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THEORY OF DIFFERENTIAL EQUATIONS

Linear Homogeneous Systems of Differential
Equations with Constant Coefficients

An nth order linear system of differential equations with constant coefficients is written

as

dz;
z= Za”xj )+ fi(t), i=1,2,...,n,

where z; (t),z2 (t),...,z, (t) are unknown functions of the variable ¢, which often has
the meaning of time, a;; are certain constant coefficients, which can be either real or

complex, f; () are given (in general case, complex-valued) functions of the variable ¢.

We assume that all these functions are continuous on an interval [a, b of the real

number axis .

By setting
z (1) ' (t) fi(t)
o (t) , z (t) f2 ()
xo=| . |.xo=|""| fo=|""|
zn () ) (t) fa (2)
aiy a2 - Qip
A= a1 Qg2 - Q2p ,
Ap1  Qp2 - Qpp

the system of differential equations can be written in matrix form:
X' t)=AX @)+ f(t).

If the vector f (¢) is identically equal to zero: f () = 0, then the system is said to be

homogeneous:
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X'(t)=AX(t).

Homogeneous systems of equations with constant coefficients can be solved in different

ways. The following methods are the most commonly used:

e elimination method (the method of reduction of n equations to a single equation
of the nth order);

« method of integrable combinations;

» method of eigenvalues and eigenvectors (including the method of undetermined
coefficients or using the Jordan form in the case of multiple roots of the
characteristic equation);

» method of the matrix exponential.

Below on this page we will discuss in detail the elimination method. Other methods for

solving systems of equations are considered separately in the following pages.

Elimination Method

Using the method of elimination, a normal linear system of n equations can be reduced
to a single linear equation of nth order. This method is useful for simple systems,

especially for systems of order 2.
Consider a homogeneous system of two equations with constant coefficients:

/
{ T, = a11T1 + a12x2

b
Ty = a21T1 + a2
where the functions z,, 3 depend on the variable ¢.

We differentiate the first equation and substitute the derivative !, from the second

equation:

] = an| + appxy, = zf = anz| + az (a1 + axws),

" /
= T = Q11T + Q120211 + A22012T2.
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Now we substitute a;s29 from the first equation. As a result we obtain a second order

linear homogeneous equation:

" / ! " /
z) = anz) + apani + ax (¢} —anzi), =z = auz) + apanz;

+ axpx] — ananr;, = =i — (a1 + ax) x| + (@162 — apa )z = 0.
It is easy to construct its solution, if we know the roots of the characteristic equation:
2
A* — (@11 + a) A + (a11a22 — azas) = 0.

In the case of real coefficients a;;, the roots can be both real (distinct or multiple) and
complex. In particular, if the coefficients a5 and a9, have the same sign, then the
discriminant of the characteristic equation will always be positive and, therefore, the

roots will be real and distinct.

After the function z; (¢) is determined, the other function z, (¢) can be found from the

first equation.

The elimination method can be applied not only to homogeneous linear systems. It can
also be used for solving nonhomogeneous systems of differential equations or systems

of equations with variable coefficients.

Example 1.

Solve the system of differential equations by elimination:

oy = 2x1 + 322, 2z, = 41 — 223.

Solution.

We differentiate the first equation and then substitute the derivative z/, from the second

equation:

xf =22) + 3z), =z =22] +3(4x; — 2x2), = zf =2z + 12z, — 6
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Express 3z from the first equation:
3zy = x| — 2x1.

Substituting this into the last equation, we get:

m’l’:2x’1+12ml—2( —2:1:1 =z = }2,/+12m1 }z/+4a:1,
= z] — 16z, = 0.

Find the roots of the characteristic equation:
M —16=0, = o= 44

Hence, the general solution of the 2nd order equation for the variable z; is given by

T (t) = C]€4t + C2€_4t,
where C, C; are arbitrary constants.

Now we compute the derivative 2} and substitute the expressions for z, 2] in the first

equation of the original system:
2! (t) = 4C1e" — 4Che™, = 4C1e" — 4Cye™ = 20" + 2Cre™* + 3z,,
2
= 3x9 = 20164t — 6026_4t, = L9 = 501€4t — 2026_4t

To keep integer coefficients, it is convenient to designate: C; — 3C. As a result, we

obtain the final solution in the following form:

{ z1 (t) = 3C1e* + Che
X9 (t) = 20164t — 2026_4t .

Example 2

Solve the system by elimination:

r=6xz—y, y=z+4y.
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Solution.

We convert this system to a single 2nd order equation for the function z (¢) .

Differentiating the first equation and substituting y’ from the second equation, we have:
=6z —y', =2 =62 — (z+4y), = 2" =62' —x — 4.
Express the variable y in terms of z and 2’ from the first equation:

y=6z—2a', =>2"=62'—z—4(6z—2'), = 2" =62 —z— 24z +42,
=z’ — 102’ + 25z = 0.

Compute the roots of the auxiliary equation:

AN —100A+25=0, D=0, = A\ =5.
So, we have one root A = 5 of multiplicity 2. Consequently, the general solution for the

function z (t) is written as
z (t) = (C1 + Cyt) €™,
where C7, Cy are arbitrary numbers.

Find the derivative 2’ (¢) and substituting it in the first equation of the original system

determine the function y (%) :

z' (t) = Cye® + (5C) + 5Cyt) €% = (5C; + Cy + 5Cot) €™,
= (501 + Cy + 502t) et = (601 + 6Cst) et — y, =>y=(Cy—Cy+ Czt) et

Thus, the general solution is written as

{ z (t) = (C1 + Cat) e
y(t) = (Cl —Cy + Czt) et

Example 3

Find the general solution of the system

x] = 5z + 223, 2, = —4®x; + 2.
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Linear Systems of Differential Equations with
Variable Coefficients

A normal linear system of differential equations with variable coefficients can be written

as

d:L‘i
dt

n
=z, =Y a;({t)z;(t)+ fi(t), i=1,2,...,n,
=1

where z; (t) are unknown functions, which are continuous and differentiable on an
interval [a, b] . The coefficients a;; (¢) and the free terms f; (¢) are continuous functions

on the interval [a, b] .

Using vector-matrix notation, this system of equations can be written as

X' (t)=A@)X(t) +£(t),

where
E0) (an(t) an(t) | am()] D)
X (t) = irz.(t) L A(t) = as1 (t) aso (t) Qon (t) CE(t) = fo (t)
| Tn (t) | | Qn1 (t) An2 (t) Ann (t) ] | fn (t) ]

In the general case, the matrix A (¢) and the vector functions X (¢) , f (¢) can take both

real and complex values.

The corresponding homogeneous system with variable coefficients in vector form is

given by

X' (t)=A@t)X(t).
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Fundamental System of Solutions and Fundamental Matrix

The vector functions x; (t) ,x2 (¢),...,X, (t) are linearly dependent on the interval
[a, bl , if there are numbers ¢y, ¢a, . . . , ¢, not all zero, such that the following identity
holds:

c1xy (t) + caxa (t) + -+ - + epXp (t) = 0, Vi € [a, b].
If this identity is satisfied only if

ca=c=-=¢cp =0,

the vector functions x; (¢) are called linearly independent on the given interval.

Any system of n linearly independent solutions x; (¢), x2 (t), ..., x, (t) is called a

fundamental system of solutions.

A square matrix ® (t) whose columns are formed by linearly independent solution

x1 (t),x2(¢),...,%Xn (t),is called the fundamental matrix of the system of equations. [t

has the following form:

11 (t) x2(t) 1 2z (2)
P (t) — 21 (t) 99 (t) Lon (t) ,
| Tp1 (1) T2 (1) Tn (1)

where z;; (t) are the coordinates of the linearly independent vector solutions x; (t),
X (t),..., % (t).

Note that the fundamental matrix ® (¢) is nonsingular, i.e. there always exists the
inverse matrix ® ! () . Since the fundamental matrix has n linearly independent

solutions, after its substitution into the homogeneous system we obtain the identity
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We multiply this equation on the right by the inverse function ®~! (¢) :
BT =AR)R()P (), = AR) =P ()P (¢).

The resulting relation uniquely defines a homogeneous system of equations, given the

fundamental matrix.

The general solution of the homogeneous system is expressed in terms of the

fundamental matrix in the form
Xo(t) =2 (t)C,

where C is an n-dimensional vector consisting of arbitrary numbers.

Let us mention an interesting special case of homogeneous systems. It turns out that if
the product of the matrix A (¢) and the integral of this matrix is commutative, that is

t t

A(t)-/A(T)dt:/A(T)dt-A(t),

a a
the fundamental matrix & (¢) for such a system of equations is given by

A(7)dr
Bt T

Such property is satisfied in the case of symmetric matrices and, in particular, in the

case of diagonal matrices.

Wronskian and Liouville’s Formula

The determinant of the fundamental matrix @ (¢) is called the Wronskian of the system

of solutions x; (t), %2 (¢),..., X, (¢) :
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11 (t) 12 (t) T1in (t)
W)= W) = |10 220 a0,
T (t) xn2(t) 1 Ton(t)

The Wronskian is useful to check the linear independence of solutions. The following
rules apply:

 The solutions x; (¢), x2 (¢), ..., X, (t) of the homogeneous system form a
fundamental system if and only if the corresponding Wronskian is not zero at any
point ¢ of the interval [a, b] .

e The solutions x; (t),x3(t),..., X, (t) are linearly dependent on the interval

[a, b] if and only if the Wronskian is identically zero on this interval.
The Wronskian of the solutions x; (t),x3 (¢),. .., X, (t) is given by Liouville’s formula:

r(A(7))dr
W (t) = ed HAO)

where tr (A (7)) is the trace of the matrix A (7), i.e. the sum of all diagonal elements:
tr(A(7)) =an (1) +ax (1) + -+ apn (7).

Liouville’s formula can be used to construct the general solution of the homogeneous
system if a particular solution is known.

Method of Variation of Constants (Lagrange Method)

Now we consider the nonhomogeneous systems that can be written in the vector-matrix
form as

X' (t)=A@)X(t)+f(¢t).

10
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The general solution of such a system is the sum of the general solution Xy () of the
corresponding homogeneous system and a particular solution X (¢) of the

nonhomogeneous system, that is

X(t)=Xo(t)+X1(t) =2 (t)C+ X1 (t),
where ® (t) is a fundamental matrix, C is an arbitrary vector.

The most common method for solving the nonhomogeneous systems is the method of
variation of constants (Lagrange method). With this method, instead of the constant
vector C we consider the vector C (¢) whose components are continuously

differentiable functions of the independent variable ¢, that is we assume

Substituting this into the nonhomogeneous system, we find the unknown vector C (¢) :
X' () = A X (@) +£(t), = BT +&()C (1)
= AW SHCTE) +£(t), = ®()C (t)=f(t).

Given that the matrix ® (¢) is nonsingular, we multiply this equation on the left by
d1(¢t):

1) (t)C' (t) =2 (t)f(t), = C' (t) =3 ' (t)f(t).

After integration we obtain the vector C (t) .

Example 1.

Write the linear system of equations with the following solutions:

i (E] = {2] x3 (£) = {t} t 0.

t2

11
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Solution.

In this problem the fundamental matrix of the system is known:

We compute the inverse matrix ® ! (¢) :

A(@):li !

1 172 417

=28 =1’ =& ()= CTz—[t t}

1 [t2 —t] l 1 —%]

- - 1 2 |-

22—t 2 -1+ %
Here Cj; denote the cofactors of the corresponding elements of the fundamental matrix & (¢).
The coefficient matrix of the system of equations is given by
A= (1) d ' (t).

The derivative of the fundamental matrix (it is calculated element by element) is equal to

¥ = {[1) 21t} '

Hence, we obtain:

o 17[t —%] [0-% O0+3% -3 &
T ® 1-2 —5+7 -1 7

Thus, the system of equations whose solutions are x; (¢) , X3 (¢) , can be written as

dx x 2y dy 3y

T T e w Tt

12
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Example 2.
Find a fundamental matrix of the system of differential equations

d
_y:tx+y)

E—m+t
- y7 dt

dt

making sure that the coefficient matrix A (¢) commutes with its integral.

Solution.
We first show that the multiplication of the matrix A (¢) by its integral is commutative. The

original matrix is

At) = E ”

The integral of the matrix A (¢) is found by elementwise integration. For simplicity, we take

the lower boundary of integration to be zero. Then

O/tA(T)dTZ |:£ t-f] .

2

As a result, we have

t _ 2 - 3 2 2 r 3 32 ]
t = t+5 T+t t+ % -
A(t)./A(T)dT: 1 ﬂ ltz | = 2 2t2 2t3 - 3t22 2t3 ’
; . z t] Wty T+l | T t+7
t - 2 N - 3 9 27 r 3 32 ]
t Y111 t+L 24 L t+ 5 X
/A(T)dT'A(t)z t2 zl[t i e 22 £ = 3t22 2t3
v |5 ¢ . |5+t 5+t ] | 5 t+3_

So, the commutative property of the matrix product is true. Therefore, the fundamental

matrix is given by

: t ﬁ}
A(r)dr |:,2
<I>(t):e°f —elT t1,

We compute the matrix exponential by converting the matrix to diagonal form. In this case,

the eigenvalues depend on the variable ¢ and can be expressed as follows:

13
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t2
t=A 3
t2
7 i

s [2\° £2 £
=0, :>(t_)‘) _<7> =0, :|/\_t|:ﬂ:7, :>)\1,2=t:t?.

For each eigenvalue, we find the corresponding eigenvector. For A; we obtain:

2 t—(t+§) £
Alzt—f—?, :>(A—A1I)V1:O, =

t2 t?
£ t— (t + 7)
Vir| g :—ﬁv +ﬁv —0, =V, = ||t
Var ) 5 /it o Va ) 1 Vit 11
Similarly, we find the eigenvector Vy = (Vs, V22)T for the eigenvalue A, :
.2 t— (t - %) L
N=t——, = (A—)\zI)Vz =0, =

Then the matrix of reduction to diagonal form (more precisely to Jordan form) is given by

g= |t 1.
1 1
We compute the inverse matrix H ! :

T
Cro-1) B o1 11 17" 1] 11
A(H)_‘l 1)_1+1_2, = H _A(H)Hl.j_2[1 1] _2[_1 1].

Hence, the Jordan form J is as follows:

14
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The exponential of the matrix J is given by

1 1 0 2| 2l-11
e [T 10 0—e ?] { 1 1]_€_t!e% —e :] 1 1}
2 et22—+-0 0—+—e“72 L 2 e% e‘t22 B
et ’6:22 +e - et: —e - o, COSht—; sinh =
T2 _e%—e . e% +e %] — e Linh% cosh%]

Example 3.

Find the general solution of the system

d d
Y — _tx 4y, d—lt/:(l—tz)anty, z >0,

dt

if one solution is known:

o-[30]-[]

1 (2)

15
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Method of Matrix Exponential

Definition and Properties of the Matrix Exponential

Consider a square matrix A of size n x n, elements of which may be either real or
complex numbers. Since the matrix A is square, the operation of raising to a power is

defined, i.e. we can calculate the matrices

A'=1 A=A, A2=A. A A3=4%2.4, ... A =4A.A... A,

k times

where I denotes a unit matrix of order n.

We form the infinite matrix power series

2 s . tr 5
Fricii e A o E o

The sum of the infinite series is called the matrix exponential and denoted as e

t
I+ A+

A

This series is absolutely convergent.

