( )xnym_l_( )xn—lym+1 4
_l_yn+m.

Thus (x + y)™™then €1+ ]thenx+y € JI+].

Definition:
A proper ideal Iof aring Ris called semiprime if I = +/1.

Example:In Z V6Z = 6Z, so (6) is semiprime ideal in Z.

J{(4) = /(22) = (2), s0 (4) is not semiprime ideal in Z

v10Z = 10Z.

Theorem:

Every prime ideal is semiprime.
Proof: Let I be a prime ideal, I < /T we have to show only that vI < I.

LetwevIa neZ* > whel, thenww™ ! €] but be a prime ideal so either

welowhrlel],




The Rings Dr. Nuhad Salim

Ifw™=1 € I, then ww"2 € I, which implies thatw™2 € I we continue in this way

until we have w € I.

Remark:

The converse is not true.

For example: \/@ = (6) is semiprime but it is not prime since 2 & (6), 3 & (6)
but6 = 2.3 € (6)

Theorem:

A proper ideal I of aring R is semiprime if and only if % has no nonzero nilpotent

element.

Proof:=)Let I be a semiprime ideal and let a + I be a nilpotent element in % Ja

positive integer such that (a + I)® =1, hencea™ + I = @ a* €I 2 a eI =

I.[ since I issemiprime]. Thusa el S a+ =1
<)we want to prove I is semiprime I < /T we have to show only that v/ € I.

Let x e VI, then x" €1 © x™"+1 =1, then(x + D™ =1 = x + I is a nilpotent

element in %, hence x + 1 =1 = x € I.Thus\I S I and thenI = 1.

Definition:

A proper ideal Tof aring R is called primary if whenevera-b € [ anda & I
implies that b* € Ifor some k € Z*.

Example:InZ. Let] = 87,42 =8€8Z,4 ¢ 8Z and 2> =8 € 87,5087 is
primary ideal.

Remark:
Every prime ideal is primary.

Q: Is the converse true?
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87 is primary ideal but not prime since 4.2 =8 € 8Z but4 ¢ 8Zand 2 & 8Z
Theorem:

Let R be a commutative ring with 1 and I be a proper ideal of R, I is a primary

ideal if and only if every zero divisor of % Is nilpotent

Proof:=) Let a+ 1 be a zero divisor in % , S0 a+l#Iand Ib+1+#

Iin%such that (a+1)(b+1)=1,thenba+I1=1 o ba€l buth ¢landI

isprimary, then3 k€ Z* > a*€l oak+I=1Ithus(@a+D*¥=Tanda+1is

a nilpotent element.

<) Letx-yelandx el then x-yeloxy+Il=1 ox+Dy+1) =1,
butx +1 # 1

Ify+1=1 —ye€l, wearedone.[lis primary]

If y+1+1, then y+1 is a zero divisor, hence by assumption y +1 is a

nilpotent element in %EIneZJfa +D"=1=y"+I=1=y"€el.

Theorem:
Let f : R——> R’be aring epimorphism.

1. If M is a maximal (prime ,primary , semiprime ) ideal in R with ker f <
M , then f(M) is maximal (prime , primary , semiprime) ideal in R .
2. If M’ is a maximal (prime , primary , semiprime) ideal in R”, then

f~1 (M) is maximal (prime , primary , semiprime) ideal in R.
Proof:

1). Let f: R—> R’ be an epimorphism and let M be a maximal ideal in R

contain ker f we will prove that f (M) is maximal ideal in R .
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Clearly f(M) isanideal inR”’

f(M)+= R’ [If f(M)= R, thenl’e f(M)—>1"= f(m);m e M. But
f)=1-> fm)=fA)»f(m—-1)=0-m—1 €ekerf <M
> m—(m—1)€M - 1 € M contradiction since M be a maximal, M #
R]

Letf(M) S J<SR’,] isanideal inR’ ,then Iy €] and y & f(M).

But fisonto > 3x ER3f(x)=y ,x € M.

Then by theorem (let M be a proper ideal of a ring R. If M is maximal ideal in R
iff <M,x>=R,x¢M)<M,x>=R->1=m+tx ; meM,t €R,
then f(1) = f(m + tx), then f(1) = f(m) + f(t)f (x) [f is homomorphism]
,then 1= f(m) + f(t)y

fm)efWM)<] andye f(M)<],hence 17 €], which implies that | =
R’ .Thus f(M) is maximal inR" .

2). Let M’ be a maximal ideal in R”, then clearly f~1(M”) is an ideal in R.
f7iM”) # R.

[If f~X(M") =R, then f'w) =1;weM’ >f(EM’ »>1"€ M'].
Let f71(M") €] SR, then

3x€]Jand x& f (M) iff f(x) ¢M’; (M, f(x))=R" .
w+r'f(x)=1"; we M’, r” € R’ ...(¥)
Since f isonto,then 3 r€R and keMs.tf(k)=w, f(1)=1" f(r) =

r’. Then () will be : f(k) + f(r)f(x) = f(1), then f(k) + f(rx) = f(1)
[ £ is homomorphism] and f(k + rx) = f(1), then f(k +rx — 1) = 0, hence
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k+rx —1 €kerf € f71(M") SJand f(k) =wthenk € f71(M") ¢,
so k+rx €], then (k+1rx)— (k+rx —1) €], which implies that 1 €]
and J = R .Thus f~1 (M”) is maximal in R.

3) Let I be a prime ideal in R, clearly f(I) isanideal inR”’

f() + R’ since if f(I)= R’ and f is onto, then 3 x€ls.t f(x)=;1".
But f(1)=1"- f(x)=f(1)->f(x—1)=0-x—1 €ekerf €1,butxe€
I, thenx —(x—1)€eland1€1C.

Now, let f(a)f(b) € f(I);a,b € R, since f is homo., then f(a.b) € f(I),
thena.b € I.

but I is prime ideal, so either a € I ,which implies that f(a) € f(I) or b €1,
which implies that f(b) € f(I) . Thus f(I) is a prime ideal in R".

4). Let K be a prime ideal in R’, we have to show f~*(K) is prime ideal in R.
1. Clearly f~1(K) is anideal in R since K be an ideal in R".

2.fY(K) # R, if fA( K)y =R ->1€f 1K), then1=f"1(w); wek
- f(1) eK - 1 € K C!since K is proper ideal in R’

3. Let x.y € fTY(K) and x ¢ f~1(M), then f(x.y) €K, since f is
homomorphism, then f(x)f(y) € Kand f(x) € K, but K is a prime, so
fy) eK—- ye f~1(K). Thus f~1(K) is prime.

5).1f I is primary in R, we have to show that f(I) is primary in. R” .
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Let f(a).f(b) € f(I) and suppose that f(a) ¢ f(I), we prove that (f(b))™ €
f), forsomen € Z*,

f(a.b) € f(I) [f is homo.], hence a.b €l,a &1 since f(a) & f(I) and I is
primary, then b™ € I for some n € Z*. Thus f(b™) € f(I) » (f(b)™ € f(I)
and f(I) is primary in. R” .

6) Suppose that K is primary ideal in R’, we prove that f~1(K) is primary ideal
in R.

FUK) #RIffYK)=R[1efYK) = f(1)eK = 1€ KC.
Letx.y € f~1(K) and x & f~1(K)

f(x.y) €K and f(x) ¢ Kthen f(x).f(y) €K, hence Ine€Z* 5 (f(y))" €
K, then f(y™) € K, then y™ € f~1(K). Thus f~1(K) is primary in R.

7) Suppose M is semiprime ideal in R. M =+/M, we prove that f(M) is
semiprime ideal inR” .

First,f (M) # R’ [1z € f(M) - 1z.= f(m),3In € Z* such that f(m) =
f(1),then f(m—1) =0,then (m — 1) € Kerf € M,then1 € M C!.
We must show that f(M) = \/f(M), but we know that f(M) < \/f (M),
so we only have to show /f(M) € f(M). Let w € \/f(M), then 3n €
Ztawm™ e f(M),thenw™ = f(m); m € M.
Since f is onto, then Ix€R3 f(x) =w, then w" = (f(x))" =
f(x™) = f(m), then (x®" —m) € Kerf € M, then (x"—m) € M but
m €M, hence x" €M, then, xeVM =M = x €M [since M is
semiprime and VM = M], then f(x) € f(M) = w € f(M), hence

14
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VM) € f(M). Thus f(M) =/f(M) and f(M) is semiprime ideal in
R/

8) (HW)

Definition:
The Jacobson radical of aring R, denoted by J(R) is the set:

J(R) =n {M: Mis maximal ideal in R}

Example: (1) In Z, (22) ~ (32) A (72) A ... = {0}, J(2)=0
(2) In Zs, {0, 2, 2} ~ {0, 3} = {0}, J(Z6)=0.
3)Zs, M={0,2, }.

~J(Z4) ={0, 2, }.

Remark:

1. J(R) # @.
2. J(R) isanideal in R.

Proof: Leta,b € J(R), then a,b €=n {M: Mis maximal ideal in R}, thena, b €
M V maximal ideal M,thena—b € M V M, since M isanideal inR,a — b €N

M ,hencea — b € J(R). Similarly ra € J(R).

Theorem:
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Let I be an ideal in a ring R. Then I <J(R) if and only if the coset1 + I has

invertible element in R.

Proof:=) Let I <J(R) and assume that 3 a € Isuch thatl 4+ a has no
inverse 3 a maximal ideal M such that 1 + aeM, a € I € J(R) S
M,aeM1l1+a-a€eEM=1eM

Hence M =RC!. Thus 1 + I has inverse.

<) suppose that each member of 1 + I has inverse, but/ ¢ J(R) =nM;M

IS maximal ideal, then I &€ M.

Now, if a €I, a ¢ J(R), then 3 a maximal ideal M s.t a ¢ M. Since M is
maximal, then <M,a> =R, since 1eR=1=m+ ra ;r€R,mE
M= m=1-ra, but 1—ra€el +1, thenme1l1l + [, then m has

inverse. Thus 1 =mm™! € M C! [Since M=R].

Corollary:

a €J(R) &1 + rahasinverse V'r eR.

Proof: Take I =< a > by above lemma, we have a e< a > < J(R) if and only

if 1 +< a > has inverse. Thus 1 + ra has inverse.

Lemma:

The unigueness idempotent element in J(R) is 0.
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Proof: Let a €J(R), such that a = a?, then a — a? = 0, then a(1 —a) = 0,
a(l+ (—1)a) = 0 - (*). By the last corollary and since a € J(R), then 1+
(—1)a hasinverse, so 3b € Rsuch that (1 + (—1)a)b = 1 by (x).

a.[(1+ (—=1)a)b] =0.b,s0a.1 =0.Thusa = 0.

Definition:

The ideal I is called nil ideal if each element in I is nilpotent.

Example:
In the ring Zs

The ideals are I, = {0,4}, I, = {0, 2,4, 6} are nil ideals.
I, is anil ideal since 42 = 0.

I, isanil ideal since 23 =0,42=0,63=0

Lemma:

Every nil ideal contained in J(R).

Proof: Let I be a nil ideal and we prove that I <J(R). Let a € I, since I is nil

ideal, then I ne Z*ts.ta™ =0, letr € R. Now:

1+ra)d—ra+r?a®—-r3as, ., (D" 1) H =1—-r"a" = 1.
[Since a™ = 0, then r"a™ = 0]
By the last corollary a € J(R), then a €1, which impliesthat I < J(R).

Lemma:
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I (i) = 0

Proof: Let J(R) =1, we prove that a + I =1i.)1 +ra has inverse in R.

R . . R
Let a + Ie](ﬁ), then (1+1)+ (r+D(a+1) has inverse in o o)

3b+1 e](](im) such that [(1+D + G +D(a+D](b+1) =1+1, then

AQ+ra+DHB+1)=1+1, then b(1+ra)+I1=1+1, then b(1 +ra) —
1€, hence 1+ r(b(1+ra)—1) has inverse. In special case take r, =1,
we have 1 + (1)(b(1 + ra) — 1) has inverse in R, i.e) b(1 + ra) has inverse in
R. Thus 3w €R st w.b(1+ra) =1, hence (1+ ra) has inverse, so that
aecJ(R)=Ianda+ J(R) =J(R).
Definition:
The prime radical of a ring R, denoted by L(R) is the set:

L(R) =N {P: P is prime ideal in R}

Example:
(1) In Z: L(Z)=n(P)={0}, L(Z)=0, where P is prime.
(2) Find L(Zs), L(Zs), L(Z12).(H.W).
(3) If R is an integral domain, then L(R) = 0

Remark:

1. L(R) # 0.
2. L(R) isanideal in R.
3. L(R) € J(R)

Theorem(*):




The Rings Dr. Nuhad Salim

Let I be a proper ideal in a ringR, then
VI =n{P:P is prime ideal in R contain I}
Proof:

letr ¢ VI, thenr* ¢ IvneZ letS ={rr%r3 ., r" ..}, thenInS =0,
define F={J:J NS =@ ;] is proper ideal contain I}, F = @ (since I € F),
let {C,},cn De a chain of element from Fi.e C, NS =@ , C,is a proper ideal

contain I,V «, we will prove that U e, C, € F, Let x,y €EU,en €, , Y, B EA

s.tx € Cg,y € Cy, since {Cylqen is @ chain of F, then either x ECp € C, D y

orxeC,cCsdx,thenx,yeCgorx,yeC,thenx—y€Cgorx—yE€C,

hence x —y € Ugen Cy.

Now, let r € R and x € Uyep Cy, then 3 B EAs.t x € Cpg, then rx € Cp.since

Ugep Cy 1S anideal in F.

2) Ugep Cq # R since if Ugep Cp = R, then 1 Ugen€ Cp, hence 3C, s.t 1€
C, C! [since C,V aisproperideal of R], since 1 €C,Va. Thus IC
Ugen Ca-

3)(Ugep Cp) NS = Uyep (C,NS) =U (@) = 0. Thus Uy, C, € F. By Zorn’s

Lemma F has a maximal element P.

Claim: P is prime P in R.

Suppose that P is not prime, let x,ye Pandx € P,y & P.
P < (P, x)

P & (P,y)

Since P is maximal in F, then (P, x) , (P, y) must intersect S.

Le(P,x)NS+@,(P,y)ynS + Q.
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Then 3Imk €Zts.t rme(P,x), r* e (P,y), then r™mtk=ymrkg

(P,x).{(P,y) € (P,x,y) = P.

Thus r™*k € p C! (since P NS = @), then P is prime ideal and P € F, hence

vneZ*,r" ¢ Psor & P, then r ¢ for any prime ideal contain |.

r €N {P: P is prime ideal contain I}, then 3P ; P. is prime ideal contain I.
Thus r™* ¢ Pvn € Z* [since P is prime ideal] i.e (r.r=7r2¢ P, r>.r=1r3¢

P,.)and " e¢lIvneZ* I <CP.
If we put I = {0} we have:
Corollary:
\/W =N {P: P is prime ideal inR } = L(R)
Since all prime ideals in R contain 0 we don’t write 0 € P.

1) L(R) = The set of all nilpotent element of R.
2) {/(0) ={r € R:r™ = 0} The set of all nilpotent element.

Theorem:

An ideal I of aring R is semiprime ideal iff I is an intersection of prime ideal of
R.

Example: /(6) = (6)

Remark:

L(%) — 0.

R
L(R)

Proof: Let x + L(R) € L(

), thenby ()3n € Zst(x + LRR))" = L(R),

then x™ + L(R) = L(R), then x™ € L(R), thenby ()3In € Zs.t (x™)™ =0,
hence x™ = 0. Thusx € L(R) iff x + L(R) = L(R).

20
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Theorem:
Let f : R ——> R’be an epimorphism such that ker f < J(R). Then:
L fJR) = JR").
2. fEUR)) =J(R).
Proof:
1). Let f : R — R’ be an epimorphism.
To prove that f(J(R)) = J(R’) we must prove that f(J(R)) € J(R’) and
JR") < fFJR).

Let we f(J(R)),w=f(x);x€J(R). To prove w € J(R’) we have to

show that 1’ + r'w has inverse where r' € R’ .

Since fisonto, 3t€Rs.tf(t)=r"and f(1) = 1’

1"+r'w =f()+ (). f(x) = f(1 + tx) [f is homo.].

Since x € J(R) ,then 1+ kx hasinversein R;k €R.

In special case. 1 + tx hasinverse,i.e.3a € Rs.t (1 +tx).a=1=
fA+tx).a=f)=[fQ)+fQ).f&X)].fla) = f(1) [f is homo.] =

(1"+7r'w).f(a)=1"€R'i.e f(a)isaninverseto 1' + r'w.

Hence w € J(R”) [theorem]. Thus f(J(R)) € J(R") - (1).

Now, to prove J(R”) < f(J(R)).

Let y e J(R”), since fisonto, 3x € Rs.t f(x) = y, itis enough to show

that x € J(R) i.e.1 + rx has inverse.
Since y € J(R”)=1"+r'y has inverse in R’ [theorem] .

dzeR s.tz(AQ'"+r'y)=1,17€ R ,zeR' ,r' € R".

21
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Since f isonto, IreR s.tf(r)= r', IteR s.t f(t)=z,f(1) = 1"
' +7y).z=1 = [fFD+f0).fOLFE) = f1) =f((A+rx).t) =
fAD) =2f(A+rx).t—1)=0 =1 +rx).t—1 € ker f € J(R). Hence

14+ s[(1+rx).t—1] hasaninverse Vs € R . Inspecial case s =1.
1+ (1+rx).t—1hasaninversein R =(1 + rx).t has an inverse in R.

ie. IwWeER s.tw.t(l+rx)= 1, ie.,, 1+rx has an inverse (tw) in

Riff x €J(R) hence J(R") € f(J(R))(2).
Thus from (1), (2) f(J(R)) = J(R")

2) Now we want to show that £~ (J(R")) = J(R).

Let xef'(JR))=Ff)eJR)=F(JR), then f(x)e f(JR),

then 3yeJR)s.tf(x)=fy)=f(x—y)=0=x—y€ kerf < J(R),
x—y+y=x€J(R)[sincey,x —y €J(R)].

Hence £~ (J(R)) € J(R) - (1).

Now, let w € J(R) = f(w) € f(J(R)) =J(R") = f(w) €J(R")

=we fJR)).

Hence J(R) < £~ (J(R")) - (2).

From (1), (2) =f"1(J®R")) =J®R).

Theorem:

Let f : R — R’be an epimorphism such that ker f € L(R). Then:
1. f(L(R)) = L(R").
2. f7H(L(R")) = L(R).
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Proof:

1). Let f : R— R’ be an epimorphism.

To prove that f( L(R)) = L(R') we must prove that f( L(R)) & L(R') and
L(R) < f(LR)).

L(R) = {x ER:x" =0, for somen € Z*} =./(0).

Let x € f(L(R)) =3a€l(R)s.tx=f(a)=a"=0, nezt.
0'=f(0)=f(@ = (f(a)" =x"=x"=0=>x€eL(R").

Hence f( L(R)) € L(R").

Let ye L(R")= y"=0'n€eZ",since fisonto =3AbeRs.tf(b) = y.

0" =y = (f( b))n = f(b™), since f is homo. = b™ € Kerf S L(R)

=b"e L(R)=IAmeZ s.t (™)™ =0=b™=0=b € L(R).

y=fb) € f(LR))=L(R ) < f(LQR)) .Thus f(L(R)) = L(R").

2) Now we want to show that = (L(R")) = L(R).

Let xef 1 (L(R"))=f(x)eLR")=f(L(R)), then f(x)e f(L(R)),
then 3y e L(R)s.t f(x) =f(y) = f(x—y) =0 [f is homo.]

= x—yE€ kerf € L(R), =x—y+y=x€L(R) [since y,x —y € L(R)].
Hence f~* (L(R")) € L(R) - (1).

Now, let w € L(R) = f(w) € f(L(R)) =L(R") = f(w) € L(R")

=we f1(LR)).

Hence L(R) € f~* (L(R")) - (2).




The Rings Dr. Nuhad Salim

From (1), (2) =f"*(L(R")) =L(R).

Division Algorithm For Integral Domain:

Definition:

Let Rbearingandlet 0 #a € R,b € R we say that “a divided b” (a \ b)

if 3 anumber ¢ st b =a.c.

Remark:

If a divided b we mean that a is a factor b or b multipolar a.

Remark:

a\ b ifandonly if (b) € (a).

Proof: =)Supposea\ b= b =a.c, c € R,b € (b),=b € (a)=(b) S (a).
&) Suppose (b) < (a)since b € (h)=b€{a) = b=a.r,rER .

Thus a/b.

Theorem:

Let R be aring, then

1) 1\a,a\a,a\0 Va€R.

2) a \ 1iff a has inverse.

3)If a\b,b\c=a\c.

4) If a\ b,thena.c\ b.c Vc €R.

5) Ya,b,ceR if c\a, c\b,then c\ax+by Vx,y €R.