In the limiting case, when the matrix consists of a single number a, i.e. has a size of
1 x 1, this formula is converted into a known formula for expanding the exponential
function e in a Maclaurin series:
G ﬂ.2 2 ﬂ.3t3 oo aktk
e =1+at+—— +

_— e = .
| | !
TINAET £kl

16
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The matrix exponential has the following main properties:

If A is a zero matrix, then e'? = e’ = I; (I is the identity matrix);

If A = I, then e'! = e'I;

tH

If A has an inverse matrix A~ then ede ™4 = T;
o emAend = (M4 where m, n are arbitrary real or complex numbers;

¢ The derivative of the matrix exponential is given by the formula

d

pr (em) = Aet4,

 Let H be a nonsingular linear transformation. If A = HMH !, then
etd = HetM -1,

The Use of the Matrix Exponential for Solving Homogeneous Linear
Systems with Constant Coefficients

The matrix exponential can be successfully used for solving systems of differential
equations. Consider a system of linear homogeneous equations, which in matrix form

can be written as follows:
X'(t) = AX ().

The general solution of this system is represented in terms of the matrix exponential as
X (t) = e'4C,

where C = (C1,C,,. . ., Cn)T is an arbitrary n-dimensional vector. The symbol ©
denotes transposition. In this formula, we cannot write the vector C in front of the

matrix exponential as the matrix product C €4 is not defined.
[nx1] [nxn]

For an initial value problem (Cauchy problem), the components of C are expressed in
terms of the initial conditions. In this case, the solution of the homogeneous system can

be written as

17
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X (t) = eX,, where Xg =X (t =tg).

Thus, the solution of the homogeneous system becomes known, if we calculate the
corresponding matrix exponential. To calculate it, we can use the infinite series, which
is contained in the definition of the matrix exponential. Often, however, this allows us to
find the matrix exponential only approximately. To solve the problem, one can also use
an algebraic method based on the latest property listed above. Consider this method

and the general pattern of solution in more detail.

Algorithm for Solving the System of Equations Using the Matrix
Exponential

E We first find the eigenvalues \;of the matrix (linear operator) A;

@ Calculate the eigenvectors and (in the case of multiple eigenvalues) generalized
eigenvectors;
EI Construct the nonsingular linear transformation matrix H using the found
regular and generalized eigenvectors. Compute the corresponding inverse matrix
H- L.
Find the Jordan normal form . for the given matrix A, using the formula
J=H-4AH,
Note: In the process of finding the regular and generalized eigenvectors, the

structure of each Jordan block often becomes clear. This allows to write the Jordan

form without calculation by the above formula.

E Knowing the Jordan form .J, we compose the matrix e’/. The corresponding
formulas for this conversion are derived from the definition of the matrix

exponential. The matrices e’ for some simple Jordan forms are shown in the
following table:

18
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Jordan Form J Matrix e“
A O et 0
0 0 e?"zt
eht Ie?vn zgj'%f gl
0 e 0 1

1
A, O O] e 0 0
0A0 0 e” o
0 04, 0 0 e
TG | eMt tett %ze“ 1 ¢ §
0A 1 0 eM tM|=eo 1 ¢
1004 0 0 e 0 0 1
Figure 1.

@ Compute the matrix exponential e’ by the formula

et — HetVH 1,

—_—

| 7 | Write the general solution of the system:

X (t) = P of

For a second order system, the general solution is given by

xo-[;]-[a);

Example 1.

Find the general solution of the system, using the matrix exponential:

dx dy
= =3 Jy, — =3 2y.
7 T+ 3y T T+ 2y

19
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Solution.

We solve this system by following the algorithm described above. Calculate the

eigenvalues of the matrix A :

2—A 3
3 2—A
= 4—4A+ X2 -9=0, =2 A2 —-4\-5=0, =X\ =5 Ag=-1.
We find the corresponding eigenvectors for each of the eigenvalues. For the number

det(A—).I):‘ =0, =(2-2?-9=0,

A1 = b we have:

2~5 3 Vi1 -3 3 Vi
=0, =0, =3V —3Va =0,
[3 2—5“%1] :’ls —BHVQI] R

:>V11—‘/21:0.

By setting Vo; = ¢, we find the eigenvector V; = (V7,, V21)T -

Vs t 1 1
i/' = t = ‘,J' = ‘/ — t = ‘/ — — = t ~ .
21 3 11 21 3 1 l%]:| lt] {1‘| l1]

Similarly, we find the eigenvector Vy = (Vi9, Voo )T associated with the eigenvalue
Ag = —1:

2_(~1) 3 Vis 3 3] [V
/5, —0, = 3V +3Vhy =0,
l 3 2— (—1)] {sz MIERE Vao R

= Vs + Vas = 0.
Let V55 = t. Then Vj5 = — V53 = —t. Hence,

vim [2] = [ 2] =[] = 3]

We compose the matrix H of the found eigenvectors V; and V5 :
g— > |,
1 1

20
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Next, we compute the inverse matrix H ! :

1. —1

A(H)= =1+1=2

@=|; 7|=1+1-2

go1_ 1 [Hu Hur:l{l _1]5":3[1 1]'
A(H) |Hy Ha 201 1 20-1 1

As in this example the eigenvalues are simple roots of the characteristic equation, we can

immediately write down the Jordan form, which will have a simple diagonal form:

At 0 5 0
J= = .
)l A

We verify this by using the formula of the transition from the original matrix A to the

Jordan normal form J :

et | B HH I i A ey

_ 1545 —5+5] _1[10 0]_[5 0]_,
gl1-1 —1—a) Zle -2 |l® -]

Now we form the matrix e’/ (it can also be called the matrix exponential):

5¢
et = | € D .
0 et

Compute the matrix exponential ef* :

tA tJ rr—1 1 -1 65‘: 0 1 1 1 i e‘r’t —e‘t I 1
— H H = - —_— = —
‘ ‘ [1 1 l [{] e_t] 2(-1 1 2 e et = 1
1t +et €t —et
:E[esz_e—t 65t+e_*]

21
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The general solution of the system can be written as

5t —t 8 —t
X(t): xr :EtA 01 :l e e € [ Cl :
y 87 2| et —et et 4 et s

where Cy, Cy are arbitrary numbers.

This answer can also be expressed in another form:
X (t) = [ﬂ:l 1 [Cle‘“ + C‘le:t—FCge“ — Oge:t} 5

Ot = Cie e £ O™ 2

[e"’t (C1+C3)+et(Cr—Cy)

— 2
]' E 1 1 1
=—(Ci1+C Ot[}+_c+c —tll
e5f‘(C1+C’2)—e‘t(Cl—02)] 2( 1 2) € 1 2( 1 h) e i

1 1
=Ble5t {1\| +Bg€_t [1] 3

where B; and Bs denote arbitrary constants associated with Cy, Cs.

Example 2.

Solve the system of equations by the method of matrix exponential:

dx dy

2 am. 22 day.,

dt A T L
Solution.

We solve the auxiliary equation and find the eigenvalues:

4— A 0

1 4— A
So, we have one eigenvalue A; = 4 of multiplicity 2. Determine the eigenvector
Vi = (Vi, Vo)

0 : VH] [U 0‘| [VH}
— — ]_, = i
[ 1 4—4] |iV21 0, = 1 0 Te, 0, =1-Vi1+0-V21 =0

det(A—AI)z‘ ‘=0, = (4-2)'=0, = A =4

22
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It follows that the coordinate V;; = 0, and the coordinate V5; can be any number. We
choose for simplicity V5; = 1. Hence, the eigenvector V; is equal: V; = (0, 1)T.
The second linearly independent vector is defined as the generalized eigenvector

V, = (Via, Vas)', connected to V. It can be found from the equation

0 0} [Vm]: [ol’ :>{0-V12+0-V22=0

A—-X\MIVy=V,, = :
( 1) V 1 [1 0| | Vi 1 1-Vig+0-Vap =1

Here the coordinate V5, can be any number. We choose Vo5 = 0. Then we obtain

V11 = 1. Thus, the generalized eigenvector is Vy = (1, O)T.

Now, using the basis vectors, we form the matrix H — the transition matrix from A to the

Jordan canonical form J :

)

Calculate the inverse matrix H ! :

0 1
1 0

/i
1 lHII lel

A(H):} A(H) | Hy Hp

lzﬂ—lz—L}II:

Here H;; denote the cofactors of the elements of the matrix H. In the result of the

calculations we find:
T
N P |
(-1} |—1 0 I 0 1 0

Interestingly, in this case the inverse matrix H ! coincides with the initial matrix H.

Such an effect is possible, if the square of the original matrix is the identity matrix:

ge_ [0 1] _ [0 1]o 1] _[o+1 0+0]_[1 0] _,
1 0 1 0]|1 0O 04+0 140 0 1 '

23
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The Jordan form .J of the matrix A is

J=H‘1AH=[U 1] [4 o] [o 1]:[0“ 0+4] {0 1
1 0]|1 4]|1 0 440 0+0f|1 0O

2[1 4] [0 1]:[0+4 1+0]=l4 1]
4 0][1 0 0+0 440 0 4]
We see that the Jordan form J consists of a single block of size 2.

Compose the matrix e*/ :

et‘] _ €4t te4t _ e4t 1 t
0 e* 0 1]

Calculate the matrix exponential e*4 :

etA:He£JH—1:e4i[0 1] [1 t] [0 1]:.‘3‘“{0-1_0 0+1
1 010 1]([1 O 1+0 t+0

_ ot 0 1|0 1 _ ot 0+1 040 _ ot 1 0 .
1 t||1 O 0+t 140 i 1
The general solution is written as

x=[7] -ee-«[} 1][G]

where (', Cy are arbitrary constants.

I

|

0 1
1 0

|

Example 3.

Solve the system of equations using the matrix exponential:

dm_m+ dy_ -
dt Y @ T Y
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Solution.

In this case, the coefficient matrix A is

Calculate its eigenvalues:

det(A—-AI}:‘l_}' =t - ar=i S =y

T -
S A—1=4i, = A\o=1+i.

Thus, the matrix A has a pair of complex conjugate eigenvalues. For each eigenvalue, we

find the corresponding eigenvector (it can have complex coordinates).

Let V; = (W1, Vo )lr be an eigenvector, associated with the eigenvalue A; = 1 + i. The

coordinates of this vector satisfy the following matrix-vector equation:

1—-(1412 1 i
(1+4) . Vii —0, = i 1. Vi —0,
—1 1— (1—|—’£] Vo -1 —i Vo
{—iVll-i-Ifm:D {Vu-l—ngl:Cl {Vll-l-ﬂfrgl:ﬂ

Vi1 —iVa =0 iVi; — Va1 =0 0=0 =
= Vi1 +iVy = 0.

R; — iRy’
We set V5; = t. Then Vi; = —it. Hence, the eigenvector V is given by

Ot e R PR

Similarly, we find the eigenvector Vy = (Vis, Voo )T, associated with the number

Ao =1—1:
T {lied )
(1 t) I'f]? :0’ e 1 1 VI2 :01
—1 1—?, Vao =1 % Vao
{1"12+V22—0 :>{V12—iV22=D {Vu—inQ:ﬂ
V]g‘l‘%Vzg—O iVia+ Vaa =0 R: — iR’ 0=0 ’

= Via — iV = 0.
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Here we set Vo9 = t. Therefore, V)2 = it. The vector V5 is equal to:
VE — 1{12 = %t =t ¥ ~ . A
Voo i 1 i)
We form the matrix H of the found eigenvectors V; and V5 :
H = bt .
S |

Calculate the inverse matrix H ~! by the formula

T
gl — 1 {Hu Hm]
Hy Hy |’

where A (H) is the determinant of the matrix H, and H;; are cofactors of the elements of

the matrix H. As a result, we obtain:

—i i
Aalili=ly i

H'L:(—;)[—lz' ::}T:(—lzi)[—ll ::]:%[_11 j

Now we find the Jordan form .J by the formula

=—i—i=-2,

J=H'AH.

Performing calculations, we find:
1[-1 411 1] [—% 4 L [-1—4 —1+4]| [—i 4
J e . ¥ = — ) . .
2611 ¢ -1 1 1 1 2t 1—1 1+14 1 1

[T al-tr

_1l2i-2 o ]_ |7
2% 0 242

1
B
A
-
-+ =
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Generally speaking, we can immediately write the Jordan form J, which in this case is
diagonal (as the eigenvalues A, A> have multiplicity 1). We will assume that the
computation is done to test the Jordan form .J, and the matrices H and H ! are needed

to define the matrix exponential.

Now we form the matrix e'” :

EIJ B B(]—HJI 0 B e!eﬂ 0 B et eii. 0
- 0 ell=it] | 0 eleit| 0 %)’

Compute the matrix exponential e'4 :

t " - .Ef -
‘A LT gl e |—i i € 0 -1 1
x> — H T — ’ - -
e He T l 1 1] [U e‘”} [ 1 J

The exponential functions e, e, can be expanded by Euler’s formula:

it

e" = cost +isint, e " = cost —isint.

We get the following result:

A et [ﬁz’ i] [cost#—isint 0 } l—l z] e’

211 0 cost —isint 1 i| 2
—tcost +sint dicost+sint| (-1 7| e_E 2icost  2isint
cost + isint cost —isint 1 4| 2| —2isint 2icost

_ cost sint
—sint cost|’

The general solution of the system of differential equations is given by

xo-[(]-ee-[ 2, 212

—sgint cost | | Cy

where C = (Cy,C5)" is an arbitrary vector.
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Higher Order Linear Homogeneous Differential
Equations with Constant Coefficients

The linear homogeneous differential equation of the nth order with constant

coefficients can be written as
y™ (z) + a1y™ Y (2) + -+ + an1y/ () + any () =0,
where a1, as, . . ., a, are constants which may be real or complex.

Using the linear differential operator L (D), this equation can be represented as

L(D)y(z) =0,

where
L(D)=D"+a;D" ' +---+a, 1D+ a,.

For each differential operator with constant coefficients, we can introduce the

characteristic polynomial
L) =X +a X" oo+ ap 1A+ .

The algebraic equation
LA)=2A"+a X" '+ 4+a, 1 A+a, =0

is called the characteristic equation of the differential equation.

According to the fundamental theorem of algebra, a polynomial of degree n has exactly
n roots, counting multiplicity. In this case the roots can be both real and complex (even

if all the coefficients of ay, as, . . ., a, are real).
Let us consider in more detail the different cases of the roots of the characteristic

equation and the corresponding formulas for the general solution of differential

equations.
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Case 1. All Roots of the Characteristic Equation are Real and Distinct

We assume that the characteristic equation L (A) = 0 has n roots Ay, Ag, ..., A,. In this

case the general solution of the differential equation is written in a simple form:
y(x) = C1eM" + Co™® + - + Cne™”,

where C1, Co, ..., C, are constants depending on initial conditions.

Case 2. The Roots of the Characteristic Equation are Real and Multiple

Let the characteristic equation L (\) = 0 of degree n have m roots A1, A2, . . ., Am, the
multiplicity of which, respectively, is equal to k1, k2, . . ., km. It is clear that the

following condition holds:
ki +ko+--+kpn=n.