Proof (1):

Sincea=1.a =1\a andsincea=a.1 =a\ a.
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0=a.0 =a\0O0.

Proof (2):

=) Sincea\ 1 =1 = a.b where b € R which mean that b is an inverse of a.
&)a hasinverse =1 =a.c, ceR =a\1l.

Proof (3):

Since a\b, b\c =3u,, u, €ER s.t b=au, , c=a.u,.
c=au.u, =a(u;.u, ). Thus a\c.

Proof (4):

Sincea\ b =b=a.r ,r€ER =c.b=c.a.r = ca\c.bh.
Proof (5):

Sincec\a, c\b=3r,nER s.t a=cr, , b=cr, .
a.x=cr.x , by=c.ny.

a.x+ by =c.r.x +cny =cr.x +ny).

Thus ¢\ ax + by .

Definition:

Let R be aring and let a,b € R, we say that a, b are associated element
if a = bu, where u is invertible element in R.

Eexample:

InZ:2,-2.
—2=(-1).2.

(—1) has an inverse in Z.
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Remark(1):

Define arelation ~ on R as follows: a~b if f a,b are associated
elements, is an equivalent relation.

Proof:

i. a~aVa€R.
ii. If a~b then b~a.
a~b = a = bu, uisinvertible elementin R. =au~! = b = b~a.
If a~b and b~c then a~c.
a~b = a = buy; u, isinvertible elementin R.
b~c = b = cu,;.u, is invertible element in R.
a=cu,u; =c(u,uy) = a~c.Thus ~ is an equivalent relation.

Remark(2):

Consider the Gaussian numbers denoted by Z(i).
Z)={a+ib:a,beZ,i’?=-1}cC
1. (Z(i), +, *) isaring but not field.?
2. Z(i) is an integral domain?

Here the only invertible elements are +1,+ i.Suppose a + ib € Z(i)
has a multiplicative inverse ¢ + id. Then

(a+ib).(c+id) =1,s0 (a—ib).(c —id) = 1,then
(a+ib).(c+id).(a—ib).(c—id) =1
(a?+b>)(c?+d®>) =1 , abycdeZ

= (@+b?)=1, a*=0, b’=1=a=0, b= +1.

Or a°?=1, b>=0 = a= +1, b= 0 .Thus the invertible
elementsare +1,+1i.
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The only associated elements of a + ib are:
a+ib,—a—ib,— b+ ia,—b—ia.

Theorem:

Let a, b be a non-zero element of a ring R. Then the following statements

are equivalent:

1) a,b are associates.

2) Botha\band b\ a.
3) (a) =(b).

Proof:

1)=2) Suppose that a,b are associated elements =3 an invertible
element u € Rs.ta=bu=b\a =uta=b=a\b.
2)=3) ~ a\ b =(b) S (a).

“ b\ a=(a) < (b)
= (a) = (b) .
3)=2) ~ (a) =(b) =(a) S (b) iff b\a and(b) S (a) iffa\b
2)=1) v a\b =b=uwa =u =ba! and + b\a = a=
u,b = u, =abl.
u;u, = ba *ab™* = bb™! = 1 = u, ,u, are invertible element. = a,b are

associated elements

Definition:

Let a,,a,,,a, be a non-zero element of a ring R. An element d ER isa
greatest common divisor of a, ,a, ,-, a, if satisfy the following:

1) d\a; Vi=12,n
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2) Ifc\a; Vi=1.2,n impliesthat c\ d.
d=g.c.d(a,,a,, a,).
Eexample:
g.c.d(30,40) = 10.
Theorem:

Let a,,a,,,a, beanon-zero elementofaring R,then a,,a,, , a,
have g.c.d of the form d = rja, + rpa, +-+1,a, 1, €R iff the
ideal {a, , a, , -, a,) is principal.

Proof: =)
Suppose thatd = ra, + rna, +-+1,a, = d € (a;,a,,,a,)
= (d) € (a1,a3,an) .
Now, let x € (a;,a,,,a,).

= x = tjaqy + t,a, +--+t,a, ; t;€ER (%)
But d\aq; Vi=12,n = a;=ds; ; s;€ER Vi=12,,n .
Put a; in ().

= x = tydsy + tyds, +-- +t,ds, = d(t;5; + tys, + +t,S,) =
d.w.
~x € (d) =(ay,a,,,a,) = (d).Thusis principal.

<) Now, suppose that (d) = {(a;,a, ,-,a,) . Toshow that d isa
greatest common divisor of a, ,a, ,-, a,.

a; € (d) Vi= 1,2,"',71 =1 bi ERS.tCli =dbl :)d\al- Vi= 1,2,"'
,n.Now, supposethat 3c€R s.t c\a; Vi = 3Is;€ER s.t q; =
Si¢c =
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d=ra + na, +- +n a,
= 1nS1C+ 1rps,c +---+1,5,C
d = (r;s; + 1,8, + 41, 5,).c =c\d
dis g.c.d(ay,ay,,a,)
Corollary:
Any finite set of non-zero elements a, ,a, ,:-,a, of P.I.D has g.c.d.

Infactg.c.d(ay,a,,,a,) = na; + na, +-- +n, a, for suitable
choice 7,1y, ER .

Definition:

Let R be aring and let a, ,a, ,~::,a,, be anon-zero elementof R . If
R=(d)=(ay,a,,,ay),theng.c.d(a,,a,,,a,)=1anda,,a,,
, a, are called relatively prime elements.

Theorem:

Let a,b,c beelementsofa P.I.D R ,if ¢\ ab with a,c relatively
prime, then c \ b.

Proof:

Since a, c are relatively prime elements

= g.c.dla,c)=1= 1=ra+sc ; rseR
Sincec\ab =ab=tc; teER = b =bra+ bsc
b =rtc+ bsc = (rt+ bs)c .Thus c\ b.

Definition:
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Let R be aring and let a, ,a, ,~::,a, be non-zero elements of R, then
d € R.is a least common multiple of a, ,a, ,-:-,a, if a;\d Vi=1,2,"
,nIf 3ceR s.t a;\c,then d\c

d=I1lcm(ay,a,, - a,).
Theorem:

Let a,,a, ,,a, beanon-zero element of R, thena,,a,,, a, have
least common multiple iff the ideal N {a;) is principale

Proof: =)

Let ¢ =1Llc.m(ay,a,,a,), we must prove that N (a;) = (c). Let
w E({c)=w=rc; Tr€ER

But cis lLc.m(a;,a,,,a,)= a;\c Vi=12,n

=c=t a ; t;ER Vi=12,n

w=rt; q; Vi=12n = w=rt; ay = we€ (a)

, w=rt, a, =>we(a,),..., w=rt, a, = we (a,).

weE(aq;)Vi = wen(aq;) = (c) Sn{a;).

Let keni(a;)) = k€ (a;) Vi =k=s;a; ; s;ERVi=12,,n.

= a;\k Vi but c=1Lc.m(a;,a,,a,),

~c\k = k=rc ; reR =k €(c) .

Niz1 {a;) € (c), ~ (c) =ni_1{a;) .

&)Let (c) =N, (a;) ,weprovethat c=Lc.m(a;,a,, - a,) .

c €E{c) = c eniz {a;)) =c€(a) Vi = c=t a; Vi t;ER.

= g \c ..(1).




The Rings Dr. Nuhad Salim

We supposethat 3¢ €R s.t a;\c¢ Vi ,wemustprove that c\

C.
a;\ ¢ = c=1raq Vin€R = c€{q) Vi.
= ¢ €Nt {a) = cec) .
c=wec = c\c —(2).
From (1),(2) =c is l.c.m(ay,a,,,a, ).
Corollary:
If Ris P.1.D, then every finite set of non-zero elements have [.c.m..
Proof:
Let a,,a,, -, a, benon-zero elements, then N}, (a;) is an ideal
J3c€E€R s.t (c) =N, (a;) sinceRisP.I.D.Thus by the last theorem

c=1Lcm(ay,a,, a,).

Definition:

Let R be aring with 1. The element a € R is called prime element if
a # 0, a hasnoinverseand a \ c.b, then either a\c or a\ b.

Definition:

Let R be aring with 1, then the element b € R is called irreducible
elementif b # 0, b has no inverse and if b = a.c, then either a has
an inverse or c¢ has an inverse.

Theorem:

1)If p is prime elementin R and p is associated with p, then p is
prime element.
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2)If q isirreducible elementin R and g, q are associated, then g
is irreducible element.

Proof:

1) Since p,p are associated, then p = up where u has an inverse.
a) p # 0 sinceif p=0 =0 =up =p = 0C! [since pis prime
element].

, . . . ’ . ~—1 -
b) p has no inverse since if p has an inverse. (p) p =

(ﬁ)_l-up =1= [( p')_l.u] .p = p isinvertible C! [since p is

prime element].

OIf p\c.h=chb=tp ,tER=c.h=tup=ch=
(t.u).p = p \ c.b butp is prime element, then either p \ c. or
p\b if p\b = b=r.p=b=(r.u).= p\b.Similarly, if p \
¢ =p is prime element.

2) Since g, q are associated, then ¢ = uq where u has an inverse
sulg=q ().

a)q # 0 sinceif g =0 =0 =uqg=q = 0C! [since q is prime
element].

b) g has no inverse since if g has inverse :,>(q)_1q =
(cj)_l.uq = 1= [( cj)_l.u] .q = q has inverse C! [since q is
prime element].

A)Ifg=cb= uq=cbhb = q=wlhb).c since qis
irreducible element, then either ¢ has an inverse or u~1. b has an
inverse.

Ifu b hasaninverse = 3 weR s.t wiul.p)=1
swuHb=1

= b has aninverse. Thus q is irreducible element.

Theorem:
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Let R be an L.D, then every prime element in R is irreducible
element.

Proof:

Let p be aprime elementin R andlet a,b ERs.tp =

a.b(1.p =a.b) =p\ a.b, pisprime element, then either p \
aor p\b.if p\a =2a=r.p,r€ER=a.b=(r.p)b =p=
r.b.p =>1=r.b

= b has an inverse.

Similarly if p \ b = p isirreducible element.
Note

The converse is not true?

Theorem:

Let RbeaPlLDandlet p € R,then p is prime element iff p is
irreducible element.

Proof: =)

From the last theorem
&)

Let p € R be anirreducible element and suppose that p\
a.b =>p=ab;c€eR - (*).

R is P L.D, then (a,p) is principle

~3deRs.t {(ap)=(d). =p=k.d , kER but pis
irreducible element = k has an inverse or d has an inverse.