Then the general solution of the homogeneous differential equations with constant

coefficients has the form

y (113) — Clez\lx s sze/\l:l: A i 5 s Cklmkl_le/\lz e s ofs Cn—km+le/\mz

+ Cr, 422"+« « + Cpzim~leM?,

It is seen that the formula of the general solution has exactly k; terms corresponding to
each root \; of multiplicity k;. These terms are formed by multiplying « to a certain
degree by the exponential function e**. The degree of x varies in the range from 0 to
k; — 1, where k; is the multiplicity of the root A;.

Case 3. The Roots of the Characteristic Equation are Complex and
Distinct

If the coefficients of the differential equation are real numbers, the complex roots of the

characteristic equation will be presented in the form of conjugate pairs of complex
/\1,2 :a:ti,[)’, )\374:’)':|:i5,
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In this case the general solution is written as

y(z) = e** (Cy cos Bz + Cysin fz) + €7 (C3 cos dx + Cysindz) + - - -

Case 4. The Roots of the Characteristic Equation are Complex and
Multiple

Here, each pair of complex conjugate roots o + i3 of multiplicity k£ produces 2k

particular solutions:

ammk~1 ammk»l

e** cos Bz, e** sin Bz, e**x cos Bz, e**z sin Bz, ..., e cos Bz, e sin Bx.

Then the part of the general solution of the differential equation corresponding to a

given pair of complex conjugate roots is constructed as follows:

y(x) = e** (C1 cos Bz + Cy sin fz) + ze*® (Cs cos fr + Cysin ) + - - -
+ 2 1e%® (Cyy_1 cos Bz + Caysin Bx).

In general, when the characteristic equation has both real and complex roots of
arbitrary multiplicity, the general solution is constructed as the sum of the above

solutions of the form 1 — 4.

Example 1

Solve the differential equation vy’ + 2y"— 3’ — 2y = 0.

Solution.

Write the corresponding characteristic equation:
M2 -A-2=0.
Solving it, we find the roots:

MA+2)-(A+2)=0, = A+2)(\®-1) =0,
= A+2)A-1)A+1)=0, =X\ =-2, =1, A3=—1.
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It is seen that all three roots are real. Therefore, the general solution of the differential

equations can be written as
y(z) = Cre ** + Cye” + Csze ™%,

where C1, Cy, C5 are arbitrary constants.

Example 2.

Solve the equation y"” — 7y" + 11y’ — 5y = 0.

Solution.

The corresponding characteristic equation is
M -T2 +11A-5=0.

It is easy to see that one of the roots is the number A = 1. Then, factoring the term

(A — 1) from the equation, we obtain
Mo —B6A24+6A+5XA-5=0, =X(A—-1)-6AXA-1)+5\—-1)=0,
= A—-1):(N=6A+5)=0, =(A—-1)-(A-1)-(A=5) =0,
= (A-1)>A=5)=0.

Thus, the equation has two roots A\; = 1, Ay = 5, the first of which has multiplicity 2.
Then the general solution of differential equations can be written as follows:

y(z) = (C1 + Coz) € + Cie™,

where C1, Cy, Cs5 are arbitrary numbers.

Example 3.

Solve the equation y’V — y" + 2y’ = 0.

Solution.
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Write the characteristic equation:
M= +2x=0.

Factor the left side and find the roots:
AR =-XN+2)=0.

Note that one of the roots of the cubic polynomial is the number A = —1. Therefore, we
divide A> — A2 +2by A+ 1:

B—-X+2
T;L:/\2—2/\+2.

As a result, the characteristic equation takes the following form:

AA+1)-(A2=21+2) =0.
We find the roots of the quadratic equation:

2+—4 2+2i

MN_204+2=0, = D=4-8=-4, =)= > >

=141,

Thus, the characteristic equation has four distinct roots, two of which are complex:
A =0, g=-1, A34=1=+£4.

The general solution of the differential equation can be represented as
y(z) =C1+ Cre® 4+ €* (C3cosz + Cysinz),

where C1, . .., Cy are arbitrary constants.

Example 4.
Solve the equation y" + 18y" + 81y’ = 0.

Solution.
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The characteristic equation can be written as
A° 4+ 18)X% + 81X = 0.
Factor the left side and calculate the roots:
A(X 41832 +81) =0, = A(A2+9)" =0.
As it can be seen, the equation has the following roots:
A1 =0, A3 ==£3,

and imaginary roots have multiplicity 2. In accordance with the rules set out above, we

write the general solution in the form

y(z) = C; + (Cy + C3z) cos 3z + (Cy + Csz) sin 3z,

where C1, ..., Cs are arbitrary numbers.

Example 5.
Solve the differential equation yV — 4y" + 5y" — 4y’ + 4y = 0.
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Higher Order Linear Nonhomogeneous Differential
Equations with Constant Coefficients

These equations have the form

y™ () + ay™ D (@) + - + an1y (2) + any (z) = f (2),

where ay, ay, . .., a, are real or complex numbers, and the right-hand side f (z) is a

continuous function on some interval [a, ] .

Using the linear differential operator L (D) equal to
L(D)=D"+a, D" ' +---+a, 1D+ ay,

the nonhomogeneous differential equation can be written as
L(D)y(z) = f(z).
The general solution y (z) of the nonhomogeneous equation is the sum of the general

solution yq (x) of the corresponding homogeneous equation and a particular solution

y1 (z) of the nonhomogeneous equation:

y(z) =y (=) +y(2).
For an arbitrary right side f (z), the general solution of the nonhomogeneous equation
can be found using the method of variation of parameters. If the right-hand side is the
product of a polynomial and exponential functions, it is more convenient to seek a

particular solution by the method of undetermined coefficients.

Method of Variation of Parameters

We assume that the general solution of the homogeneous differential equation of the n

th order is known and given by
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yo (x) = C1Y1 (z) + CoYs () + - - - + Ch Y, (2) .

According to the method of variation of constants (or Lagrange method), we consider

the functions C; (z), C (z), ..., C, (x) instead of the regular numbers Cy, Cs, .. .,
C,.. These functions are chosen so that the solution

y=Ci(2)Yi(z)+Cr(z) Yo (z)+-- -+ Cph(2) Y, (x)
satisfies the original nonhomogeneous equation.

The derivatives of n unknown functions C (z), Cs (), ..., C, (z) are determined

from the system of n equations:

Cl(x)Y1(z)+Cy(x)Ya(x)+ -+ Cp(x) Y () =0

O, (@)Y, () + C} (2) Y] () + -~ + Ci () Y () = 0

0 @)Y, V(@) +C; @) "V (@) + - + G (@) V"V (@) = £ (a)
The determinant of this system is the Wronskian of Y7, Y5, ..., Y,, forming a
fundamental system of solutions. By the linear independence of these functions, the
determinant is not zero and the system is uniquely solvable. The final expressions for
the functions C; (z), Cs (z), ..., C, (x) can be found by integration.

Method of Undetermined Coefficients

If the right-hand side f (z) of the differential equation is a function of the form
P, (z)e*® or [P, (z)cosfzr + Qn (z)sin Bz] e,

where P, (), Q, (x) are polynomials of degree n and m, respectively, then the method

of undetermined coefficients may be used to find a particular solution.

In this case, we seek a particular solution in the form corresponding to the structure of

the right-hand side of the equation. For example, if the function has the form
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the particular solution is given by
v (z) = 2° A, (2) €,

where A,, (z) is a polynomial of the same degree n as P, (z) . The coefficients of the
polynomial A, (z) are determined by direct substitution of the trial solution y; (z) in

the nonhomogeneous differential equation.

In the so-called resonance case, when the number of « in the exponential function
coincides with a root of the characteristic equation, an additional factor z*, where s is
the multiplicity of the root, appears in the particular solution. In the non-resonance

case, we set s = 0.

The same algorithm is used when the right-hand side of the equation is given in tht.

form

f(x) = [P, (x) cos Bx + Qp, () sin Sz] e™”.

Here the particular solution has a similar structure and can be written as
y1 (z) = 2° [A, (z) cos Bz + By, (x) sin fz] e*?,
where A,, (), B, () are polynomials of degree n (for n > m), and the degree s in the
additional factor x° is equal to the multiplicity of the complex root a + S in the
resonance case (i.e. when the numbers a and £ coincide with the complex root of the

characteristic equation), and accordingly, s = 0 in the non-resonance case.

Superposition Principle

The superposition principle is stated as follows. Let the right-hand side f (z) be the sum

of two functions:

f(z)=fi(z)+ fa(z).
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Suppose that y; () is a solution of the equation
L(D)y(z) = fi(z),

and the function y, () is, accordingly, a solution of the second equation
L(D)y(z) = f2(z).

Then the sum of the functions
y(z) = v (z) + 32 (2)

will be a solution of the linear nonhomogeneous equation

L(D)y(z) = f(z) = fi () + f2 ().

Example 1.

Find the general solution of the differential equation y"” + 3y"” — 10y’ = z — 3.

Solution.

First we find the general solution of the homogeneous equation

yll/ + 3yll o 10yl — 0‘

Calculate the roots of the characteristic equation:
M +33—-10A=0, = A(N+3X—-10)=0, = A(A—2)(A+5)=0.

Hence,
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A1 =0, Ay =2, A\3 =-5.

So the general solution of the homogeneous equation is given by
yo () = C1 + Cae® + C3e %,

where C1, Cs, C5 are arbitrary numbers.

The right side of the equation contains only a polynomial. However, if we take into account
that e = 1, we see that in fact we have the resonance case (in disguised form) as one of the
roots of the characteristic equation is also zero: A; = 0. Therefore, we will seek a particular

solution in the form
y1 (z) = z (Az + B) = Az® + Bz.
Substitute the derivatives

y; = 2Az + B, y =24, y!' = 0.

into the nonhomogeneous equation and determine the coefficients A, B :

0+3-24—-10(2Az+ B)=2z—3, = 6A—20Az —10B=2z — 3,

N 204=1 - N 00
64 — 10B — —3 B=2 B_ 2

The particular solution y; is written as

5 27 T
—z (- — 2 (27-5a).
v (e) =2 ( 0" 100) T00 )

Thus, the general solution of nonhomogeneous differential equation is given by

X
y(z) = yo (z) + 41 (z) = C1 + Coe™ + C3e™™ + Tog (27— 52).
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Example 2

Solve the differential equation " — 3’ = sin 3z.

Solution.

We construct the general solution of the homogeneous equation

The roots of the characteristic equation are

M-x=0, =22(M¥-1)=0, =2A-1)A+1)=0, =X =0, A\ =1,
A3 = —1.

Consequently, the general solution of the homogeneous equation can be written as
Yo (m) = C1 + Ce” + C3e7 7,
where C1, Cs, C3 are arbitrary numbers.

Based on the structure of the right-hand side, we seek a particular solution in the form of

trial function

y1 (z) = Asin3x + Bcos 3.

The derivatives of this function are as follows:
y; = 3Acos 3z — 3Bsin 3z,
y! = —9Asin 3z — 9B cos 3z,

y/" = —2TAcos 3z + 27Bsin 3z.

Substituting these derivatives into the equation, we obtain

—2T7Acos 3x + 27Bsin 3z — 3A cos 3z + 3Bsin 3z = sin 3z,

—304 =0 {A:O
5 => B

= —30Acos3z + 30Bsin3x = sin3z, =
30B=1
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Thus, a particular solution can be written as
(¢) = ocos3
x) = —cos 3z.
= 30 0

Accordingly, the general solution of the nonhomogeneous equation is described by

1
y(@) =yo (z) +y1(z) = C1 + Cae” + Cse ™ + %cos 3z.

Example 3.

Solve the differential equation y/V — y = 2 cos .

Solution.

We first consider the homogeneous equation

y" —y=0

and construct its general solution. The characteristic equation
AM-1=0
has the following roots:

A-1)(M+1)=0, > A-1)A+1) (A +1)=0, =X\ =1, =1,
A34 = *i.

Consequently, the general solution of the homogeneous equation has the form:
yo (z) = Cre” + Cye ® + C3cosz + Cysinz,
where C, ..., Cy are arbitrary numbers.

Now we find a particular solution of the nonhomogeneous equation. Here we have the
resonance case, since the expression in the right side corresponds to one of the roots of

characteristic equation. Hence, we seek a particular solution in the form
y1(z) =z (Acosz + Bsinz).
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The derivatives of this function are
y; = Acosz + Bsinz + = (—Asinz + Bcosz),

y] = —Asinz + Bcosz + (—Asinz + Bcosz) + 2 (—Acosz — Bsinz)
= —2Asinz + 2Bcosz — z (Acosz + Bsinz),

y/' = —2Acosz — 2Bsinxz — (Acosz + Bsinz) — x (—Asinz + Bcosz)
= —3Acosxz —3Bsinz + x (Asinz — Bcosz),

y"V = 3Asinz — 3Bcosz + (Asinz — Beosz) + « (Acosz + Bsinz)
=4Asinz — 4Bcosx + x (Acosx + Bsinz).

Substitute the derivatives in the nonhomogeneous equation and determine the
coefficients A, B :

4Asinz — 4Bcosz +W — W = 2cosz,
L [44=0 N A=0
—4B=2" B=-3"
Thus, a particular solution is expressed as
yi(x) = —%sin:c.

Then the general solution of the original nonhomogeneous equation can be written as

y(z) =yo(z) + 1 (z) = C1€® + Coe ™ + C3cosz + Cysinx — %sin T.

Example 4.

Solve the equation y’V + y" — 3y" — 5y’ — 2y = €** — e 2.

Solution.
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First we find the general solution of the homogeneous equation
yIV + ylll . 3yll . 53/, . 2y = ().
Write the characteristic equation and find its roots:

MEXN 325X —-2=0, = X223 4+3X3—6X2+3X2-6A+ )1 —-2=0,
SABA-2)+32A-2)+3A(A-2)+21-2=0,
= (AN +32+32+1)-A-2)=0, = (A+1)°(A-2)=0.

It is seen that the equation has two roots:
Al=-1, A2 =2,
and the multiplicity of the first root is 3.

Then the general solution of the homogeneous equation can be written as

Yo (m) = (Cl + CQCC + 032172) e’ + C4€2w,
where C1, ..., Cy are as usual arbitrary numbers.

We now construct a particular solution of the nonhomogeneous equation. Using the
superposition principle, it is convenient to consider two nonhomogeneous equations of the

form

yIV + y/r/ - 3y// - 5y/ — 2y = e2z;
yIV + y/// o 3yu o 5yl — 2y =—e".

The sum of the right sides of these equations corresponds to the right side of the original

nonhomogeneous equation.

Note that we have the resonance cases in both equations. In the first equation the number 2
in the exponential function coincides with the root A; = 2 of multiplicity 2. In the second

equation the number —1 in the exponential function coincides with another root A\; = -

42



THEORY OF DIFFERENTIAL EQUATIONS

the multiplicity of which is equal to 3. With this in mind, we seek particular solutions y;, y2,
respectively, for Equations 1 and 2 in the form

Y = Aze?®, y, = Bzle ®.
The derivatives for the trial solution y; have the form
y, = A (e + 2ze*) = A(2z + 1) €7,
y = A [2621 + (4z + 2) e%} = A(4z + 4) €%,
y'=A [4e2m + (8z + 8) eZz] = A(8z + 12) %,
yIV = A [8e% + (162 + 24) €] = A (16z + 32) €.

Substituting this into the first equation, we find the coefficient A :

A(16x +32) €™ + A(8x +12) ™ — 3A (4z + 4) €™ — 5A (2z + 1) € — 2Axe®™ = %,
= A (167 + 8¢ — 120 — 1% — 26 ) e® + A (32+ ¥ — ¥Z —5) ** = €*,

1
27TA =1 A= —.
= 27 g = o

Therefore, the particular solution y; is given by

z X
y () = 2—762 .