If k hasaninverse =d =k p =d € (d) =(d) € (p) but a €
(d) =a€ (p)=a=1r.p; TrER =p\a.
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If d hasaninverse =1 =dd™! € (d) =(d) =R but (d) =
{(a,p) =(a,p) =R.

1€R={(ap) = 1=at; +pt, ; t;,t, ER
b = bat; + bpt,
b = bct, + pbt,
b = p(cty + bt,)
=p\b .
Corollary:

In Z there is no difference between irreducible element and prime
element.

Proof:(H.W)

Remark:

Let RbeaPLD.If {I,} ; n € ZT isany infinite sequence of ideals
of Rs.t [ €I, €< I, € I,,; S ,thenthereexist m €
Zt s.t I, =1, forall n>m.

Proof:
Let Upy I =1, and I; S I, S isachain.
Ur=q I is anideal?

RisPID,then 3a€R s.t [=(a)= a€Up_, [, = Im €
Zt¥ sita€ely,foraln>m=I=(a)<S,SI,S Ul =1.
2 I, = UZ L, .Thus I, = I, .

Definition:

The principle ideal is called maximal principle ideal if it's maximal
in the set of proper principle ideals of R .

34
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Theorem:

Let R be an integral domain for non-zero element p € R, the
following holds:

1. P isirreducible element iff (p) is maximal principle ideal.
2. P isprime element iff (p) # R is prime ideal.

Proof:1) =)
Let P be irreducible element, and let (p) € (a) , aE€R .
pE(p) = pE€(a), p=ac , cER (¥

But P is irreducible element = either a or ¢ hasan inverse.If ¢
hasaninverse = c 'p=a [by (¥)] = a € (p) = (a) € (p)C!,
hence a hasaninverse = a.a™!=1€ (a) = (a)=R .
Thus (p) is maximal principle ideal.

=)
Let (p) be a maximal principle ideal.

Let p = a.b,suppose that a,b hasno inverse p € (a) = (p) c (a)
ifae(p) = a=p.c ,c€ER.

a.b=p.c.cb =2p=p.c.b [Risl.D]|=c.b=1=b hasan inverse C!
s~ (p) € (a) .

Nextif (a) = R = a has inverse

.~ {a) # R C![since ahasnoinverse] = (p) & (a) c R

Since (p) is maximal principle ideal ~ a or b has an inverse.
~ P isirreducible element.

2) =)

Let P be prime element, (p) # R [since p has no inverse]

35
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Let a.b €{(p) = a.b=k.p , kER = p\a.b but Pisprime
element = either p\a or p\b

If p\a =a=pk; , kf€R = a €(p)
Or p\b =b=pk, , kb, ER = b €(p)
. (p) is prime ideal.
=)
Suppose that (p) is primeideal ~ (p) # R = p hasno inverse.

Let p\a.b = a.b=m.p , mE€R = a.b € (p) but Pisprime
element = either a €(p) = a=k;p , k;ER

Or bE(p>:)b=k2p ,szR .
= Either p\a or p\b

Lemma:(*)

Let RbeaPILD, 0+ a €R .a hasnoinverse, then there exists a
prime element p s.t p\a .

Proof:

 a hasnoinverse = (a) # R = (a) is properidealof R. = 3 a
maximal ideal M s.t (a) c M.

“RisPILD = 3aAp€eR s.t M= (P) . (a) c(P) ,bthen(P) is
maximal principle ideal.

But every maximal ideal is prime ideal, where p is prime element [by
last Thm.(2) .

a€(a) c(P)= a€(P) = a=m.p , meER = p\a.

Definition:
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An integral domain R is unique factorization domain (UFD) if the
following are satisfied:

(1) Va€R s.t a+# 0 and has no inverse,then a = p;.p, ...p,
where p; are irreducible elements Vi.

(2) If a=p.02...0n =q1-95 ... @ Where p; , q; are irreducible
element Vi,then n =m and there is a permutation ™ on
{1,2,..,n} s.t p;,q; areassociated elements.

Example:

Z is UFD.

24 = (2).(2).(3).(2) = (—=2).(—3).(2).(2).

Notice that 2,—2 are associated and 3, —3 are associated.
Theorem:

Every PID is UFD.

Proof:

Let RbeaP 1D, andlet 0 # a € R be an element which has no invers.
Then a =p;.p, ...p, bytheorem () p;isirreducible elements Vi .

Now suppose that a =p;.p2 ...Pn = q1-92 - qm

Now we must show that n = m.
Suppose that n < m.

Notice that p; \a = p;\ (41-92 - qm) ,butp, is prime element
= p1\ q; forsome j,after arranging.

p; and g, are prime element in R and

p1\ ¢4 = ¢ =up; where u isan invertible elementin R .

P1-P2 -:Pn = U.P1:q2 - qm = P2 -:Pn = U. (42 . qm
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We continue with these stepsto (n — 1) times = 1 =
(Uy- Uy e Up).-Gpt1 - 9m = Gn+1, - qm hasaninversein R.

m
q1-92 - qm = P1-P2-Pn = q;=1"p;
qj ,q; are associated for every i.
Theorem:
Let R be a UFD if p is an irreducible element, then p is prime element.

Proof:
Let p be an irreducible element and suppose that
p\ab = a-b=c-p (1)

1) If b has inverse
= a'b'bt=cblp =2a=0bYHp=rp\a

2) If a has inverse

1, 1 1

= a rab=a‘ccp =2b=@" " ¢c)'p=p\b . pis
prime
3) If c has inverse

1 1 1

= a'bcc"=cc''p = (ab)'cc"=p = a-b\p C!

(since p\a-b )
4)If a, b, c have no inverse

RiISUFD = a=py.py..Pn ,» b=91.93 . @ , C=kqi.ky ... k,

Where p;, q;, k; are irreducible elements

Subdued in (1).

(P1.D2 - Pn)-(Q1-G2 o Q) = (ki kp o ke ) D

38
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P is associated with p; (i.e) p; =w.p , w hasan inverse.

Or P isassociated with g; (i.e) ¢q; =u.p, u hasaninverse.

v a=Pp1-P2 - Pi-Pit1 - Pn -
=p1.02 - W.P).Dit1 - Pn = P-(P1-P2 - W-Dit1 - Pn) -
= p\a
b=¢q1.92 . q;-9j+1 - Qm -
=q1.q2 - (W.P)-qj11 - Gm =P-(G1-92 - W-qj41 - Gm) -
= p\b

= p isprime number.

Euclidian Domain(E.D)

Definition:

Let R be an 1.D, then we say that R is E.D if there exists 6:R — Z* U {0}
satisfy the following:

(1) 6(a) =0 & a=0
(2) 6(a.b) =6(a).65(b) Va,b€ER
(3) Va,beER s.t b+0 ,3r,qeER s.ta=qgb+1r ; &) < §(b)

Remark:
Every field is ED.
Proof:

Let F beafield,then YVa€F, a#0 , 3 a'€F s.t aal=1
Define &:F - Z* U {0} by:

6(a)=0 if a=0
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=1 if a#0
(D6(a) =0 iff a=0 (fromdef.)
(2)6(a.b) =1=11 =4(a).6(b)
let aabER , b+0 3 b1 eF s.tbhbl=1
a=(ab).b+0 = qgb+r.
5(r)=6(0)=0< 6b)=1 .
~ F is ED.
Theorem:

Let RbeaPIlD,andlet 0 # a € R and a has no invers. Then a can
be factorized to a finite number of irreducible elements

Proof:
Since 0 # a 3 aprimelement p; s.t p;\a .
= a=t.p, , tER o (%)

= a €{(a) = (a) c (t) .Noticethat (t) ¢ (a) sinceif (t) c
(a) ,t €{t) >t €{a) = t=s.a, SER .

= a=s.a.py = 1=s.py = p; isinvertible C!since p;is
prim element.

(t) & (a) ie (a) & () .
If t hasaninverse = (t) =R.
leR=1€ (t)and a€ (t)=a=p;.t = a=p;.1.t; ,t; ER.
= a= t;.p; C! =t hasnoinverse.

By Lemma (*)(*) 3 aprimelement p, s.t p,\t = t=
p.t, , tb ER . = (t) & (t;) [inthe similar way].
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e (a) & (t) & (t).

We continue with this process until have the following ascending chain
(@) & (t) € (t1) S (L) .

Lemma (*)(*) this chain muststopi.e 3 n € Z* s.t the element has
an inverse.

(@) S (t) S (t1) S=&E (ty) =R =2 a=p1. P2 . P tp = a=
p1. Py ...pn, Where p,is associated with p,.Ris P LD and p,, is

irreducible element = p,, is irreducible element.

Example: Z is ED.

Define 6: Z - Z* u{0} .by

6(a)=lal V a€eZ

(DIf 6(a) =0 = Ja|]=0 = a=0

If a=0=4600)=10=0

(2)Va,b €Z, 6(a.b) =|a.b| =lal.|b] =8(a).6(b)

(3)Let a,beZ , b+ 0 from division algorithm we get
dr,q €Z s.t a= bg+r.

S(r)< 6(b) , |r|<|b].

~ Z is ED.

Theorem:

Let R be ED. with valuation 6 .

(H6(A) =1

(2) Va#0, a€R a.hasaninverse iff 6(a) = 1.

41
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(3)Va,b € R are associated, then 6(a) = 6(b).
Proof:

(1) Let 0#+a €R, §(a)=6(a.1)= 6(a).6(1)=1=6(1)
(2) =)Let 0#a €R hasaninverse =3 b €R s.t a.b=1,
by(1) 6(1)=1 = 1=61) =6(a.b) = 6(a).6(b).
=6(@).6(b)=1 = §(a)=6(b)=1 = 6a)=1.

&)Suppose that §(a) =1= 0+#a [RisEDé6(a) =0iff a = 0]

1,a € R by definitionof ED(3) 3 r,q €ER €s.t 1= aq+r
and 6(r) < 6(b) =1.

~ 0(r)=0 iff r=0 = 1=a.q=> a hasaninverse.

(3) .Let a,b € R suchthat a,b are associated elements.
=3 u €R, uis invertible s.t a= u.b = §(a) =
d(u.b) =6(w).85(b) =1.6(b) = 5(b).

Remark:
(1) We denote to E.D some times by (R, 6).

(2) r,q € R from the definition of E.D called r: reminder and q:
divisor(quotient).

Theorem:

Let (R,6) be E.D, then r,q are unique if f 6(a + b) < max{§(a),5(b)}
V a,b €ER

Proof:

=) Suppose thatr,q areuniqueand a, b € R s.t

6(a+ b) > max{d(a),s6(b)}.

Notice that
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a=1.(a+b)+ (—b) s.t 6(b) =56(—b) <6(a+ b)sinceb,—b
associative

a=0.(a+b)+a = r,q are not unique C! .
s 8(a+b) <max{d(a),56(b)} .
&)Let a,b €ER s.ta=bq;+1r, and a=bq, + 1, ,
5(r) < 8(b), 6(rp) < 8(b) .
= bgy+1ry =bqy+1r, = bgy—bg,=1,—1;
=>b(g1—qx)=1r,—11.
=61 —q2)) = 6(rp,—1) ().
=(b).6(qr —q2) = 6(r; — 7).
< max{6(ry),6(r)} = max{6(r;),8(r)}
=6(b).6(q1 —qz) <max{é(ry),6(r)} < 6(b)
~6(q1—q2) <1 =6(g1—q2)=0.
51— q2) =0iffq1—q2=0 = q1=¢q3 .
Sub.In(¥x) b.0 =1r,—1n = nr=1r.
S T,Qq are unique.
Theorem:
Let (R,6) be an E.D, then R is P.L.D.
Proof:
Let I beanidealinR.If ] =(0) = I isP.LD.

If I #(0) ,wetaketheset S ={6(a):0 #a €I} # @ ,bythe well
ordered, then S is contain a smallest element say §(a), we claim that
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I={a) = a€l = (a) €SI .Let we I since R isE.D., a,w €
| = 3 rgqeR st w=aq+r; §u)< 6(a)

=2>0#r=w-—aq €1 C!
Since §(a) isthe smallest elementin S and 6(r) < 6(a).
~r=0=> w=aq = w € (a).

w1 € (a) = 1= (a).

~ I is P.I.D.
Remark:
Every E.D is U.F.D.
Proof:

Every E.D is P.I.D and every P.1.D is U.F.D.

Rings of polynomials:

Definition:

Let R be a ring, then the function f:Z* U {0} -» R is called infinite
sequence in R and we shall denoted to f(n) by n, , vne€ Z* u{0}.

1, is called the nth term (or general term)for the sequence (r;,).

f(n) = (7"0;7'1;”';7’111”')

Definition:

Let R be aring, every infinite sequence in R (all term equal zero
except a finite of terms) is called a polynomial ringin Ri.e) 3 a
positive integer n suchthat ;,, =0 V m > n.

Examples:
(1) (0,0,...,0,...)
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2) (54,-1,0,3,0,0,..)
(3) (0,0,0,—1,2,4,0,0,...)

Are polynomial ringsin R.

Remark:

We will denoted to all polynomial ringsin R by R [x]
R [x] = {(ay,a,,as, ...,a,,0,0,..): a; € R}

Remark.

Let a = (aq,a,,as,...,a,,0,...) and B = (by, by, bs,...,b,,0,...)
B € R[x],then a=p lff a; = b; Vi=1,2,..,n .Define + on
R [x] as follows:

a+ B=(ay,a,as,..,a,,0,..)+ (by, by, bs,...,b,,0,..) .
= (a; + by,a, + b, ...,a, + b,,0,...)
Remark:
(R [x],+) is abelian group.
Proof:

1. (0,0, ...,0,...) is the identity.

2. Va€R|[x], 3—a€R][x],where—a =
(—ay,—aq,...,—a,,0,...) ssta+ (—a) =0.

3. Associative. let a, B, Yy €ER[x], a=(ay,aq,..,a,0,..),
B = (bg, by, ....,0,,0,...) , v=1_(cp,C1,,C,0,...) ,(@+B)+y=
a+(B+vy).

4, Let a, B €R[x],thena+ B = (ay,aq,..,a,,0,..) +
(by, by, ..., by, 0,...) = (ag + bg,ay + by, ..., a, + bn,O ) =
(bg + ag, by +a4,..., b, + a,,0,...).(since a;,b; €R and R is
commutative), then a + f = ,8 + .

Remark:
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(R [x],+,) isaring.
Proof:(H.W)

Define () on R [x] by:If a«, B € R [x],where, a =
(ag, aq,...,a,,0,...) , B = (by,bq, .., b,,0,..).Then

a-B = (ayay,..,a,,0,..)  (by,by,..,by,0,..) = (cy,C1) ey €y, 0, ...) €
R [x],where ¢, =X;ij=na; " b; .

Cl == aobl + boal CTl == ao bn + al.bn_l + az.bn_z + -+ an.bo
Theorem:

R can be imbedded in R [x].

Proof:

If S={(,0,0,..): r € R} subset of R [x]

Define @:R — R [x] by 0(r) =(r,0,0,..) Vr€R .
1. @ is homomorphism:

O(ry +1p) =(ry +1,,00,..) = (r,00,..) + (1,00, ..) =0(ry) +
D (1)
O(ry 1ry) =(r;°1,,00,...) =(r,00,..) (1,00,..) =0(0) - 0(ry)

2. @is (1—1):

If @(ry) =0(r,) =((,00,..)=(,00,..) iffry=1,"
3. @ is onto:

Leta = (ay,aq,...,a,,0,...) € R [x]

Ao ER = Q(aO) = (aOJ 010; )
aq ER = Q)(al) == (al, 0,0, )

a, €R = 0(a,) = (a,,0,0,..)
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~a; €ER = 0(a;) = (a;,00,...)
Remark:

Let R be aringput x = (0,1,0,...), x> =(0,0,1,0,...) , x
(0,0,0,1,0,..) , =, x™ = (0,0,..,1,0,..) .

Let (aO;aly . an; ) ER [ ]
(ag, ay, .-, ay,0,..) = (ay,0,...)+(0,a4,0,..) + (0,0, ...,a,,0,...)

— (aO) )+(O al! ) (010 )x+(0 O,az,o,..-)'
(0,0,1,0, ... )x2 +- +(0,0 ., a,,0,..)(00,0,...,1,0, .. )x™

=ay+ ayx + ax® + -+ a,x"

Definition:

Let R be aringand let a € R [x] be a nonzero polynomial ring we say
that the degree of @ = n [demoted by deg(a) =n]if a, #
Oand a, =0 V k > n.

Examples:.

a(x) =5—x+x3—x> €R [x]

= (5,-1,0,1,0,-1,0,0, ...)
deg(a)=5,as=—1%#0 and a,=0 V k <5.
Remark:

If a(x) =0 € Z][x], deg(a) = 0,then a is called constant
polynomial.

Remark:

IfRisl.Dand a,f8 € R [x] s.t deg(a(x)) = n,deg(ﬁ(x)) = m.Then
deg(a(x) - ,B(x)) =n-m-= deg(a(x)) + deg(ﬁ(x)).
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Definition:

Let R bearingand R [x] be apolynomial ringon R.Let a(x) €
R[x] s.t a(x) =ay+ a;x +a,x*+ -+ a,x", a, # 0 we call that
a, is a leading coefficient of a(x), and the integer n is the degree « .
If a, =1,then a(x) is called monic polynomial

Remark:(1)
If R is a commutative ring, then R [x] is commutative.
Proof:
Let f,g €R [x] st
f(x) =ay+a;x+ax*+-+a,x", a, # 0

g(x) = by + byx + byx? + -+ by,x™ , b, # 0

(x) - g(x) = agby + (aghy + bya;)x + (agh, + a;b; + a,by)x? + - +
f Y 000 001 01 002 101 201

anbmxn+m

Since R is a commutative ring, then a;b; = bja; Vi,j .
=boag+ -+ + bpax™™ = g(x) - f(x)
Q:
Is the converse true?
Sol
Yes, sinceif a,b € R = a,b€ R[x] .Put f(x)=a , glx)=b .
= fx)-glx)=a-b
Since R[x] is a commutative ring,then f-g=g-f = a-b=b-a .
~ R is a commutative ring.

Remark:.(2)
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If R has an identity, then R [x] has an identity.
Proof:

Since R has an identity 1, then Put f(x) =1
~V gx)e R[x]: f(x)-glx) =gx) = 1-gx) = gx)
Q:

[s the converse true?

Sol

Suppose that R [x] has an identity say f(x) .
Now,let a € R .

Since f(x) isthe identity of R [x] .
=f(x)glx) =gkx) Vgk) € R[x]

In special case put g(x) = a.

= fx)ra=a = f(x)=01,00,--)=1.
Lemma:

If R isI.D,then R [x] is L.D.

Proof:

From the last two remarks. If R is a commutative ring with 1, then
R [x] is commutative with 1.

Let f(x), g(x) € R [x] .s.t
f(x) =ay+a;x+ax*+-+a,x", a, # 0
g(x) =bg+ byx + byx*+ -+ bp,x™, by, #0

Since a,, # 0, b,, # 0 and R isl.D,then a,- b,, # 0
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= f(x)-glx) # 0 (Since a, " b, #0)
= R|[x] isL.D .
Remark:(3)

Let R be a commutative ring with one and let &, f be a non zero
polynomial in R [x], then deg(a(x) + ,B(x)) <
max(dega(x),degB(x)) or a(x) + f(x) = 0.

Example:

a(x)=2+3x , B(x)= 4+3x in Z[x]
a(x) + B(x) = 6+6x =0

a(x)=1+2x* , fO) = x in Zg[x]

a(x) +L(x) = 1+x+2x?

deg(a(x) + ,B(x)) =2 =dega(x)

Remark:(4)
deg(a(x) - B(x)) < (dega(x) + degf(x)) or a(x)-B(x) =0 .
Example:

a(x) =2x , B(x) = 3x in Zs[x]

a(x)-B(x) = 6x2 =0

a(x)=x , Bx)= 1+x? in Zg[x]

a(x) B(x) = x+ x3

deg(a(x)) + deg(B(x)) =142 =

Remark:(5)
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If Ris.LDand a, B € R [x] s.t deg(a(x)) =n, deg(B(x)) =m,
then deg(a(x)-B(x)) =n+m= deg(a(x)) + deg(B(x)).

0

If R isafieldis R [x] afield?
Sol

(H.W).

Theorem:(Division Algorithm)

Let R be a commutative ring with 1 and f(x), g(x) # 0 be two
polynomials in R[x] with leading coefficient of g(x) an invertible
element. Then there exist unique polynomial q(x),r(x) € R[x] s.t

fx) =q(x).g(x) +r(x)

Where either r(x) = 0or deg(r(x)) < deg(g(x)).
Proof:
If f(x)=0wewill take q(x) =r(x) =0
r(x) =f(x)=0-gx) #0
If deg(f(x)) < deg(g(x)) we will take g(X) = 0 and r(X) = f(x).
fx)=g).o+ f(x) ; fx)=r(k)
Notice that deg(r(x)) = deg(f(x)) < deg(g(x))
Now suppose that f(x) # 0 and deg(f (x)) < deg (f (x)).
By induction on deg (f (X)).