Similarly, we find the particular solution y,. The derivatives of the trial function y; are
y, =B (39:26_” — mge_x) =B (—a:3 + 3332) e’
y? = B[(—-32% +6z)e™® — (—z°+32%) e7*] = B (2® — 62° + 6z) €7,

yy' = B[(32> — 12z + 6) e * — (2 — 62® + 6z) e *] = B(—2* + 92® — 18z + 6)e 7,

43



THEORY OF DIFFERENTIAL EQUATIONS

ylV = B[(~32” + 18c — 18) e™® — (—a® + 92° — 18z + 6) e %] = B(z® — 122
+ 362 — 24)e *

Substituting these derivatives into the second equation, we calculate the coefficient B :

B (m3 — 1222 + 36z — 24)e*+ B (—m3 +922 — 18z + 6) e "
— 3B (a:3 —6z% + 6:c) e *—5B (—a:3 — 3x2) e ® —2Bzle* = —e®

:'B(x‘—x*—%ﬂ%f—)%)e‘wB(—WWm”
+ 1877 — M) * 1 B(36F — 187 — 18%) e " + B(~24+6)e " = —e 7,

)

1
—18B = —1 B=—.
= 8 g = 13

We obtain the solution y; as follows:

3
T e 2
v (2) = 1ge

In accordance with the principle of superposition, a particular solution of the original

nonhomogeneous equation is represented as

Y=y () +y2(x) = — e 4 e,

Finally, the general solution is given by

3

y(z) = (C1 + Cox + C32%) e + Cye +5e +1_86

3
i I 2z
(01+C2w+03:v + 18) (C4+ 27) .

Example 5.

Find the general solution of the equation "' + ' = using the method of variation ~f

CosT
constants.
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Basic Concepts of Stability Theory

Suppose that a phenomenon is described by the system of n differential equations

dwi

W:fi(t,ml,wg,...,mn), i=1,2,...,n

with initial conditions
Z; (to) = Z;0, 1= 1,2,...,71,.

We assume that the functions f; (¢, z1, 2, . . ., Z,) are defined and continuous together
with its partial derivatives on the set {¢ € [ty, +0),z; € R"} . Then without loss of

generality we may assume that the initial time is zero: ¢, = 0.

It is convenient to write the system of differential equations in vector form:

X' =f(t,X), where X = (z1,22,...,2n), £=(f1,f2,---,fn)-
In real systems, the initial conditions are specified with some precision. This raises the
obvious question: how small changes in initial conditions affect the behavior of

solutions for large time — in the extreme case when t — oco?

If the trajectory of the system varies little under small perturbations of the initial

position, we say that the motion of the system is stable.

A mathematically rigorous definition of stability using € — §-notation was proposed in
1892 by the Russian mathematician A.M.Lyapunov (1857 — 1918). Let us consider in
more detail the concept of stability introduced by Lyapunov.

Lyapunov Stability

The solution ¢ () of the system of differential equations
X' =f(t,X)

with initial conditions
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is stable (in the sense of Lyapunov) if for any € > 0 there exists § = § (¢) > 0, such that
if

X (0) — ¢ (0)] < 4, then [X () —(t)| <e

for all values ¢ > 0. Otherwise, the solution ¢ (t) is said to be unstable.

As the norm for measuring the distance between two points one can use, for example,

the Euclidean metric ||x.|| or Manhattan metric ||x,,|| :

n 9 n
il xmll =) lal.
=1 i—1

In the case n = 2, Lyapunov stability means that any trajectory X (¢), which starts at
d (e)-neighborhood of the point ¢ (0), remains inside the tube with a maximum radius
¢ forall t > 0 (Figure 1).

Stability in the sense of Lyapunov

Figure 1.

Asymptotic and Exponential Stability

If the solution ¢ (t) of the system of differential equations is not only stable in the sense

of Lyapunov, but also satisfies the relationship

lim [X (£) - 0 (£)] = 0

t—o00
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provided that
X (0) = (0)] <4,
then we say that the solution ¢ (t) is asymptotically stable.

In this case, all solutions that are sufficiently close to ¢ (0) at the initial time, gradually

converge to ¢ (t) with increasing ¢. Schematically, this is shown in Figure 2.
Asymptotic stability

X(®)

Figure 2.

If the solution ¢ (t) is asymptotically stable and, in addition, from the condition
X (0) — ¢ (0)] <6

it follows that
X (t) — ¢ (B)] < a|X(0) — ¢ (0)| e

for all t > 0, we say that the solution ¢ (t) is exponentially stable. In this case all
solutions that are close to ¢ (0) at the initial time converge to ¢ (¢) with the rate
(greater than or equal), which is determined by an exponential function with

parameters a, 3 (Figure 3).
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Exponential stability

Figure 3.

The general theory of stability, in addition to stability in the sense of Lyapunov, contains
many other concepts and definitions of stable movement. In particular, the concepts of

orbital and structural stability are important.

Orbital Stability

Orbital stability describes the behavior of a closed trajectory (orbit) under the action of

small external perturbations.

Consider the autonomous system

dil?i
dt

that is the system of equations, the right hand side of which does not contain the

:fi(mhw%--'axn)a xl(tO) = Zy0, i:132a"°ana

independent variable ¢. In vector form, the autonomous system is written as
X'(t) = f(X), where X = (z1,Z2,.--,2Zn), £ = (f1,f25---5fn)-

Let  (t) be a periodic solution of the given autonomous system, that is has the form of

a closed trajectory (orbit).
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If for any € > 0 there is a constant § = § (¢) > 0 such that the trajectory of any solution
X (t) starting at the §-neighborhood of the trajectory ¢ (¢) remains in the -
neighborhood of the trajectory ¢ (¢) for all ¢ > 0, then the trajectory ¢ () is called
orbitally stable (Figure 4).

X2 A
Orbital stability
d<d
X(t
d<e
>
0 X
Figure 4.

By analogy with the asymptotic stability in the sense of Lyapunov, one can also
introduce the concept of asymptotic orbital stability. This type of motion occurs, for

example, in systems with a limit cycle.

Structural Stability

Suppose that we have two autonomous systems with similar properties — in the sense
that their phase portraits have the same singular points and geometrically similar

trajectories. Such systems can be called structurally stable.

In the strict definition, it is required that these systems are orbitally topologically
equivalent, i.e. there must be a homeomorphism (this terrible word means one-to-one
continuous mapping), which converts the family of trajectories of the first system into

the family of trajectories of the second system while preserving the direction of motion.
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In these terms, the structural stability is defined as follows.

Consider an autonomous system, which in the unperturbed and perturbed state is

described, respectively, by two equations:

X' = f(X),
X' = f(X) + eg (X).

If for any bounded and continuously differentiable vector function g (X) there exists a
number € > 0 such that the trajectories of the unperturbed and perturbed systems are

orbitally topologically equivalent, then the system is called structurally stable.

Reduction to the Problem of Stability of the Zero Solution

Let an arbitrary non-autonomous system
X' =f£(t,X)

be given with the initial condition X (0) = X (an IVP or Cauchy problem). Here the
vector-valued function f is defined on the set {t € [ty, +00),z; € R"}.

Suppose that the system has a solution ¢ (t) , the stability of which is to be examined.

The stability analysis is simplified if we consider perturbations

Z(t)=X(t) - (t),

for which we obtain the differential equation
Z(t)=1F(t;Z)-

Obviously, the last equation is satisfied by the trivial solution
Z(t,0) =0,

which corresponds to the identity
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Thus, the study of stability of the solution ¢ (t) can be replaced by the study of stability
of the function Z (¢) near the point Z = 0.
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Thus, the study of stability of the solution ¢ () can be replaced by the study of stability
of the function Z (¢) near the point Z = 0.

Stability of Linear Systems:
The linear system

X' =A@t)X+f(t)
is said to be stable if all its solutions are stable in the sense of Lyapunov.

It turns out that the non-homogeneous linear system is stable with any free term f (¢) if

the zero solution of the associated homogeneous system
X' =A(t)X

is stable. Therefore, when investigating stability in the class of linear systems, it is
sufficient to analyze the homogeneous differential systems. In the simplest case, when
the coefficient matrix A is constant, the stability conditions are formulated in terms of

the eigenvalues of the matrix A.
Consider the homogeneous linear system

X' = AX,

where A is a constant matrix of size n X n. Such a system (which is also autonomous)
has the zero solution X (¢) = 0. The stability of this solution is determined by the

following theorems.

Let \; be the eigenvalues of A.

Theorem 1.
A linear homogeneous system with constant coefficients is stable in the sense of

Lyapunov if and only if all eigenvalues A; of A satisfy the condition

Re[N] <0 (:=1,2,...,n),
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If the real part of an eigenvalue is equal to zero, the algebraic and geometric multiplicity
of the eigenvalue must be the same (i.e. the corresponding Jordan block must be of size

1x1).

Theorem 2.
A linear homogeneous system with constant coefficients is asymptotically stable if and

only if all eigenvalues \; have negative real parts:
Re[)\l] <0 (?:: 1,2,...,n).

Theorem 3.
A linear homogeneous system with constant coefficients is unstable if at least one of the

conditions is satisfied:
e The matrix A has an eigenvalue \; with a positive real part;
e The matrix A has an eigenvalue \; with zero real part, and the geometric

multiplicity of the eigenvalue J); is less than its algebraic multiplicity.

The above theorems allow us to study the stability of linear systems with constant

coefficients knowing the eigenvalues and eigenvectors.

However, in many cases, the character of stability can be determined by using a criteria
of stability without solving the system of equations. One of these is the Routh-Hurwitz
stability criterion. It allows to judge the stability of a system knowing only the

coefficients of the characteristic equation of the matrix A.
Stability in the First Approximation

Consider a nonlinear autonomous system
X' = f(X).

Suppose that that the system has the trivial solution X = 0, which we will investigate
for stability.

Assuming that the functions f; (X) are twice continuously differentiable in a

neighborhood of the origin, we can expand the right side in a Maclaurin series:
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0f1
oz,

0fa
oz,

oF
Oxn

(0) z, + Ry (21,22, ..

(0) zn + Rz (21, 22, .-

(0) zn + Rn (z1, @2, . . .

7$n) 2

7mn)7

yZn) .

where the terms R; describe the terms of the second (and higher) order of smallness

with respect to the coordinate functions x1, xs, . . . , ;.

Returning to vector-matrix form, we obtain:

X' =JX +R(X),

where the Jacobian J is given by

a5
62)1

o
J — 69:1

Ofn
oz 1

iy
3232

Ofs

2

Ofn
oz 2

af |
Oz,

Ofs
Oz,

Ofn

Oz,

The values of the partial derivatives in this matrix are calculated at the series expansion

point, i.e. in this case, at zero.
In many cases, instead of the original nonlinear autonomous system, we can consider

and investigate for stability the corresponding linearized system or the system of

equations of the first approximation. The stability of such a system is determined by the

following rules:

o If all eigenvalues of the Jacobian J have negative real parts, then the zero

solution X = 0 of the original and linearized systems is asymptotically stable.

o If at least one eigenvalue of the Jacobian J has a positive real part, then the zero

solution X = 0 of the original and linearized systems is unstable.
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In critical cases, when the eigenvalues have a real part equal to zero, one should use

other methods of stability analysis. The problems on stability in the first approximation

are given here.

In critical cases, when the eigenvalues have a real part equal to zero, one should use

other methods of stability analysis. The problems on stability in the first approximation
are given here.

Lyapunov Functions

One of the powertful tools for stability analysis of systems of differential equations,
including nonlinear systems, are Lyapunov functions. This technique is discussed in

detail in the separate web page “Method of Lyapunov Functions®.

Example 1.

Using the definition of Lyapunov stability, show that the zero solution is stable.

dx dy "

—=—2x-y, —=-z 3

dt Yo ¥
Solution.

First we find the general solution. The eigenvalues \; of the coefficient matrix A are

A:{‘l _”,det(A—/\I):O, S|t ’:0,

1 1 1 =X
=S (-1-2)°41=0, =M +2X2+2=0, = A\, =—1+i.

Determine the eigenvector V; = (Vi1, V21)T for the eigenvalue \; = —1 + i :

(A—MI) V=0, :l’l—(;“’i) _1—(——11+7:)] “ﬁ;] -0,

I'e T Tr ~
—tVi1 — Vo1 =V

. -1 Fxr 1
-7 —1 Vi1
= :0, =
{1 —iJ [V‘ZIJ {Vll_'iVm:O

The resulting equations are linearly dependent. Therefore, by setting V5; = ¢, we find

from the second equation:
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Vi =iV = it.

Hence, the eigenvector V7 is

V, = Vi1 _ it _ 4 il | .
Vo t 1 1
Then the solution X (¢) , corresponding to the complex eigenvalue A\; = —1 + i is

given by

We expand the exponential function by Euler’s formula:
eIt — et — 7 (cost + isint).
As a result, we have

cost +isint)1
cost +isint

_¢ | —sint +tcost _¢ | —sint . _4|cost
=e . =e + 1€ . :
cost +1sint cost sint

This shows that the real and imaginary parts of the solution are equal:

] , Im[X, ()] = et [Cos’f] .

sint

Re X, (t)] =e* [— sint

cost

Hence, the general solution is expressed by the formula

X (t) = lﬂ = Cyet [—Sint] L Cet [cost}

Y cost sint

or

z (t) = —Cire 'sint + Cre ' cost
y(t) = Cre tcost + Cye 'sint
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Assuming that at the initial time ¢ = 0 the system is at the point (zg, yo) , we obtain:

{w(O):ngmo
y(0)=Ci=yo

Taking this into account, the solution can be written as follows:

z (t) = —yoe 'sint + zge ' cost
y(t) = yoe tcost + xpe tsint

The trajectory of this solution goes from the point (zg, yo) -

Now we study the stability of the zero solution, which we denote as ¢ (¢) = 0. According
to the definition of Lyapunov stability, we introduce a number € > 0 and find the

corresponding number é = § (¢) > 0 such that if

X (0) — ¢ (0)] <4,
the relationship
(X () —p @) <e

will hold for all ¢ > 0.
Suppose that the perturbed solution X (¢) at the initial moment has the coordinates

(20, Y0) - Assuming that the deviation from zero for each of the coordinates does not

exceed % and applying the triangle inequality, we can write:

) )
I (0) ~ @ (0)1l = y/leol + Igol® < [zo] + o] = 5 + 5 = .

We have used here the usual Euclidean metric as the norm.

Next, we establish a relationship between the numbers  and €. Substituting the known
expressions for the solution X (¢t) = (z (¢),y (¢)) , we get:

56



THEORY OF DIFFERENTIAL EQUATIONS

IX(t) — ¢ (t)] = e_t\/]—yo sint + &g cos t|® + |yo cost + xg sint|”

. - PN A
=e t\/(|y0| + [2o])” + (lo| + [2o])” = t\/2(|y0| +|zol)* =€ 2(5 + 5)

=e '/20° = 2e7 6 < /26 = €.

So, if we set § = —=, all perturbed trajectories emanating from the point (o,Y0) ,

V2

provided that |z¢| < %, lyo| < %, will remain in the tube with radius e. Thus, the

system is stable in the sense of Lyapunov.