1) Suppose that deg(f (x)) = 0

i.e)f(x)=c, c#+0 €ER
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+ deg(f(x)) = deg(g(X)) - deg(g(X)) =0
i.e) g(X)=k , R23k+#0
¢ = c.k~ L.k + 0 [since the coefficient of g is invertible].
Suppose that the theorem is true for all polynomial.
Which its degree less than degree f(x)
fx)=ap+ax+-a,x™ , a, #0
g(x) = by + byx + - byx™ , by #0.
Put f1(x) = f(x)- (anby) x™™ - g (x)
deg (f(x)) = degf; (x)
» byinduction 3 ¢;(x), r(x) satisfy
i) =g().q1(x) +r(x) .. (2)
And either r(x) = 0 or deg (r(x)) < deg g(x).
Sub.(2) in (1) we get :-
g(x).q1(x) +r(x) = f(x) — (g,p70) - X" g(x)
fG) = (q1(x) + apbp’ . x"™). g(x) +r(x)
By (2) r(x) = 0 or deg(r(x)) < deg(g(x)).
Uniqueness:-Suppose that there exist g, (x) ,r;(x) € R[x] s.t
f) =q(x).g(x) + . (x) , degry(x) =0 or degr;(x) < deg g(x)
Put f(x) = q(x).g(x) + r(x) and r(x) = 0 or degr(x) < deg g(x).
q(x).g(x) +r(x) = g1(x).g(x) + 1 (x)
(@) = @1(0).g) =) —r(x) .. )
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Ifg# g,- qx) #q,(x) VxXER-> qx) —qg,(x) #0 VxER

- deg(q(x) — q:(x)).g(x) = deg(q(x) — q:(x)) + deg(g(x)) =
deg(r(x) —r.(x)) by (x)

Put deg(r(x) -1 (x)) < max{ deg(r(x)) ,deg(r;(x))}.

max{ deg(r(x)),deg(r;(x))} = deg(g(x)) + deg(q(x) — ¢:(x)) C!
With deg(r(x)) < deg(g(x)) and deg(r(x)) < deg(g(x)).

“q#F g o qx) = g1 (x) Vx - q(x) — q1(x) #0 VxER
rx)=rx)=0 vVx - r(x)— n(x) Vx€R ~ r=r .
~ q and r areunique.
Example:
Let f(x)=3x3+2x*+1 , glx)=x*—1 find q, 7 .
Sol: gq(x)=3x+2, r(x)=3x+3
flx) = q(x).g(x) + r(x)

Definition:

Let R be aring with 1, then aring R is called extension for Rif R

contain R as a subring (R  R)

Theorem:

Let R be commutative ring with 1 s.t R imbedded in R and let

f(x) €R|x]

fx)=ap+a;x+--+a,x",a, #0andlet r € cent R,then I a
ring homomorphism.

@,: R[x] = R define by gor(f(x)) = f(r).

fr)y=ay+ ayr+--+a,r"* €R

53
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Proof:
fx)=ay+ax+-+a,x*, a, #0
gx)=by+byx+:-+by, x™ ,b,+0 n>m

<pr(f(x) T g(x)) =@, [(ag+ by + (ay + b))x + -+ (ay, + byp)x™ +
ot apx™]

=ag+by+ (ay +b))r+ -+ (ay + by )r™ + -+ a,r"
=fM+9@) = ¢,(f()) + ¢-(g(x))
gor(f(x).g(x)) = @,[(aphbo) + (aghy + a;bo)x + -+ anbyx™ ™|
= (aghy) + (agh; + a1by)r + -+ + apby, ™™
=f(r).g()
@, is aring homomorphism.

Definition:

Let R be a commutative ring with 1 and let R be an extension of R

and let r € cent R , we denoted the set
¢r = o (R[x]) = {f("): f(r) € R s.t f(x) € R[x]}

Exampls:

1.In (Z,+,) .
f(x)=1+2x , , gx) =2+ 3x+ 4x?
deg(f.g) =2+1=3 [sincea, .b, # 0]
2.In (Z,+,) .
f(x)=1+3x+2x% , , gx) =5+ 6x + 4x? + 6x3
deg(f.g) =5 false
[ sincea, =2 ,b,, =6, a,.b,, =2.6=12= 0]
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Lemma:

Let R be a commutative ringwith1 f(x) =a¢+a;x+ -+ a,x" ,
, g(x) = bg+bx+-+by x™ s.t b, hasinverse, then
deg(f.g) = deg(f) +deg(g) , ap #0, by # 0

Proof:
Suppose that [ a,.b,, =0].b;;} - a,=0C! - a,.b, #0
Exampl
f(x)=6x+3x?+5x3+6x° , g(x)=6+5x% +5x1° inR

5 invertible.
(Division Algorithm)
1- R commutative ring with 1 2-f, g # 0 3- b,,, invertible in R. Then
3! q,r € R[x] s.t f=q.g+7r andr = 0or deg(r) < deg(g).
Exampls:

1. R =17 ,polynomialin Z[x].
f(x) =x%+3x>+2x* , g(x) =6+ 5x + x?

1- Z commutative ring with 1 2-f, g # 0 3- b,,, = 1 invertible in Z.
Then 3! q(x),r(x) € R[x] s.t f(x) =q(x).g(x)+7r(x) and r(x) =
0 or deg(r(x)) < deg(g(x))

2 R =Z ,polynomialin Z[x].

f(x) =x°+3x>+4x3-3x+2 , gx)=x%> +3x—4

1- Z commutative ring with 1 2-f, g # 0 3- b,;, = —4 invertible in Z.
Then 3! q(x),r(x) € R[x] s.t f(x) =q(x).g(x)+r(x) and r(x) =
0 or deg(r(x)) < deg(g(x))
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Remark :
If f(r) =0,thenr € R is called a root of f(x).

Theorem:: (Remainder theorem)

Let R be a commutative ring with 1, if f(x) € R[x] , a € R then there
exist unique polynomial q(x) € R[x] s.t

fl) =& —a)qx)+ f(a) .
Proof-

Let g(x) = x — a, then by division algorthim (for f(x)and x —a) 3
unique 7r(x),q(x) €R[x]s.tf(x)=(x—a)q(x) +r(x) .. (1)
And either r(x) = 0or deg(r(x)) <deg(x —a)

But deg(x —a)=1 ->deg(r(x)) =0->r(kx)=c.

Sub r(x) in (1) we get f(x) = (x —a)q(x) +c.

Put x=a - f(@)=(@-a)q@)+c - fl@=c.
s~ fx) = —a)q(x) + fla)

Example

Letf(x) =x3+5x?+x+1, glx) =x—1?

Corollary.

Let R be a commutative ring with 1, f(x) € R[x] , a € R, then
(x — a) is divisible f(x)iff a isarootof f(x).

Proof-=)
s (x—a)/f(x) - f(x) = (x — a)g(x) where g(x) € R[x].
fla)=(a@a—a)glx) =0 - aisarootof f(x)
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&)Let f(a) = 0 by Remainder theorem 3! q(x) € R[x] s.t f(x) =
(x —a)q(x) + f(a) .

fx) = (x—a) q(x) [since f(a) = 0]
s (- a)/f(x) .
Theorem:

Let R beanlDand 0 # f(x) € R[x] be a polynomial of degree n,
then f has at most n distinct of rootsin R.

Proof:

By induction on deg(f(x)) if deg f(x) =0- f(x)=c, 0#c€ER
— f hasnoroot.

If deg (f(x)) =1- f(x)=ax+b where a,b€R

If a isaninvertible elementin R — therootof f(x) is (—ba™?1)
,f(=ba ) =a(-ba)+b=0

If a has no inverse then — f has no root

Now suppose that the theorem is true for every polynomial with
degree less than n.

Let deg(f(x)) = n.(if f has no roots then the theorem is true).

Let a € R, if a isarootof f(x) thenbylastcorr. —» (x —a)/f(x) —

fx) = —a)gx); qx) € R[x].
deg(f(x)) = deg((x — a)q(x))
=deg(x —a) +deg(q(x)) [since R is [.D]

n=1+ deg(q(x)) - deg(q(x)) =n-—1
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~By induction g has at most (n — 1) ofroots and since (x —a) has
one root

~ f(x) has n distinct roots.

Corollary:

let R be an I.D and let f(x), g(x) € R[x] are two polynomial of degree
n,if 3 (n + 1) roots of distinct elements a; € R s.t

flag) =g(ay) Vk=12,..,n+1,then f(x)=g(x) Vx
Proot:.

Let h(x) = f(x) — g(x) , deg(h(x)) <n

~ 3 atleast n + 1 of element for h(x) [theorem]

s.t h(ay) =0, k=12,..,n+1.

0=nh(ay) =f(ay) —g(ay) , k=1,...,.n+1.

~ h has more than n rootsC! - h(x) =0 Vx.

L) —gx) =0 - fx)=g9x)

Corollary.

Let R beanlDand f(x) € R[x] andlet S be any infinite subset of
R.If f(a) =0 Va€S,then f isthe zero polynomial.

Proof-

Suppose that f(x) is a polynomial of degree n, then by last theorem
f has at most n roots C!

Since f(a) =0 Va € Sand S isinfiniteset - f(x) =0 Vx.

Theorem:

Let F be afield, then F[x] isE.D
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Proof:
 Fis afield —» Fisl.D — FJ[x] isLD.
Now define &:F[x] - Z* u {0}

if fx)=0

() = L aeg(r ) if f(x)#0

(1) s(f(x) =0if f(x) =0
(2) 8(f(x). g(x)) = 299(f()-9(x)

= 24eg(f()+degg(x) [since R is 1.D]
_ 9deg(f(x)) odeg(g(x))

= 6(f(x)).6(g(X)).

(3)let f(x),g(x) € F[x] by division algorthim , 3 unique r(x), q(x) €
F[x] s.t f(x)=q(x).g(x)+ r(x) and either r(x) = 0 or
deg(r(x)) < deg(g(x))

Case(1)if r(x) =0 - 5(r(x)) =0< 6(g(x)) = 24e9(g(x)),
Case(2) r(x) #0 - §(r(x)) = 24e9r)
v deg(r(x)) < deg(g(x)).
2deg(r(x))  pdeg(g(x))
6(r(x)) < 6(g(x)),
~ F[x] is E.D.

Corollary:
Let F be afield, then F[x] is P.L.D.