Note that a stronger condition is satisfied here:

lim |X (t) — ¢ (t)| = lim (v/2e %) = 0.

t—o00 t—00

that is the system is asymptotically stable as well.

Example 2.
Investigate the stability of the zero solution of the system, the general solution of

which is given by

{ z (t) = 3C; + Cre!
y(t) = 2C1t%e™t — Cacost

Solution.
Let the initial conditions be given as = (0) = x,y (0) = yo. Express the general solution

in terms of the coordinates g, yo :

{CB(O)=3C1=:L'0 Clz%
, = :
y(O) =—-C2 =1y Cy = -1y
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Then

{ z (t) = zo — yoe "

y(t) = %wot%_t +yocost
Suppose that the solutions z () , y (¢) for all values ¢t > 0 satisfy the relations
[z (@) <e, [y()| <e,

where ¢ is a positive number. According to the definition of Lyapunov stability, we try to

choose a number § (¢) depending on ¢ such that the following inequalities hold:
|z (0)] = [zo| < (), |y(0)] = lyo| <d(e).
The result is

1z (t)] = |zo — yoe | < |mo| + |wo| <&,

2
< 3 leol t?e " + [yo| <e.

2
ly ()] = ’Exotze_t + yo cost

We take into account that the function g (t) = t>e~* is bounded. Indeed,
g ()= () =2tet — 12t = (2t — %) et
=t(2—-t)e", =4 (t)=0 at t=0,2.

At t = 2, the function g (¢) = t?¢~* has a maximum equal
Jmax = g (t =2) = 2% 2~ 0.54 < 1.
Then the inequality for |y (¢)| can be written as

2
[y (@) < lzol + [yl <.

If we now choose § = % , so that

€ €
|w0|<6:§ and |yo|<5:§,
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the inequalities

e €
|z (t)| = |=o| + |yo| < b s

2 =

E— < €&
2 6 ’

| ™

I(t)l<2| |+ |<2
=€ —|z — -
y 1Y =3 0 Yo 3

are obviously satisfied. Hence, the zero solution of the given system of equations is
stable.

It follows from the formulas for z (¢), y (¢) that the system is not asymptotically stable,

since the values of z (¢), y (¢) do not tend to zero as t — oo.

Example 3.

Determine the values of the parameters a, b for which the zero solution of the system

is asymptotically stable.

o =azx + dy =x+b
at Y @t = 4
Solution.

We calculate the eigenvalues \; of the coefficient matrix A :

A=]% Y de(a—arn=o, =27 1!
1 b 1 b—2

=(@-ANb-A)-1=0, =X —(a+b)A+ab—1=0.

-

Solve the resulting quadratic equation with the parameters a, b.

D=(a+b)’—4(ab—1)=a®+2ab+b*> —4ab+4 =a’>—2ab+b*>+4
—(a—b)’+4>0.

As it can be seen, the discriminant is always positive. Therefore, the eigenvalues are real

numbers and are defined by
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We find the set of values of the numbers a, b at which the eigenvalues A1, A\s are

negative (this means that the system is asymptotically stable):

{A1<0 a+b+4/(a—b)>+4<0
, = .
A2 <0 a+b—\/(a—b)2+4<0

Adding the two inequalities, we get a + b < 0. In this case, the second inequality

\(@—b?+4>a+b

holds for all a, b, satisfying a + b < 0.

We solve the first inequality:

{\Ma—®2+4<—%a+w i{(a—b)2+4<(a+b)2

)

a+b<0 a+b<0

[@+b)’ —(a+b)*>4 _ flatb-a+b)(a+tbta—b)>4
la+b<0 ’ la+b<0

4ab > 4 {ab>1

at+b<0’ a+b<0’

The solutions of both elementary inequalities are shown graphically in Figure 5.

a+b=0
ab=1

ab=1

Figure 5.

The common solution is the region (shaded in green) below the hyperbola ab = 1 in the
left half-plane. For all values of a, b from this region, the solution of the system is

asymptotically stable.
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Equilibrium Points of Linear Autonomous Systems

Types of Equilibrium Points
Let a second order linear homogeneous system with constant coefficients be given:

dy

dx
= = a11T + a2y
- = Q21T + ay

This system of equations is autonomous since the right hand sides of the equations do
not explicitly contain the independent variable ¢.

In matrix form, the system of equations can be written as

X' = AX, where X = lm], A= lall a12].
Yy a1 Q22

The equilibrium positions can be found by solving the stationary equation
AX =0.
This equation has the unique solution X = 0 if the matrix A is nonsingular, i.e.

provided that det A # 0. In the case of a singular matrix, the system has an infinite
number of equilibrium points.

Classification of equilibrium points is determined by the eigenvalues A1, A2 of the

matrix A. The numbers A, A2 can be found by solving the auxiliary equation
A2 — (a11 + az) A + anazn — azas = 0.

In general, when the matrix A is nonsingular, there are 4 different types of equilibrium

points:
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# | Equilibrium Point Eigenvalues A4, A,
A4, A, are real numbers
1 117v2
Noxe of the same sign (A" A, > 0)
A4, A, are real numbers and non-zero
2 Tk
Saddle of opposite sign (A A, < 0)
3 . A4, A, are complex numbers, the real parts
ocus are equal and non-zero (Re A,=Re A,#0)
4 carit A4, A, are purely imaginary numbers
enter (Re A, =Re\,=0)

Figure 1.
The stability of equilibrium points is determined by the general theorems on stability.
So, if the real eigenvalues (or real parts of complex eigenvalues) are negative, then the
equilibrium point is asymptotically stable. Examples of such equilibrium positions are

stable node and stable focus.

If the real part of at least one eigenvalue is positive, the corresponding equilibrium

point is unstable. For example, it may be a saddle.

Finally, in the case of purely imaginary roots (when the equilibrium point is a center),
we are dealing with the classical stability in the sense of Lyapunov.

Our next goal is to study the behavior of solutions near the equilibrium positions. For
second order systems, it is convenient to do this graphically using the phase portrait,
which is a set of phase trajectories in the coordinate plane. The arrows on the phase
trajectories show the direction of movement of the point (i.e., a particular state of the

system) over time.

Let’s discuss each type of equilibrium point and the corresponding phase portraits.
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Stable and Unstable Node
The eigenvalues A1, Ay of the points of type “node” satisfy the conditions:
A, e €R, A1 A2 > 0.

The following particular cases may arise here.

The roots A1, A are distinct (A; # Ag) and negative (A\; < 0, A5 < 0).

Draw a schematic phase portrait for this system. Suppose for definiteness that

|A1] < |A2| . The general solution has the form

X (t) = Cle“V1 — Cze)‘th2,

where Vi = (Vi1 Vzl)T, Vo = (Vig, sz)T are eigenvectors corresponding to the
eigenvalues A1, A2 and C1, Cs are arbitrary constants.

Since both eigenvalues are negative, then the solution X = 0 is asymptotically stable.

Such an equilibrium point is called stable node. As ¢t — 0o, the phase curves tend to the

origin X = 0.
Specify the direction of the phase trajectories. Since

x(t) = C1VieMt + szlzel\ﬁ, y(t) = C1Vy et + szzzexzt,

... dy .
the derivative I, 18
XL

dy C1VarhieMt + CoVap Aot
dz  CiViiheMt + CyVipdgetet’

Divide the numerator and denominator by e*? :

dy CiVad + CaVag Agell2— M)t
dz  CiViih + CyVighgePa— 2t
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Now we consider the behavior of the phase trajectories as ¢ — —oo. Obviously, the
d
coordinates z (t) , y (¢) tend to infinity, and the derivative d_Z at Cy # 0 takes the

following form:

In this case, Ay — A1 < 0. Therefore, the terms with the exponential function tend to

zero ast — oo. As aresult, at C; # 0, we obtain:

fm B _ Vi
t—o0 d:B Vvll ’

that is the phase trajectories become parallel to the eigenvector V; ast — oo.

If C; = 0, the derivative at any ¢ equals

WV
de Vi’

i.e. the phase trajectory lies on a line directed along the eigenvector V.

dy - 01‘/51A1€(A1_A2)t +C2V'22)\2 o ‘/22
dz  CiViheM—2)t + CyViphy Vi’

that is the phase curves at the points at infinity become parallel to the vector V.

Accordingly, when C5 = 0, the derivative is
dy Vo

dz ~ Vi

In this case, the phase trajectory is determined by the direction of the eigenvector V.

Given the above properties of the phase trajectories, the phase portrait of a stable node

is shown schematically in Figure 2.
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Stable Node Unstable Node
YA YA

Figure 2. Figure 3.

Similarly, we can study the behavior of the phase trajectories for other types of
equilibrium points. Furthermore, omitting the detailed analysis, we consider basic

qualitative characteristics of the other equilibrium points.

The roots A1, Az are distinct (A; # A2) and positive (A; > 0, A2 > 0).

In this case, the point X = 0 is an unstable node. Its phase portrait is shown in Figure 3.

Note that in the case of both stable and unstable node, the phase trajectories touch the
line, which is directed along the eigenvector corresponding to the smallest (in absolute

value) eigenvalue .

Dicritical Node

Let the auxiliary equation have one zero root of multiplicity 2, i.e. consider the case

A1 = A2 = X # 0. The system has a basis of two eigenvectors, i.e. the geometric
multiplicity of the eigenvalue A is 2. In terms of the linear algebra, this means that the
dimension of the eigenspace of A is equal to 2 : dim ker A = 2. This situation occurs in

systems of the form
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The direction of the phase trajectories depends on the sign of A. Here the following two

cases can arise:

Case A\1 = A2 = A < 0.

Such an equilibrium position is called a stable dicritical node (Figure 4).

Case A=Az =X > 0.
This combination of eigenvalues corresponds to an unstable dicritical node (Figure 5).

Stable Dicritical Node Unstable Dicritical Node
YA YA

xY
x<Y

Figure 4. Figure 5.

Singular Node

Let the eigenvalues of A be again coincident: A\; = Ay = A # 0. Unlike the previous
case, we assume that the geometric multiplicity of the eigenvalue (or in other words, the
dimension of the eigenspace) is now 1. This means that the matrix A has only one
eigenvector V. The second linearly independent vector required for the basis is defined

as a generalized eigenvector W connected to V.
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Case \1 = Ay = A < 0.

The equilibrium point is called stable singular node (Figure 6).
Case A\1 = A2 = A > 0.
The equilibrium position is called unstable singular node (Figure 7).

Stable Singular Node Unstable Singular Node
YA YA

Figure 6. Figure 7.

Saddle

The equilibrium point is a saddle under the following condition:
AL A ER, A -y <O

Since one of the eigenvalues is positive, the saddle is an unstable equilibrium point. Suppose,
for example, A\; < 0, A2 > 0. The eigenvalues A\; and As are associated with the corresponding
eigenvectors Vi and V. The straight lines directed along the eigenvectors V1, Va, are called
separatrices. These are the asymptotes of other phase trajectories that have the form of a

hyperbola. Each of the separatrices can be associated with a certain direction of motion.

If the separatrix is associated with a negative eigenvalue Ay < 0, i.e. in our case is directed along
the vector V1, the movement along it occurs towards the equilibrium point X = 0. And
conversely, at A2 > 0, i.e. for the separatrix associated with the vector V5, the movement is

directed from the origin. The phase portrait of the saddle is shown schematically in Figure 8.
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Figure 8.

Stable and Unstable Focus

Now suppose that the eigenvalues Aj, A2 are complex numbers whose real parts are non-zero. If
the matrix A is composed of real numbers, the complex roots will be presented in the form of

complex conjugate numbers:
Al,? = o=t 'Lﬂ

Find out what kind of phase trajectories are in the neighborhood of the origin. Construct a

complex solution X (¢) corresponding to the eigenvalue A\ = a + i3 :
X; (t) = eMtV; = @A (U 4 iW),

where V; = U + W is the complex-valued eigenvector associated with the eigenvalue A\;, U

and W are real vector functions. As a result, we obtain:

X, (t) = e (U + iW) = e (cos Bt + isin At) (U + iW)
= e (U cos ft + iU sin Bt + iW cos ft — W sin t) = €™ (U cos ft + —W sin fit)
+ ie® (U sin Bt + W cos Bt) .
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The real and imaginary parts in the last expression form the general solution of the type

X (t) = C1Re[X (t)] + Colm [X (t)] = €™ [Cy (U cos pt — W sin ft)
+ Cy (Usin Bt + W cos t)] = e* [U (C1 cos Bt + Ca sin Bt)
+ W (Cy cos St — C sin ft)] .

We represent the constant C, Cs as
C, =Csind, Cy = Ccosd,
where § is an auxiliary angle. Then the solution is written as

X (t) = Ce™ [U (sin § cos Bt + cos §sin ft) + W (cos J cos Bt — sin § sin Bt)]
= Ce™ [Usin(Bt + §) + W cos(Bt + 6)].

Thus, the solution X (¢) can be expanded in the basis of the vectors U and W :
X () = p()U+n(H)W,
where the coefficients p (t) , 7 () are given by

p(t) = Ce® sin(Bt + 6), n(t) = Ce™ cos(Bt + 6).

This shows that the phase trajectories are spirals. When a < 0, the spirals twist approaching
the origin. Such an equilibrium position is called stable focus. Accordingly, when a > 0, we

have an unstable focus.

The direction of twist can be identified by the sign of the coefficient ay; in the original matrix A.

d
Indeed, consider the derivative d_gtj’ for example, at the point (1,0) :
d
d_:lt/(l’o) =ag9;-1+agn-0=ay

The positive coefficient az; > 0 corresponds to the twist counterclockwise as shown in Figure 9.

When ag; < 0, the spirals will twist in a clockwise direction (Figure 10).

Thus, taking into account the direction of twist, there are only 4 different types of focus.

Schematically, they are shown in Figures 9 — 12.
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Stable Focus Stable Focus
YA YA
a,>0 a,<0
ﬁ ° b
U X 0 |
Figure 9. Figure 10.
Unstable Focus Unstable Focus
YA YA
a,<0 a,>0
( .
Ca | | |
Figure 11. Figure 12.

Center

If the eigenvalues of the matrix A are purely imaginary numbers, then this equilibrium point is
called a center. For a matrix with real elements, the imaginary eigenvalues are complex
conjugate pairs. In the case of a center, the phase trajectories are formally obtained from the
equation of spirals at @ = 0 and are ellipses, i.e. they describe periodic motion of a point in the

phase space. A center equilibrium position is stable in the sense of Lyapunov.
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There are two types of centers, which differ in the direction of movement of the points (Figures

13,14). As in the case of focus, the direction of movement can be determined by the sign of the

d
derivative th/ at some point. If we take the point (1, 0) , then
dy
o (1,0) = ax.

that is the direction of rotation is determined by the sign of the coefficient ag; .

Center Center
YA YA

<0 a,>0

)

Figure 13. Figure 14.

Thus, we have considered different types of equilibrium points in the case of a non-singular
matrix A (det A # 0) . Taking into account the direction of phase trajectories, there are total 13

different phase portraits (shown, respectively, in Figures 2 — 14).

We now turn to the case of a singular matrix A.

Singular Matrix

If the matrix is singular, then it has one or both eigenvalues equal to zero. In this case, there are

the following special cases:

Case A1 # 0,2 = 0.

Here, the general solution has the form
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X (t) = C1eMV; + Cy Vs,

where V; = (Vq, Vgl)T, Vo = (Vo VQQ)T, are the eigenvectors corresponding to the
eigenvalues A; and As. It turns out that in this case the whole line passing through the origin
and directed along the vector V5 consists of the equilibrium points (these points do not have a
special name). The phase trajectories are rays parallel to the other eigenvector V. Depending
on the sign of A, the motion at £ — oo occurs either in the direction of the line V (Figure 15),

or away from it (Figure 16).

Singular Matrix: 4# 0, %,=0 Singular Matrix: }.4# 0, .y=0
YA YA

v, v,

xY
xY

Figure 15. Figure 16.

Case A\; = A2 = 0,dimker A = 2.

In this case, the dimension of the eigenspace of the matrix is equal to 2 and, therefore, there are
two eigenvectors V; and V. This may happen when A is the zero matrix. The general solution

is given by
X (t) =C1 V1 + Cy V.

It follows that every point in the plane is an equilibrium position of the system.
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Case A\{ = Ay = 0,dimker A = 1.

This case is different from the previous one in that there is only one eigenvector (the matrix A
will then be non-zero). To construct a basis, we can take the generalized eigenvector W

connected to V7 as a second linearly independent vector. The general solution can be written as

X (t) — (C] + Cgt) V1 -+ C2W1'

Here, all points of the straight line passing through the origin and directed along the
eigenvector V; are unstable equilibrium positions. The phase trajectories are straight lines
parallel to V. The direction of movement along these lines as ¢ — 0o depends on the constant
Cs : with Cs < 0, the motion is from left to right, and with Cy > 0 — in the opposite direction
(Figure 17).

Singular Matrix:
M= Ay=0, dim ker A =1

y

/
C,>0 % y

L
»

M
A\

Figure 17.

As seen, there are 4 different phase portraits in the case of a singular matrix. Therefore, the

linear second order autonomous system allows total 17 different phase portraits.
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Bifurcation Diagram

In the above, we have reviewed the classification of equilibrium points of a linear system based
on the eigenvalues. However, the type of an equilibrium point can be determined without
computing the eigenvalues A, A9, knowing only the determinant of the matrix det A and its

trace tr A.

Recall that the trace of the matrix is the number equal to the sum of the diagonal elements:

ap; Q12
A= < ) , tr A = ayq + a9y, det A = a1a99 — a0a9;.
a1 G2

Indeed, the auxiliary equation of the matrix is
A% — (@11 + an) A+ anag — apag; = 0.

It can be written in terms of the determinant and the trace of the matrix:
A —trA-A+detA=0.

The discriminant of this quadratic equation is given by

D = (tr A)> — 4det A.

Thus, the bifurcation curve delineating the different stability modes is a parabola in the
plane (tr A, det A) (Figure 18):

2
det A = (trA) .

2

det A

Center

Stable Unstable

Focus Focus Unstable

Node @ @ Node

¢

Saddle

Figure 18.
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The equilibrium points of the type “focus” and “center” are above the parabola. The points of the
type “center” are located on the positive y-axis, i.e. provided that tr A = 0. The “nodes” and

“saddles” are below the parabola. The parabola itself contains dicritical or singular nodes.

Stable modes of motion exist in the upper left quadrant of the bifurcation diagram. The other

three quadrants correspond to unstable equilibrium positions.

How to Sketch a Phase Portrait

To draw the phase portrait of a second order linear autonomous system with constant

coefficients

X' = AX, A= [011 0'12], X — [-’B]’
a a2 Yy

it is necessary to do the following steps:

Find the eigenvalues of the matrix by solving the auxiliary equation
¥ (a11 + @a22) A + anaze — apa = 0.

Determine the type of the equilibrium point and the character of stability.

Hint:
The type of the equilibrium position can also be determined based on the bifurcation

diagram (Figure 18), knowing the trace and the determinant of the matrix:

ail a2
a1  Qa?

tr A = ay; + ag, det A = = @11099 — A12A9].

Find the equations of the isoclines:

dzx o

= anz + appy (vertical isocline) ,

d . .
. a2 + ay (horizontal isocline) .

If the equilibrium position is a node or a saddle, it is necessary to compute the
eigenvectors and draw the asymptotes parallel to the eigenvectors and passing through the

origin.
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E Schematically draw the phase portrait.

EI Show the direction of motion along the phase trajectories (this depends on the stability
or instability of the equilibrium point).In the case of a focus, one should determine the

direction of trajectories twisting. This can be done by calculating the velocity vector
d . . . .
(% ; d—i’) at any point, for example, at the point (1, 0) . Similarly, we can determine the

direction of movement if the equilibrium position is a center.

The algorithm described here is not a rigid scheme. In the study of a particular system, other

tricks and techniques are acceptable in order to draw up the phase portrait.
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E Schematically draw the phase portrait.

El Show the direction of motion along the phase trajectories (this depends on the stability
or instability of the equilibrium point).In the case of a focus, one should determine the

direction of trajectories twisting. This can be done by calculating the velocity vector
d . . . .
(% ; d—f) at any point, for example, at the point (1, 0) . Similarly, we can determine the

direction of movement if the equilibrium position is a center.

The algorithm described here is not a rigid scheme. In the study of a particular system, other

tricks and techniques are acceptable in order to draw up the phase portrait.

Example 1.

Investigate the equilibrium positions of the linear autonomous system and draw its phase

portrait.
i — = dy =2z — 2
a — oA
Solution.

We write the matrix of the system and compute its determinant:

A:[_l OydaA:y4 %:2¢a
2 =2 2 =2

As det A # 0, the system has the unique equilibrium point X = 0. We find the eigenvalues

of the matrix A :

0

—1-)
det (A —\I) =0
et ( ) =0, é’ 5 & 3

=0, = (+D(+2) =0,

:>A1 :—1, A2:—2

Both eigenvalues are real and negative, so the equilibrium point X = 0 is a stable
node.
We derive the isocline equations, i.e. the lines which are tangent to the phase

trajectories. The vertical isocline is given by

dz

E:—m:O or x =0.
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The horizontal isocline is written as

i T S
g o &-2y=0ory=uz
Find the equations of the asymptotes. This can be done by calculating the eigenvectors

V., Vs of the matrix A4 :

1410 Vi
A—\I)V;=0 =0
( l) 1 3 :>|: 9 _2+1:| |:Vv21:| )

0 0] [V
= 1 :0, :>2Vv11_l/21=01 =>I/11=11‘/21=2’
2 —1] | Vy

Viu 1
= V; = = 5
' [Vm] [2]

—11 45 0 Via
A—2D)Vy=0, = =0,
Sk [ 2 —2+2] ["22]

1 0] [V 1-Vio+0-Vaa =0
= :0, = 5 :}V :O’V :1,
[2 0} [Vm] {2-V12+0-V22:0 - “

Vi
= V2 = - = ; s
Vao ]
Draw an zy-plane and show the eigenvectors Vi, Vs, the horizontal isocline y = z
and sketch the phase portrait of the system (Figure 19). The phase trajectories approach

zero touching the line directed along the vector V1, as this eigenvector corresponds to the

smallest (in absolute value) eigenvalue: [A\;| = 1.

Figure 19.
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Example 2.

Investigate the equilibrium positions of the dynamic system and sketch its phase portrait.

dz dy
E =+ 3y, a = 2.
Solution.

We first make sure that the determinant is not zero:

P ,detA:‘l 3‘:4;&0.
2 0 2 0

Hence, the system has the unique equilibrium point at the origin.

We solve this problem without computing the eigenvalues and eigenvectors.
As the determinant det A < 0, then the zero equilibrium point is a saddle. This follows
from the bifurcation diagram in Figure 18.

Define the equations of isoclines. The vertical isocline is described by the linear

function:
d:z:_ 3y — 0 oz
E_QH_ y=70, =>y——§.

The equation of the horizontal isocline is

d
d_zt’zzmzo, =z =0 (y— axis).
Find the equations of the separatrices which have the form y = kz. Substituting this

into the original system, we obtain a quadratic equation for the coefficient k :

‘;—f:m+3y —‘;—f::c+3ka:
dis y Kl , = 2z =k(xz+ 3kz),
=3z +kr—20=0, =3k +k—2=0,
—-1+5 2
=D=24, kip= 5 ==l 3

Thus, the equations of the separatrices are as follows:

2
y=-g¢, y= e
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Draw the isoclines and separatrices on the phase plane and sketch the phase
trajectories (Figure 20).
E' Determine the direction of motion along the phase trajectories. Take, for example, the

g . . d _
point (1, 0) and calculate the derivative d_?: at this point:

dy
5(1,0)_2-1_2>o.

dy
5(1,0)_2.1_2>o.

As the derivative d—i{ > 0, then the point crosses the z-axis in the upward direction with
increasing time ¢. We mark this on the phase plane. Then, using symmetry, we can easy

specify the direction of movement for the other phase trajectories (Figure 20).

4

y=Tx 30

Figure 20.
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Example 3.

Investigate the equilibrium points and sketch the phase portrait of the following system:

d:z:_3 4 dy
—; — 9T — 1Y, E

dt e

Solution.

The determinant of this system is

A:[3 _4],detA=‘3 ‘4‘:5750.
2 -1 2 -1

Hence, the system has the unique equilibrium point (0, 0) .

We calculate the eigenvalues of A :

3—-A —4
-0, > (A—3)(A+1)+8=0,
S (-3)(+1)+
2443
=M -20+5=0,D=-16, == " L — 149

The eigenvalues \;, Ay are complex conjugate numbers with a positive real part.
Therefore, the equilibrium position at the origin is an unstable focus.

Find the equations of isoclines. The vertical isocline is described by the following
equétion:

B i M S
E— r — y— ’ y—zw.

The horizontal isocline is defined by the equation:

dy_2 =0, = 1yp=2
— =2r—yY= = 2z.
at Y ) Y

d
E Find out the direction of twisting calculating the derivative 71: at the point (1,0) :

dy

— (10 =2-1-0=2>0.

Thus, the spirals twist counterclockwise.
Given the data found, we can construct a schematic phase portrait of the system
(Figure 21).
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Figure 21.

Example 4.

Investigate the stability of the system depending on the parameter a :

dw—aa:—i— dy—:z:+a
at Y @ = Y-
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Stability in the First Approximation or stability of nonlinear system

Example 1.

Investigate the stability of the zero equilibrium point of the system using the first

approximation method.

dzx 9 s dy
= =y+3z° + 2y°, i —2z — y+ xy.
Solution.

In this case, the functions f;, fo have the form:
fi(z,y) = y+32* + 29, fo(e,y) = 22—y +ay.

Obviously, they are continuous and infinitely differentiable in a neighborhood of the origin and
equal to zero at X = 0. Also, the order of the nonlinear terms in both functions is equal to or
greater than 2. Thus, all requirements of the theorem on stability in the first approximation are

satisfied. Compute the elements of the Jacobian matrix .J at the equilibrium point X = 0 :

ofy of: o oy
= =6z, — =1+6y, — =2 —= =1
0 3] 0 g
L N :_l,ét,:[o 1]_
= % 153 = % 153 -2

Find the eigenvalues:

1
:0, iAA 1 2:0,
_1_)\} A+1)+
—14++/-7 VT
- 92 = =

1
2 - 2

det (J — M) =0, = |0_2A

=2 A 4A4+2=0, = D=-7, = A2=

The auxiliary equation has a pair of complex conjugate roots, the real part of which is negative:
Re[A1] <0, Re[X2] < 0.

Hence, the zero solution of the system is stable by the theorem on stability in the first

approximation. This equilibrium point is a focus.
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Example 2.

Find the equilibrium position of the system and investigate its stability in the first

approximation.
dz 2 dy
== e |
dt Yo = °
Solution.

We determine the equilibrium point from the system of algebraic equations:

d
=0 22 —y=0 z=1
dy ’ = ’ =

7 =0 z—1=0

g=1"

As the equilibrium point (1, 1) is not a zero solution, we make a coordinate transformation. We

introduce the new variables u, v :
u=z—1 v=y—1.

Substituting into the original system, we obtain:

d(u+1) 2 d
—— =(u$ 1) =(v+1) =
d(v+1) » T\ dv
L R :
du __ 92
= U +2u—v
= W _
dt —

In order to determine the stability of the zero solution, we compute the Jacobian J. The right

hand sides have the form:
fi(w,0) =v’ +2u—v, fo(u,v) =u.
Then

on _
5

of
B = 2u +

of,

2, —=-1
;) 8’0 )

o
ov

=0.

86



THEORY OF DIFFERENTIAL EQUATIONS

Accordingly, the partial derivatives at the point (v = 0,v = 0) are as follows:

Oh|  _, Oh| _ ., O _, 0% _,
ou |u=0 - A ov |u=0 N d ou |u=0 - ? oV |u=0 o
v=0 =0 — v—
Find the eigenvalues of the Jacobian .J :
a=l? = , det (J — ) =0, |2_’\ = ‘:0,
1 0 1 0—A

SAMA-2)+1=0, =X -22+1=0, = (A-1)’=0, = X\, =1

Thus, the matrix J has one eigenvalue A = 1 with algebraic multiplicity 2.

Thus the zero solution of the linearized system and hence the equilibrium point (1, 1) is unstable
node.

Example 3.

Determine the equilibrium positions of the system and explore their stability. Draw a

schematic phase portrait of the corresponding linearized system.

dz z iy dy B
Solution.

We find the equilibrium points by solving the system of algebraic equations:
%:0 - e _1=10
w_w’ In(14+z)=0"
dt
The second equation implies that z = 0. Substituting this into the first equation, we have:
&@=1=0, =2é=1, =gyg=0

Thus, the system has the unique equilibrium position (z = 0,y = 0) . To investigate the

stability of the zero solution, we expand the right hand sides in the Maclaurin series:

fiz,y) =" -1, fo(z,y) =In(1+z),
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ofi — Tty %:eﬂy of _ 1 %:o,

e "% By ' Pe "1tz Oy

The partial derivatives at the point (z = 0,y = 0) are equal to

Oh| _, o[ _, oh| _, oh| _,
0z |==g By 1z=3 - oy 128
We find the eigenvalues of the Jacobian matrix J :
J= |1 Y qet@-an=o, é’l—)\ < .:o, =5 XN — U1 =0,
1 0 1 0—A
1++/5 1 5
>22_A-1=0, = D=5, == 2\/_:5i§.

As seen the eigenvalues are real numbers with different signs and approximately equal to

~0.5—-1.12 = -0.62

V5
3

N

| =

1
=g+ ~05+112=162, h=

Therefore, the linearized system has the zero equilibrium point of the saddle type. A similar

conclusion is true with respect to the original nonlinear system.

Construct a schematic phase portrait of the linearized system. Compute the eigenvectors V,

V5, associated with the eigenvalues A; and \y. For the first eigenvalue A;, we obtain:

1 V5
= . S 1 Vi
— 2 2 . 1 o’
F — 0¥ =0, = 1 s [Vm] 0,
2T 2
(5= %) Va+Va =0 (3= %) Var+ Vo =0
= y = )
Vi— (3+F) V=0 (3- %) Va+ V=0
1 5
=>(5—T>V11+V21=0-
Let V11 = t. Then
1 +5 1 5
"21——(5‘7)“1—‘(5‘7)“0'6%

> Vo= (] = o] =losa] ~ ow]
A 0.62¢ 0.62]  |0.62
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Similarly, we find the eigenvector V5 corresponding to the eigenvalue A, :

%Jr—é—i 1 Via
(U—2DVa=0, = | * (-4 .[V%]:O,
_ (%+§)VIQ+V22:O . (§+§)Vm+V22=0
V12—(%—§)V22=0, (%+§)"12+V22=0,

I 5
= <§+§>V12+V22=0-

Suppose that Vi3 = ¢. Hence,

1 5 I +5
"22——(5*7)"12—‘(5+7)“‘1'62t’

s 14 o I g B B BN £
Vao ~1.62¢ ~1.62 ~1.62

Draw the straight lines passing through the origin and directed along the vectors V; and V,
(Figure 2).