Proof-
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Fisafield — F[x] isE.D. — F][x]isaP.I.D[EveryE.D.is P.L.D]

Corollary.
If Fisa field, then F[x] is U.F.D.

Proof-

Fisafield —» F[x]isE.D. —» F[x]isP.I.D. - F[x]is U.F.D.

Theorem:

Let R belD andlet g(x) be a polynomial which is not constant in
R[x],we say that g(x) isirreducible if we cannot find two polynomial
h(x),k(x) € R[x] s.t g(x) = h(x).k(x) and satisfies that h(x), k(x)
with positive degree not equal zero.

Otherwise we say that g(x) is reducible polynomial.

Example::

f(x)=2x*>—4 inZ[x] » f(x)=2x%-2)=2(x—-V2)(x +2)
and x —V2 € Z[x] - f(x)isirreducible.

Remark(1):
(1)The reducible polynomial must it’s of degree greater or equal two.
(2)All polynomial of first degree is irreducible.

(3)The constant polynomial cannot be considered reducible or
irreducible by definition.

Q/ prove that (x) in Z[x] is prime not maximal ideal.

Proof-
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(x) ={xf(x):f(x) €ZIx]}, xe€Z

(x) # Z[x]?

vax+b €Z[x], b#0

but ax+b ¢<x>

L < x>#EZ[X] .

(2)Define ¢ = Z[x] - Z by:¢(f(x)) = f(0)

@ is onto and homomorphism?

Kerp = {f(x) € Z[x]: <p(f(x)) = 0}
={f(x) €Z[x]: f(0)=0} =<x>

Zlx
<XxX>

= 7 butZ is I.D then by [theorem]

Z[x]

- s I.D thus (x) isprime by [I is prime iff ? is I.D.]..

Now if we suppose that (x) is maximal. ideal then by theorem

[ I is maximal ideal iff ? is afield |

Z[x]

BRI~ isafield —» Zisafield C! since Z is not a field.

Q/f1s Z[x] P.ILD?

Sol/No, since if Z[x] is P.I.LD and Z is .LD — by the last theorem Z isa

field C!

Theorem:

Let F be afield, then the following are equivalent:-
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(1) f (x) is irreducible polynomial in F[x].
(2)f (x) isirreducible elementin F[x].
(3)f(x) is prime elementin F[x].

Proof:

1 — 2) Suppose that f(x) is irreducible polynomial in F[x] and f(x)
has no inverse (?)

Suppose that f(x) = g(x).h(x)

T.P either g(x) or h(x) has inverse

 f(x) isirreducible Polynomial — either deg(h(x)) = 0.
Ordeg(g(x)) =0

— either h(x) =c¢; or gx)=c,; ¢, EF

Put F is a field — either c¢; or ¢, has an inverse i.e either g(x) or h(x)
has an in inverse

— f(x) is irreducible element
Proof: 2 - 1)

Let f(x) be an irreducible element we want to prove that f(x) is
irreducible polynomial

f(x) #0 — f(x) isnotconstant. —» f(x) has no inverse
If we suppose that f(x) is reducible polynomial.
Thus 3 g(x), h(x) € Flx] s.t f(x) = g(x).h(x)

And each of g(x), h(x) are with positive degree

i.e) deg (9(x)) =1 and deg(h(x)) =1

But f(x) isirreducible element.
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— either h(x) hasaninvers — h(x) =c¢;

or g(x) hasaninverse - g(x) = c,

- deg(g(x)) or deg(h(x)) =0 C!

2-3)

~ F isafield » F[x] E.D [Th.].~ F[x] P.I.D

—) « f(x)is irreducible — f(x) isprime

<) ~ f(x) isprime = f(x) isirreducible

Theorem [ if Ris P.1.D then pis prime iff P is irreducible |.
HW):-

1- Prove that f(x) = x?2 — 2 € Q[x] is irreducible polynomial.

2-f(x) = x3+x+2 € Zjy[x].Is f(x) irreducible in Z;,[x]?

Theoren:

Let F be a field and f(x) be a polynomial with deg f(x) =
20r 3 in F[x],then f(x) is irreducible in F[x] if f f(x) has no root
in F
Proof: =) Let f(x) be irreducible in F[x] and suppose that f(x) has
arootin F[x]sayc - (x —c)/f(x) [Th.]
- f(x)=x—-0c) g
But F isafield — Fisl.D.
= deg f(x) = deg(x — ¢) + deg(g(x))
2 1 1
3 1 2
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= f(x) is not irreducible. since deg(g(x)) >1 deg(x—c)=1 C!

~ f(x) hasnorootin F

<) Suppose that f(x) hasnorootin F if f(x) is notirreducible
(reducible) thus 3 h(x), g(x) € F [x]s.t

f(x) = h(x) - gx)

deg(f(x)) = deg(h(x)) + deg(g(x))
2 1 1
3 1 2

- g(X) , h(x) with deg1

If deg(g(x)) =1- g(x) =ax+b therootof g(x)is —a~ b (by
assumption)

g(—=a='b)=a(—a Db+ b =0

w fx) = g(x). h(x)

f(=a™'b) = g(=a™'b) - h(—a™'b)

=0—h(-a'h)=0

~ f(x) has aroot C!

« f(x) is irreducible. in F[x]

Remark:

The last theorem is not true if degf(x) > 3.
Example:(HW)

Let f(x) =x*+x%2+1 € Q(x).Is f(x)irreducible. or not ?

Example:
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fO)=x>+x+1 € Zs[x]?

Example:

f(x)=x3+3 € Zx]is irreducible or not?

Theorem::

If R isl.Dand R[x]is P.I.D, then R is a field.

Proof::

Let 0#a € R, <x,a> isanidealin R[x].

R[x]isP.I.D,then <x,a>=<f(x)>; f(x) € R[x] .
aeE<x,a>=<f(x)>.

rae<fx)>—>a=f(x) gk ; gkx) €Rlx].
XxXEL<x,a>->x€<f(x)>- Ih(x) €ER[x] s.t x=f(x) h(x)

0 = dega = degf(x) + deg(g(x))
~deg(g(x)) =deg(f(x)) =0 - f(x) =aqa,

=deg (x) = deg(f(x)) + deg (h(x))
~ 1 =deg(h(x)

~h(x)=a;x+b; ; f(x)=aq,

o x=f(x) h(x) = aglayx +by) .

X =agmx+agh; , - aga; =1

~ ap has an inverse
<f(x)>=<1>-> <x,a>=<1>.

~1=xh(x)+ah,(x) ; hy(x), hy(x) € R[x].
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deg (1) =0
~ deg(hy (x)) =0, deg hy(x)=0.
s~ hy(x)=b , =~ a-b=1 (why?), . a hasaninverse

Theorem: (The Fundamental Theorem of Algebra)

Let C be the field of complex numbers if f(x) € C[x] be a polynomial
of positive degree, then f(x) has at least one rootin C .

Corollary(1):

If f(x) € C[x] with positive degree n, then f(x) can be expressed in
C[x] as a product of n linear factor ( not necessary distinct).

proof::

Let deg f(x) = n, by fund. Th of Algebra f(x) has at least one root
say c.

Cx—O/f@) = f@) = (- L fi(x) € Clx], = degfi(x)is
positive [since deg(f(x)) =deg(x —c) + deg(f1 (x))]

By Fundamental Theorem of Algebra f;(x) has atleast one root say c,
s (x =)/ () = filx) = (x = c2) - fo(x)

) = —c)(x =) f2(x)

fxX)=(x—c)(x—c3)...(x —cp)

Corollary(2):

If f(x) € R[x] with positive degree, then f(x) can be written as a
product of linear factors and others with constant degree.

proof::
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Let f(x) € R[x] by last corollary
fl) =@ —c)x—cz) ... (x — )
,if ¢; ER — x —c¢; € R[x] — the proofis finish

NOW,lf Cj eEC - Cj =aj+lbj , aj,bj €ER ,
if Cj is aroot,then C s aroot

Now, (x — cj)(x — C_]) = [x — (a]- + ibj)][x — (a; — ibj)]

=x? — 2ajx + (aj2 + ajz) € R[x] C!

Example:

f(x)=x*+x%+1 € R[x] , hasnorootinR
Lemma:

Let F be a field, then the following are equivalent:
(1) f (x) is an irreducible polynomial in F[x].

(2)The principle ideal < f(x) > is a maximal or prime ideal in F|[x].

F[x]

Py is a field

(3)The goutient ring
Proof (HW)

Example:
Let f(x) =x?+1 is f(x) irreducible in R[x]?i.e).Is < x? +
1 > Is maximal ideal?

If it's maximal— f(x) is irreducible in R[x]

R[x]

= C ?
<x24+1>
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v C field - };[x] is field iff <x* 4+ 1 > is maximal ideal.
<x“+1>

. f(x) = x* + 1 isirreducible. [by last Lemmal]

Theorem:

If R is U.F.D,then R[x]is U.F.D

Proof: (HW)

Definition:

Let R be U.F.D "the content” of non constant polynomial

f(x) =ay+ a;x + -+ a,x™ € R[x].denoted by symbol cont f(x),is
defined to be a greatest common divisor of its coefficient.

(i.e) cont f(x) = g.c.d.(ay, ..., ay,) .

(MIf cont f(x) = 1, then we called f(x) primitive polynomial.
Example:
4x3 —32x% —16 , contf(x) = g.c.d (4,—32,—16) = 4
Example:

f(x) =3x>=5x2+7x+1, contf(x)=1.

. f(x) is primitive.

Remarks:

(1) f(x) € Z[x] is primitive iff there is no prime number p divided all
coefficient a; of f(x).

(2)Let f(x) be a polynomial not primitive, then there exists a
primitive polynomial f;(x) € Z[x] s.t f(x) = cont f(x) - fi(x).
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(3)If f(x) € Z[x] with positive degree, then f(x) = cont (f(x))
f1(x) where f;(x) is primitive.

Gaus Theorem:

If f(x),g(x) are primitive polynomials in Z[x], then f(x) - g(x) is
also primitive polynomial in Z[x].

Proof:

Let f(x) =ay+a;x+--+a,x" €R[x] , a, #0 and
gx) =by+bx+ -+ byx™e€R[x] , b, #0 . Let
h(x) = f(x) - g(x)

Suppose that h(x) is not primitive.

» 1 p aprime number s.t p divide all the coefficient of h(x) ...(1)
and p notdivide all a; (since f is primitive).

Suppose k is the smallest positive integer s.t p t a;,and p notdivide

all b; [since g is primitive],let [ be the smallest positive integer s.t
pta ..(2).