YA

V,(1,-1.62)

V,(1, 0.62)

xY

Figure 2.
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These lines are separatrices of the saddle. Now we can depict the phase trajectories.

Now we specity the direction of the trajectories by selecting any point, for example, the point

(1,0) . The velocity of motion at this point is given by

dz

dy

140
=e " —1=1.72,
dt (1,0)

=In(1+1) =In2 ~ 0.69

It is clear that the velocity vector is directed to the upper right side. On this basis, we can specify

the direction of the phase trajectories.

This equilibrium point is rough. Therefore, the phase portrait of the original nonlinear system
has the same shape in a neighborhood of the zero equilibrium point as shown in Figure 2 for the

linearized system.

Example 4.

Using equations of the first approximation investigate the stability of the zero solution of the

nonlinear system:

dx dy . "
v = tan(z +y) — v, = = 3sinz + 2e¥ — 2.

Solution.

We verify that the point (z = 0,y = 0) is an equilibrium position for the given system:
£1(0,0) =tan0 —0=10, f»(0,0) =3sin0+2"-2=0+2-1—-2=0.

Expand the functions fi, fo (which are continuously differentiable in a neighborhood of the zero

point) in the Maclaurin series. The first order partial derivatives have the form

of1 1 of1 1 Ofs 0fs .
= ] = —1, — =3cosz, — = 2¢’.
dr  cos’(z+y) &8y cos’(z+y) ox dy

The values of the derivatives at the point (z = 0,y = 0) are

on
ox

Lo
0o Oy

Of2

_i O of
0,0) T Oz

_3, —2.
(0,0) oy

(0,0) -
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We've got the Jacobian matrix J for the linearized system in the form:
F = Lo .
3 2

Compute its eigenvalues:

0

1—A
det (J —AI) =0
et ( ) ,=>’3 5 =

’:o, =~ (A-1)(A-2)=0,

iAlzl, Ao =2

Thus, according to the Lyapunov theorem on stability in the first approximation, the zero

solution of the system is unstable. The zero equilibrium point is an unstable node.

We find the eigenvectors and draw a schematic phase portrait of the linearized system near

zero. For the eigenvalue A; = 1, the vector V has the following coordinates:

1-1 0 ][V 0 0] [Vy
J—X\I)V;=0 =0 =0
( Ve =0, :>[ 3 2—1] [Vm] A [3 1] [Vm] ’

= 3V + Vo =0.

Let Vi1 = t. Then
=-m=os =[] 3] < 2]+ 2]

Determine the eigenvector Vs for the eigenvalue Ay = 2 :

1—92 0 Vio -1 0f [ Vo
J—=XI)Vy =0, = =0, = =0
= RVy=10 [ 3 2—2] ["22] ’ [ 3 0] ["22] ’

—Vis+0-Vyu =0
3Vie+0-Vag =0 ~

Let V1o = 0, Vo = 1, that is

Vo= | V2| |0
Vao 1
Now we can plot the asymptotic straight lines passing through the origin and parallel to the
vectors V; and V, (Figure 3).
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0
-1

2

'
'
3.
Figure 3.

We take into account that the phase trajectories asymptotically approach the line directed along

the vector V; with the smallest (in absolute value) eigenvalue A; = 1. At a distance from the

origin, the phase trajectories become parallel to the eigenvector Vy, which is directed along the

y-axis.

The original nonlinear system has the same phase portrait near the origin. This follows from the

roughness (structural stability) of the zero equilibrium position.

Example 5.
Using the first approximation method, investigate the stability of the equilibrium point of the
system
dz dy 2z
— = —_ = tan —.
T In(z +y), g — arctan )
Example 6.
Using the first approximation method, investigate the stability of the zero solution of the
system
dz . dy 9
= = sin(z + y) — v, o =Y + 2z.
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Method of Lyapunov Functions

Definition of the Lyapunov Function

A Lyapunov function is a scalar function defined on the phase space, which can be used to prove
the stability of an equilibrium point. The Lyapunov function method is applied to study the
stability of various differential equations and systems. Below, we restrict ourselves to the

autonomous systems

dz i
dt

X' =f{X) or = Rlmu®i o)y =12 .4.8,

with the zero equilibrium X = 0.

We suppose that we are given a continuously differentiable function
VI(X) =V{z,25,...,%0)

in a neighborhood U of the origin. Let V (X) > O forall X € U\ {0}, and V (0) = 0 in the

origin. For example, these are functions of the form
V(z1,22) = am% + bmg, V(z1,22) = am% + bm%, a,b> 0.
We find the total derivative of the function V' (X)) with respect to time ¢ :

dav B oV dx; oV dxo oV dzx,
W om e T emEm T T

This expression can be written as a scalar (dot) product of two vectors:

% = <gradV, %) , Where gradV = (

dX  (de; dzy  de,
dt ~ \dt’dt 7 dt )

v oV oV
Oz’ Oxs’ T Bz )’

Here, the first vector is the gradient of V' (X)) , i.e. it’s always directed toward the greatest
increase in V' (X)) . Typically, the function V' (X) increases with the distance from the origin, i.e.
provided | X| — o0o. The second vector in the scalar product is the velocity vector. At any point,

it is tangent to the phase trajectory.
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Consider the case when the derivative of V' (X) in a neighborhood U of the origin is negative:

dv dX
W = (gradV, R) <0,

This means that the angle ¢ between the gradient vector and the velocity vector is greater than

90°. For a function of two variables, it is shown schematically in Figures 1 — 2.

VA XoA

_;x v

Figure 1. Figure 2.

Obviously, if the derivative % along a phase trajectory is everywhere negative, then the
trajectory tends to the origin, i.e. the system is stable. Otherwise, when the derivative o 18

positive, the trajectory moves away from the origin, i.e. the system is unstable.

We now turn to the strict formulation.

Let a function V (X) be continuously differentiable in a neighborhood U of the origin. The

function V (X)) is called the Lyapunov function for an autonomous system
X' =Xy,

if the following conditions are met:

V(X) > 0forall X € U\ {0};
V(0) =0;

2 < oforall X e U.
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Stability Theorems

Theorem on stability in the sense of Lyapunov.

If in a neighborhood U of the zero solution X = 0 of an autonomous system there is a

Lyapunov function V (X)), then the equilibrium point X = 0 of the system is Lyapunov stable.

Theorem on asymptotic stability.

If in a neighborhood U of the zero solution X = 0 of an autonomous system there is a
Lyapunov function V' (X)) with a negative definite derivative % < 0forall X € U\ {0}, then

the equilibrium point X = 0 of the system is asymptotically stable.

As it can be seen, the total derivative i—‘; must be strictly negative (negative definite) in a

neighborhood of the origin for the asymptotic stability of the zero solution.

Instability Theorems

Lyapunov instability theorem.

Suppose that in a neighborhood U of the zero solution X = 0 there is a continuously
differentiable function V' (X)) such that

(1] V(0)=0;

%>0.

If in the neighborhood U there are points at which V' (X)) > 0, then the zero solution X = 0 is

unstable.

Chetaev instability theorem.

Suppose that in a neighborhood U of the zero solution X = 0 of an autonomous system there
exists a continuously differentiable function V' (X) . Let the neighborhood U contain a
subdomain Uy, including the origin (Figure 3) such that

(1] V(X) > 0forall X € U;\ {0};

A%
S > Oforall X € Uy\ {0};
V (X) = 0forall X € §U;, where 6U; denotes the boundary of the subdomain U;.
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Figure 3.

Then the zero solution X = 0 of the system is unstable. In this case, the phase trajectories in

the subdomain U; will move away from the origin.

Thus, Lyapunov functions allow to determine the stability or instability of a system. The
advantage of this method is that we do not need to know the actual solution X (¢) . In addition,
this method allows to study the stability of equilibrium points of non-rough systems, for
example, in the case when the equilibrium point is a center. The disadvantage is that there is no
general method of constructing Lyapunov functions. In the particular case of homogeneous
autonomous systems with constant coefficients, the Lyapunov function can be found as a

quadratic form.

Example 1.

Investigate the stability of the zero solution of the system

dz dy

E=—2w, it L
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Solution.

This system is a linear homogeneous system with constant coefficients. We take as a Lyapunov

function the quadratic form
V(X) =V (z,y) = az® + by?,
where the coefficients a, b are to be determined.

Obviously, the function V (z, y) is positive everywhere except at the origin, where it is zero. We

calculate the total derivative of the function V' (z,y) :

dav. 9V dx oV dy
d T oc dt oy dt

_ da , 2y _ 2a_, 2
_—2b(%m —my+y)——2b(7z —zy+y° ).

The expression in the brackets can be converted to a square of the difference if the following

= 2ax (—2z) + 2by (z — y) = —4azx® + 2bzy — 2by>

condition is satisfied:

2a 8 b
— =— or 8a=0>.
b 4
We can take any suitable combination, for example, we set @ = 1, b = 8. Then the derivative

becomes

av z? 9 & 2

Thus, for the given system, there is a Lyapunov function, and its derivative is negative
everywhere except at the origin. Hence, the zero solution of the system is asymptotically stable
(stable node).

Example 2.

Investigate the stability of the zero solution of the system

dz dy

at Y dt
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Solution.

Note that the first approximation method is not applicable for this system, since the zero

solution is a “center” (that is the system is not rough):

1

A:[ ' 1],det(A—)\I)=0, :‘_i‘ A

: @ ':0, =>A241=0, = A\ =i

We use the method of Lyapunov functions for the stability analysis. Let the function V' (X) have
the form

V(X)=V(z,y) =2" + 3"
We calculate the derivative of the function V' (X) by virtue of the system:

dav. oV dx 0V dy
— ——:2- 2— EO.
& " ordw Toga =yt (o
Thus, the derivative is identically zero. Hence, the function V' (X) is a Lyapunov function and

the zero solution of the system is stable in the sense of Lyapunov. The condition of asymptotic

stability is not satisfied (for this, the derivative % must be negative).

Example 3.
Investigate the stability of the zero solution of the nonlinear system

dz

dy
G o W oo
dt A =i

Solution.

It is obvious that the Jacobian of the system at the point (0, 0) is a zero matrix:

o on

g Bbr oy (0 0
T | o  ap “lo ol"
Br oy 0

=
y=0

The eigenvalues of this matrix are zero: A; » = 0. Therefore, the first approximation method is

inapplicable.

Let’s see what results can be obtained using a Lyapunov function. We choose as a Lyapunov

function the quadratic form
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V(X)=V(z,y) = 322 + ¢,

which is positive definite everywhere except at the origin. Calculate the total derivative:

dv. oV dz OV dy 9 9 9 o 2 9
%= on @ oy a0 (W) () =62y 6oy

Here again, as in the previous example, the derivative is identically zero. This means that the

zero solution is stable (in the sense of Lyapunov).

Example 4.

Investigate the stability of the zero solution of the system using the method of Lyapunov
functions.

—y:2:1:—y—w3.

@ VTR g

dt

Solution.

As a Lyapunov candidate function we choose a function of the form

4

V(X)=V(2y) =+’ + 5

Obviously, this function is positive definite everywhere except at the origin, where it is zero. We

calculate its derivative (by virtue of the system):

oV OVde OV dy \ \
?_6—93%+3—yﬁ_ (2z + 2y + 22°) (y — 22) + (2z + 2y) (2z —y — z°)

= (22 + 291ty —22) +22° (y — 2z) — (22 +29H{y—2x) — 2" (2 + 2y)
= 22y — 4" — 22" — 22y = —62* < 0.

As one can see, the derivative is negative definite everywhere except at (0, 0) . Then the zero
solution is asymptotically stable.

Note that the first approximation method is inapplicable here because one of the eigenvalues is
zero:
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on o

- ox Ay B -2 1 .
=l m| =17 A
ox dy Zzg
—2-A 1
det (J = AD) =0, =| " =0 2 2= N1 -2 =,

S Z+A+220+ X2 -2 =0, =224+32=0, = A(A+3)=0,
= A =0, Ay = —3.

Example 5.

Using a Lyapunov function, investigate the stability of the zero solution of the system

dz dy
Example 6.

Investigate the stability of the zero solution of the system

dz 4 dy 3
E—:L‘ +y, E—:l:+y.
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Existence and Uniqueness Theorems

Let us return to the general initial value problem

y = F(,y), y(o) = yo, (1)

The main theorems we have in mind put certain relatively mild conditions on
F to insure that a solution exists, is unique, and/or both. We say that a solution exists
if there is a function y = y(z) defined on an interval containing 7o as an interior
point and satisfying (1). We say that a solution is unique if there is only one such
function y = y(7). Why are the concepts of existence and uniqueness important?
Differential equations frequently model real-world systems as a function of time.
Knowing that a solution exists means that the system has predictable future states.
Further, when that solution is also unique, then for each future time there is only
one possible state, leaving no room for ambiguity.
To illustrate these points and some of the theoretical aspects of the existence and
uniqueness theorems that follow, consider the following example.

Example 1. Show that the following two functions satisfy the initial value problem

Y =3y23 y(0)=0. (2)

1. y(£) =0
2. y(t) =¢3

» Solution. Clearly, the constant function y(z) = 0 for# € R is a solution. For the
second function y(r) = ¢3, observe that y’ = 3¢ while 3y%/3 = 3(t3)%3 = 32
Further, y(0) = 0. It follows that both of the functions y(#) = 0 and y(r) = ¢ are
solutions of (2). -

If this differential equation modeled a real-world system, we would have
problems accurately predicting future states. Should we use y(z) = 0 or y(t) = 13?
It is even worse than this, for further analysis of this differential equation reveals that
there are many other solutions from which to choose. (See Example 9.) What is it
about (2) that allows multiple solutions? More precisely, what conditions could we
impose on (1) to guarantee that a solution exists and is unique? These questions are
addressed in Picard’s existence and uniqueness theorem, Theorem 5, stated below.

Thus far, our method for proving the existence of a solution to an ordinary
differential equation has been to explicitly find one. This has been a reasonable

105



THEORY OF DIFFERENTIAL EQUATIONS

approach for the categories of differential equations we have introduced thus far.
However, there are many differential equations that do not fall into any of these
categories, and knowing that a solution exists is a fundamental piece of information
in the analysis of any given initial value problem.

Suppose F(t. y) is a continuous function of (¢, y) in the rectangle

Ri={@.y):azte b, e zy=sd}

and (7o, yo) is an interior point of R. The key to the proof of existence and
uniqueness is the fact that a continuously differentiable function y(7) is a solution
of (1) if and only if it is a solution of the integral equation

t
y(t) = yo +/ F(u, y(u))du. (3)
1o

To see the equivalence between (1) and (3), assume that y(7) is a solution to (1), so
that
V(1) = F(z, y(1))

for all 7 in an interval containing 7y as an interior point and y(#y) = yo. Replace ¢ by
u in this equation, integrate both sides from 7y to 7, and use the fundamental theorem
of calculus to get

t

/ F(u, y(u))du = / y'(u)du = y(t) — y(ty) = y(t) — yo,

o

which implies that y(z) is a solution of (3). Conversely, if y(z) is a continuously
differentiable solution of (3), it follows that

g(t) := F(t, y(1))

is a continuous function of 7 since F (¢, y) is a continuous function of # and y. Apply
the fundamental theorem of calculus to get

yE) = %y(r) = % (yo —i—A F(u, y(u))du)

d 4
G (» + [ e du) = g() = F(t. y(1)).
dr .
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which is what it means for y(7) to be a solution of (1). Since

Iy
v(to) = yo +/ F(u, y(u))du = yy,

1o

v(t) also satisfies the initial value in (1).

We will refer to (3) as the integral equation corresponding to the initial
value problem (1) and conversely, (1) is referred to as the initial value problem
corresponding to the integral equation (3). What we have shown is that a solution

to the initial value problem is a solution to the corresponding integral equation and
vice versa.

Example 2. Find the integral equation corresponding to the initial value problem
y=t+y, y0)=1.

» Solution. In this case, F(r, y) = t + y, o = 0 and yo = 1. Replace the
independent variable t by u in F (¢, y(t)) to get F(u. y(u)) = u + y(u). Thus, the
integral equation (3) corresponding to this initial value problem is

/4
y(i)=1 —|—/ (u+ y(u))du. -«
0
For any continuous function y, define

t

Ty() = yo -’r-/ F(u, y(u))du.

)

That is, Ty is the right-hand side of (3) for any continuous function y. Given a
function y, 7 produces a new function 7 y. If we can find a function y so that
Ty =y, wesay y is afixed point of T. A fixed point y of 7 is precisely a solution
to (3) since if y = T y, then

13
y=Ty=y0 +/ F(u, y(u)du,

Iy

which is what it means to be a solution to (3). To solve equations like the integral
equation (3), mathematicians have developed a variety of so-called “fixed point
theorems” for operators such as 7, each of which leads to an existence and/or
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uniqueness result for solutions to an integral equation. One of the oldest and most
widely used of the existence and uniqueness theorems is due to Emile Picard (1856
1941). Assuming that the function F (¢, y) is sufficiently “nice,” he first employed
the method of successive approximations. This method is an iterative procedure
which begins with a crude approximation of a solution and improves it using a step-
by-step procedure that brings us as close as we please to an exact and unique solution
of (3). The process should remind students of Newton’s method where successive
approximations are used to find numerical solutions to f(#) = ¢ for some function
f and constant ¢. The algorithmic procedure follows.

Algorithm 3. Perform the following sequence of steps to produce an approximate
solution of (3), and hence to the initial value problem, (1).

Picard Approximations

1. A rough initial approximation to a solution of (3) is given by the constant
function

)l’o(l‘) ‘= Yo.

2. Insert this initial approximation into the right-hand side of (3) and obtain
the first approximation

y1(2) := yo —f-/ F(u, yo(u))du.

3. The next step is to generate the second approximation in the same way,
that is,

y2(2) := yo -I—/ F(u.yi(u))du.

4. At the nth stage of the process, we have

5
)= ,\’0+/ F(u, yp—1(u)) du,
Iy

which is defined by substituting the previous approximation y,—1(¢) into
the right-hand side of (3).

In terms of the operator 7 introduced above, we can write
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y1="Tyo

Y2 = 7')"1 = 7-2}’0
3

V3 = 7-)’2 =71 Yo

The result is a sequence of functions yo(z), y1(7), y2(7). ..., defined on an interval
containing ty. We will refer to y, as the nth Picard approximation and the sequence
Yolt ) VakE), ..« 5 vu(t) as the first n Picard approximations. Note that the first
n Picard approximations actually consist of n 4+ 1 functions, since the starting
approximation yo(7) = yp is included.

Example 4. Find the first three Picard approximations for the initial value problem

yi=t+y., y0)=1.

» Solution. The corresponding integral equation was computed in Example 2:

t
yit) =1 +/ (u + y(u))du.
0
We have
vo(t) =1

yift) = 1 +/ (u~+ yo(u)) du
0

[ 4 9) 2

t
=l—|—/(u—|—1)du
0
1+ 4r=1 !
= +7+T— +T+?-

— — 1/{
2 0 L

t a2 ¢ 2
,\72(f)=l+[ (u+l+u+—)du=1+[ (1+2u+—)du
0 2 0 2

B\ 3
=1+ (u+u2+—)
6 /1o

2 -
=14+t4+t"4+ —.
6
t 3 T 3
3 & Y o
y3(r):l+/ (u—|—1+u+u +Z)du:1+/ (1+2u+u +Z)du
0 0
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t
3

=13a48 +— +— >

I+ +2+”3+M4
= u u — — .
3 24

3 24

0

It was one of Picard’s great contributions to mathematics when he showed that
the functions y, (7) converge to a unique, continuously differentiable solution y(7)
of the integral equation, (3), and thus of the initial value problem, (1), under the mild
condition that the function F(z, y) and its partial derivative Fy (7, y) := a%F(t. V)
are continuous functions of (z, y) on the rectangle k. '

Theorem S (Picard’s Existence and Uniqueness Theorem).”? Let F(z, v) and
Fy(t. y) be continuous functions of (t, y) on a rectangle

R={t y):a<t<b,c<y<d}.
If (to. yo) is an interior point of R, then there exists a unique solution y(t) of

y =F(@t,y)., y(t) = yo,

on some interval [a’.b'] with ty € [a’.b’] C [a.b]. Moreover, the sequence of
approximations yo(t) := yo

I3
3080 = 3 & / ¥, sl
)

computed by Algorithm 3 converges uniformly'* to y(t) on the interval [a’, b'].
Example 6. Consider the initial value problem
y=t+y y0) =1
For n > 1, find the nth Picard approximation and determine the limiting function

y = lim, - V. Show that this function is a solution and, in fact, the only solution.

» Solution. In Example 4, we computed the first three Picard approximations:
£2
ne)=1+1t+ —,
yi(t) >
r3

nit)=1+1t+1>+ a5
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3 f4
vty =14+t +1°+— TR
It is not hard to verify that
y (r)—1+r+r2+£+i+i
RS 312 5l
2 T3 4 15
=1+t+_(5+§+4')+§

and inductively,

T? r? 2 [n+4
w)=1+1t+2 _
V(1) +—+(y+ ¥ +m)+m+m

n

t
Recall from calculus thate’ = Zf,’o 07 , so the part in parentheses in the expression

for y, () is the first n terms of the exparmon of e’ minus the first two:

t r2 13 th
_+_+m+_=(H4+y+ o — )—U+ﬁ

Thus,

y()= lim y,(t) =1+t +2(€"—(1+1)) =—1—1+2e".
n—o0

It is easy to verify by direct substitution that y(r) = —1 — ¢ + 2¢’ is a solution
to y/ = r + y with initial value y(0) = 1. Moreover, since the equation y’ =
t + vy is a first order linear differential equation, the techniques of Sect. 1.4 show
that y(r) = —1 — ¢ + 2¢ is the unique solution since it is obtained by an explicit
formula. Alternatively, Picard’s theorem may be applied as follows. Consider any
rectangle R about the point (0, 1). Let F(z, y) =t + y. Then F)(z, y) = 1. Both
F(t. y)and F,(z. y) are continuous functions on the whole (z. y)-plane and hence
continuous on R. Therefore, Picard’s theorem implies that y(z) = lim, o v, (?) is
the unique solution of the initial value problem

vV =t+y y(0) =1.

Hence, y(t) = —1 —t + 2¢' is the only solution. -
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Example 7. Consider the Riccati equation

with initial condition y(0) = 0. Determine whether Picard’s theorem applies on
a rectangle containing (0, 0). What conclusions can be made? Determine the first
three Picard approximations.

» Solution. Here, F(t, y) = y?> —t and Fy(t, y) = 2y are continuous on all of
R? and hence on any rectangle that contains the origin. Thus, by Picard’s Theorem,
the initial value problem

y =y —t, y(0)=0

has a unique solution on some interval / containing 0. Picard’s theorem does not
tell us on what interval the solution is defined, only that there is some interval.
The direction field for y/ = y? — ¢ with the unique solution through the origin is

given below and suggests that the maximal interval /,.x on which the solution exists
should be of the form /. = (a.o00) for some —oo < a < —1. However, without
further analysis of the problem, we have no precise knowledge about the maximal
domain of the solution.

Next we show how Picard’s method of successive approximations works in this
example. To use this method, we rewrite the initial value problem as an integral
equation. In this example, F(r, y) = y> —t, % = 0 and yo = 0. Thus, the
corresponding integral equation is

t
y(@) = / (y(u)* — u) du. (4)
0

We start with our initial approximation yo(#) = 0, plug it into (4), and obtain our
first approximation

t 2 ! 1,
vl(t) == (’\"'O(l/l) — l,l) d[,[ —_ — udu = ——t°.
0 0 2
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if ¢ is close to 0O, it follows that the second iterate y,(7) is already a
v3(1)

approximation of the exact solution for 7 close to 0. Since

The second iteration yields

Since y,(0) = 0 and

ya(t)? —t =

ward the exact solution y(7), so we expect that y3(7) is an even better approximation

According to Picard’s theorem, the successive approximations y,(7) converge to-
of y(¢) fort close enough to 0. The graphs of yi, y2, and y3 are given below.

it follows that

10

Y1 y2. and y3

Solution y(t) and Picard
Approximations
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Although the Riccati equation looks rather simple in form, its solution cannot be
obtained by methods developed in this chapter. In fact, the solution is not expressible
in terms of elementary functions but requires special functions such as the Bessel
functions. The calculation of the Picard approximations does not reveal a pattern by
which we might guess what the nth term might be. This is rather typical. Only in
special cases can we expect to find a such a general formula for y,. <

If one only assumes that the function F(7, y) is continuous on the rectangle
R, but makes no assumptions about F(z. y), then Guiseppe Peano (1858-1932)
showed that the initial value problem (1) still has a solution on some interval / with
to € I C [a.b]. However, in this case, the solutions are not necessarily unique.

Theorem 8 (Peano’s Existence Theorem'”). Ler F(t. y) be a continuous func-
tions of (t. y) on a rectangle

K=, y):a=t=5b,¢e

y <d}.
If (to. yo) is an interior point of R, then there exists a solution y(t) of
y = F(t.y), y(t) = yo,

on some interval [a’. bl with ty € [a’.b'] C [a. b].

Let us reconsider the differential equation introduced in Example 1.

Example 9. Consider the initial value problem

Y =3y, y(to) = yo. ©)

Discuss the application of Picard’s existence and uniqueness theorem and Peano’s
existence theorem.

» Solution. The function F (7, y) = 3_\'2/3 is continuous for all (z, y), so Peano’s

existence theorem shows that the initial value problem (5) has a solution for all

possible initial values y(#9) = yo. Moreover, F,(t. y) = % is continuous on

any rectangle not containing a point of the form (¢, 0). Thus, Picard’s existence and
uniqueness theorem tells us that the solutions of (5) are unique as long as the initial
value y is nonzero. Assume that yy # 0. Since the differential equation y’ = 3y?/3
is separable, we can rewrite it in the differential form

1
T dy = 3dr,
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and integrate the differential form to get

3y]/3 = 3 &
Thus, the functions y(t) = (¢ + ¢)? fort € R are solutions for y’ = 3y?/3. Clearly,
the equilibrium solution y(z) = 0 does not satisfy the initial condition. The constant
¢ is determined by y (79) = yo. We getc = .»'3/3—10. and thus y(7) = (1‘—|—yé/3—to)3
is the unique solution of if yy # 0.If yo = 0, then (5) admits more than one solution.
Two of them are given in Example 1. However, there are many more. In fact, the

following functions are all solutions:

(t—a) ift<a

y() =20 ifa<t<§p (6)
(t—p)°* ift>p.
where 7y € [o, B]. The graph of one of these functions (where ¢ = —1, 8 = 1)

is depicted below. What changes among the different functions is the length of the
straight line segment joining « to B on the 7-axis.

o
(OS5

=3 -2 -1 0 1

Graph of Equation (6)
a=-land =1
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Picard’s theorem, Theorem 3, is called a local existence and uniqueness theorem
because it guarantees the existence of a unique solution in some subinterval I C
[a@.b]. In contrast, the following important variant of Picard’s theorem yields a
unique solution on the whole interval [a. b].

Theorem 10. Let F(t, y) be a continuous function of (t. y) that satisfies a
Lipschitz conditionon a strip S = {(t, y) :a <t < b, —co <y < oo}. That is,
assume that

|F (¢, y1) — F(¢, y2)| < K|y1 — y2|

for some constant K > 0 and for all (t, yy) and (t. y,) in S. If (to. yo) is an interior
point of S, then there exists a unique solution of

y = F(t, y), y(t) = yo,
on the interval [a, b].

Example 11. Show that the following differential equations have unique solutions
on all of R:

i, yl = e“i“’-", y(O) = 0

2.y =ty|, y0)=0

» Solution. For each differential equation, we will show that Theorem 10 applies
onthestripS = {(f,y) : —a <t < a,—00 < y < oo} and thus guarantees
a unique solution on the interval [—a,a]. Since a is arbitrary, the solution exists
on R.

L. Let 2, y) = esin’y Here we will use the fact that the partial derivative of F
with respect to y exists so we can apply the mean value theorem:

F(t, y1) — F(t, y2) = Fy(, yo)(y1 — y2), (7)

where y; and y; are real numbers with yo between y; and y,. Now focus on the
partial derivative F,(7, y) = esintyy cos(ty). Since the exponential function is
increasing, the largest value of e¥"’Y occurs when sin is at its maximum value of
1. Since |costy| < 1 and |7| < a, we have ‘Fy(r. _v)} = |eSinV¢ costy‘ <ela =
ea. Now take the absolute value of (7) to get

|F([ _V[) —_ F([ yz)l e |eSint_V| _ esinryz

<ealyr— .
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It follows that F(z. y) = e¥"" satisfies the Lipschitz condition with K = ea.
Theorem 10 now implies that y’ = %" with y(0) = 0 has a unique solution
on the interval [—a. a]. Since a is arbitrary, a solution exists and is unique on all
of R.

2. Let F(t.y) = |ty|. Here F does not have a partial derivative at (0,0).
Nevertheless, it satisfies a Lipschitz condition for

|F (2, y1) — F(t, y2)| = |lty1]l = lty2l] £ |t [y1 = y2]l S a|y1 — »2,
since the maximum value of 7 on [—a,a] is a. It follows that F(z, y) = |ty]
satisfies the Lipschitz condition with K = a. Theorem 10 now implies that

y' =|ty| y(©0) =0,

has a unique solution on the interval [—a, a]. Since « is arbitrary, a solution exists
and is unique on all of R. .

Remark 12.

1. When Picard’s theorem is applied to the initial value problem y’ = e*"Y_ y(0) =
0, we can only conclude that there is a unique solution in an interval about the
origin. Theorem 10 thus tells us much more, namely, that the solution is in fact
defined on the entire real line.

2. In the case of ¥y = |ty]|, y(0) = 0, Picard’s theorem does not apply at all since
the absolute value function is not differentiable at 0. Nevertheless, Theorem 10
tells us that a unique solution exists on all of R. Now that you know this, can you
guess what that unique solution is?
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