Now,let h(x) = cy+ cix + -+ Ay x5 + oo + apyppx™™

p\¢ Vi - p\Cry

Ck+l = Z a;b;

it)
= Qpbys + a1bgyi—1 + -+ ag_1byyq +agby + agp1by—q + -
+ ay41bg

For choiceof k and | p\ ax41 bj—1 + -+ axy1bg and p \ ¢4y —
p\ aip b; butpisprimenumber . p\a, or p\b; C!with (1)
and (2) -~ h(x) is primitive polynomial.
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Corollary:

Ifeach f(x)and g(x) € Z[x] are polynomial with positive degree.
Then cont( f(x). g(x)) = cont f(x).cont g(x)

Proof

In case f and g are both primitive polynomial.

« cont. (f(x).g(x)) =1,, cont.(f(x)) = 1 and cont. (g(x))=1
.. cont. (f(x).g(x)) =1=11= cont(f(x)).cont(g(x)).

Now suppose that f and g are not primitive.

Let cont(f(x)) =aand contg(x)=b , 0+ a,b € Z.

By remark (2) 3f;(x), g,(x) primitive polynomial s.t f(x) =
cont. f(x) f1(x) and g(x) = contg(x) g1(x)

i.e) f(x) = afi(x),g(x) = b.g1(x)

~ f(x).g(x) = a.b. fi(x) - g1 (x)

cont (f(x).g(x)) = a.b cont(f;(x). g1 (x))
= a.b.1[ since f; and g, are primitive |
=a.b

= cont. f(x).cont. g(x)

Theorem:

Let f(x) be an irreducible primitive polynomial in Z[x], then f(x) is
irreducible in Q[x].

Proof

Suppose that f(x) is primitive in Z[x] otherwise, there exist a
primitive polynomial f(x) € Z[x] s.t f(x) = cont.f(x).f;(x)
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suppose that f(x) isreduciblein Q[x] this means 3 h(x).g(x) €
Qlx] s.t f(x) =h(x).g(x) and deg g(x) =1, degh(x)>1

Now g(x)=Z—§+Z—11x+---+Z—: x™

— S 4 4 v SL L
h(x)—d0+d1x+ +dlx

where ag,..,am , bg,esbm » CororCp , do, .., d] €EZ
Let b =g.c.d(bgy,...,by) , d=g.c.d(dy,..,d)
b.d (f(x)) =b.g(x) - d-h(x)
g(x) = cont g(x).g.(x) and h(x) = cont h(x).hy(x)
Where g,(x) and h,(x) are primitive
- g(x) = b.g;(x) and h(x) = d; - hy(x)
bd = (f(x)) = by - dy - g1(x) - hy (%)
cont (b.d - f(x)) = cont (by - d; - g1(x) - hy(x))
= by-dy - cont (g1(x).hy(x)) = by - d4
b-d-f(x)= by dy-g1(x) hy(x) =cont(b-d-f(x))-g1(x)hi(x)
= b-d- cont (f(x))* g1(x) - hy(x)
= g,(x)-hy(x) € Z[x] , [f(x) primitive by assumption]
f(x) isreduciblein Z [x] C!
Thus f(x) isirreduciblein Q [x]

Theorem: (Eisenstein)
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Let f(x) =ag+ a;x + -+ a,x™ be apolynomial in Z[x] with
positive degree if there exist a prime number p st p/a; V 0 <i <
n—1,pta,and p?tay ,then f(x) isirreduciblein Q[x].

Kronecker Theorem;

Let F be afield and f(x) b a e non-constant polynomial in F[x] then
there exists an extension field £, x € E s.t f(x)=0.

Proof:
F isafield - F is U.F.D |[field - E.D, E.D - U.F.D]

Let f(x) € F[x], then we can write f(x) as a product of irreducible
polynomial :

f(x) =p(x) - py(x) - p,(x) where p;(x) isirreducible Vi =
1,..,n

< p;(x) > is maximal.

Flx]

is a field.

<p1(x)>

Put = Flx]
<p1(x)>

Flx]
<p1(x)>

(1) © iswell define:

Define @ =F - by @(a) =a+< p;(x) > Va€eF

if a=b - a+<p(x)>=b+< p;(x)> - 0(a) =0(b)
(2) @ is well homomorphism?

da+b)=a+b+<p;(x)>=a+< py(x) > + b+ < p;(x) >
= @(a) + 0(b)
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O(a.b) =a.b+< py(x) >= (a+< p;(x) >) - (b+< p(x) >)
= @(a) - d(b)

3DPis1—1:
If @(a) =0(b)
a+< px)>=>b+< p(x)> & a—-be< p;(x)>,

~a—b=0 - a=»>.

FCE = F[x]
<p1(x)>

, ~ E is extension for F
Let x€ E , x=x+< p;(x) > , x € F|X]
To prove f(x) =07
f(e) = p1 (o) - p2 (o) -+ P (o)
if p1()=0 —f(x)=0
If degpi(x) =21, py(x) = ap+a.x+ -+ a,x™

[=pi(x)=ag+a; X+ +a, x™ ,

pr(x+< p(x)>) = ag+a;x+ayx? ...+ a,x"+ < p(x) >

=p1(X)+ < p;(x) >

=< p(x)>=0

- p1(@)=0 - f(a)=0.

H.W/

— 42 _ 2 RIx]
Let f(x)=x“+1 €R[x], x=x+(x*+1) ,provethat<szr1> =C

R[x]

Sol/ Define h:C —» —;
<x<+1>

by h(a+ib) =a+bx+<x?*+1>
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1) h(a+ib) = h(c+id)
a+bx+<x*+1>=c+dx+<x?*+1>
sa+bx—c—dx € <x*+1>
-a+bx—c—dx=0->a—-c=0, b—d=0
»a=c¢c & b=d - a+ib=c+id , ~1-1
2) h is homomorphism
h(a+ib+c+id) = h(a+c+ (b+ d)i)
=a+c+b+dx+<x*+1>=a+bx+<x*+1> c+dx+c
= h(a +ib) + h(c +id).
h(a +ib).(c +id) = h(a+ib).h(c +id))
Example:;
fGx) =x*—-4 € Qlx]
fl) = (x* —2)(x* +2)

Use Kronecker's Thmeorem , o= x+< p;(x) > = x+< (x? —2) >

HW//

Dlet f(x) =x%+5 provethat < f(x) > isirreducible in

Z|x] (Hint: @:z[x] - Z[\/—_S] , 0(g(x)) = g(\/—_S)
2) f(x)=x*+x*=1 € QJx] ,isfirreducible and have a rootin Q?
3) f(x) =x3+3 is f(x) irreduciblein Zg?

4)Use Eneshtin theorem to show that if:

a) f(x) =x*—2x3+6x%+4x—10 € Z[x] [Hint: p = 2]
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b) f(x) =1+ 5x + 10x? + 5x3

5) Prove thatif f(x) =1+ x + x? isirreduciblein Q[x] or not?
Remarks

1)f(x) is irreducible iff f(x+ 1) isirreduciblein Q.

2) f(x)isirreducible, iff f(x —1)isirreduciblein Q.

3)The polynomial f(x) =1+ x+ x%+ -+ xP~1 (where P is prime)
is irreducible in Q[x]?

Proof:
(D & (2)H.W)

Proof: (3)

f+D)=1+x+D+x+D*++x+1)P!

_ (x+1)P-1 (x+1)P-1
o (x+1)-1 o X

[(x + 1)P — 1]

p(p

Dyp-2 4 .. +px]

[xp +pxP7t 4 ———

p(p-1

= [xp‘l = pxP% + ==

We choose p to satisfy the theorem , .. by Eisenstein theorem, then
f(x + 1) isirreducible on Q[x] and by remark (1) f(x) is
irreducible on Q[x].

Defintion:
The field E is an extension to the field F if F is a subfieldin E .

Example:
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R is an extension field of Q.
C is an extension field of R.
C is an extension field of Q .
HW//

Let f(x) =x*—5x%+6 € Q[x] find an extension field E to Q by
using kronker theorem?

Qlx]

<x2-2>

Hint: E = S X=x+< x%2—=2>

HW//
Let f(x) =x%+5x+8 ,is f(x) irreducible on Q ?
Hint: f(x + 1) = -

Defintion:

Let E be an extension field of F,let < € E we called « algebraic
element if there exists a non zero polynomial f(x) €
Flx] s.t f(x)=0.

Otherwise we say that o« is transcendental element

Example:

R extension field to Q

V2 € R is V2 algebraic element Q ?

Note that f(x) =x>—2 € Q[x] & f(¥V2)=0

«. \/2 is algebraic element.
HW//Is

1) «x=+/1++/3 € R algebraicon Q ?
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2) m is algebraicon Q ?

3) eisalgebraicon Q?

Sol: (1) «?=1+4++v3 - «?—1=+/3 - («?2-1)2=3
x?—2x?—1=3 - «?=2x?-4=0.

Defintion::

Let R isLD f(x) € R[x] non-constant, f isirreducible iff
A h(x), k(x) € R[x] s.t f(x)=h(x).k(x) , deg(h(x)) =
1, deg(k(x)) >1

Example:
fl) =2x*—4 €Z[x],
fx) =2(x?—2) = 2(x = v2)(x +V2)
V2 ¢z
Note: f(x) =ax+ b € R[x] isirreducible
f(x) = h(x).k(x) since degf(x) < deg(h(x) - k(x))
Example:
f(x)=x34+3x+2 € Z[x]?
Sol: Claim that f isirreducible ,if f notirreducible then

f(x) =h(x) k(x) with degh,k > 0,theneither k or h has a first
order.

i.e) h(x)=x—a , a€ Zs[x] h(a) =a—a =0 and since

fx)=hx)-k(x)=x—-a) kx) , ~f(a)=(a—a) k(a)=0

~ f hasarootin Z:[x] butfhasnorootin Zs[x] since
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fl@=2,fD)=1, f(2=1, f(3) =3, f(4) =78 C!With
f(x) =h(x) k(x) ~f isirreducible.

Theorem:

Let F beafieldand f(x) € F[x] , degf(x) =2 or 3,then f is
irreducible iff f(x) hasnorootin F.

Example:
f(x) =2x*+4 €R[x]
=2(x?+2) =2(x —v2i)(x +V2i) -~ f hasnorootin R - fis
irreducible
Example:
f(x) =x3+3 € Zg[x].
fO=3, fL=4, f()=5, fB) =0

. f Is not irreducible

Example(H.W)
f(x)=x34+x+1 € Z[x] .
Example(H.W)

f(x) =x*>+3 €Z,[x].




