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Definition:

A ring is an ordered triple(R, +,"), where R is a nonempty set and +,- are two

binary operation on R such that:
1) (R, +)is an abelian group.
2)(R,.).is a semigroup and

3) The operation . is distributive over the operation+.

Example:

If Z,Q,R*denote the sets of integers, rational, and real numbers, then the

systems

(Z, +!.)F (Qﬂ +F.)’ (R#, +;) .

Are all examples of rings; here 4+ and - are taken to be ordinary addition and

multiplication.

Definition:

Let R be a commutative ring. An element a € R is called zero divisor if a =0

and there existsb € R, b =0witha - b =0.

Example:
Z¢={0,1,2,3,4,5}

Solution:2.3 =0, 3.4 =0, 2,3,4 are zero divisors of Z.

Example:




Dr. Alaa Abbass lecure One

Z:={0,1, 2, 3,4}Has no zero divisors.
Definition:

A commutative ring with identity is called an integral domain if it has no zero

divisors.

Example:

(Z,+,),@Q,+,), (R, +,"), (Zp, +p, "p)Where p is prime are integral domains.

Definition:

Aring (R, +,.) is said to be field if (R —{0},.) forms a commutative ring (with
identity 1).

Or

The field is commutative ring with identity in which each nonzero

element has inverse under multiplication.

Definition:

Let (R,+,) be aring, and&=S < R, then (S, +,") is called a subring if (S, +,7)

Is a ring itself.

Example:

(2Z, +,-)subring of (Z, +,")

Rrmark:

Let (R, +,") be aring @= S C R, then (S, +,”) is subring if:
(1) a-b €S Va,beS.

2) a.b €S VabeS.
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Definition:

A subringl of the ring R is said to be two sidedideal of R if and only if r e R

anda € I implyra el and ar 1.
Definition:
Let I be a nonempty subset of ring R, then I is ideal of R if
()a-b el Va,b 1.
(2)ar el,(ra€l)Vael, r eR.
Remark:
Every ideal is subring.
Proof: Let I be an ideal, to show that I is subring
() =@
(2)Leta,b €l =a.bel, a-b el
.1 is subring
But the converse is not true for example:

(Q,+,.)isaring, Z € Q ; Zis subring

1
2

~.Z is not ideal
Remark"”:
Let / be an ideal of aring with 1. If 1 €1, then I =R.
Proof:l € R,letr eR,1 € I butlisideal

1r el =r el =R CI.
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Thus I =R

Remark:
Let I be an ideal of a ring with 1 and I contains an invertible element,thenl =R.
Proof:a 1 but ais invertible then3 b € Rsuchthata.h € I =1 € I

.1 =R, by remark (*)

Definition:

A ring R is called principle ideal ring if every ideal in R is principle ideal.
Theorem:

(Z,+,.)isP.I.R.

Proof: (H.W)

Definition:

A proper ideal M of aring R is called maximal ideal if where ever I is an ideal
of RwithM c I,then I = R.

Example:

In Z¢the ideals are:
{0} ,Z6 ,{0,3},¢0,2,4}

{0, 3}is the maximal in Z

{5, 2, 4}is the maximal in Zg

Theorem:
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Let R be commutative ring with 1 and I be a proper ideal of R, Iis amaximal

ideal if and only if% is a fiald.

Proof: (H.W)

Definition:

A proper ideal P of a ring R is called a prime ideal if for all a,b in Rwith

a.b € Peithera € Por b € P.

Example:

1)4Zis an ideal in Z, but not a prime ideal in Z.
2){0}is a prime ideal in Z.but not maximal.
3){0}is not a prime ideal in Z,.

Theorem:

Let R be commutative ring with 1 and P be a proper ideal of R, Pis a prime ideal

if and only if% is an integral domain.

Proof: (H.W)
Definition:

A commutative ring with identity is called local ring if it has unique maximal

,1,2,3}is alocal ring.
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Remark:

Every field is a local ring

Proof: (H.W)

Remark:

In the local ring the idempotent element is only O or 1.

Proof: let a # 0 and a # 1 be an idempotent element. Since a is an idempotent,
then a? = a, then a? —a =0, thena(a — 1) = 0, since a = 0 and a,a — 1 are
zero divisors, thus a,a — 1 has no inverse, hence a,a — 1 must belong to the
unique maximal ideal say M , then a,a —1 € M, then a — (a — 1) € M, hence
1€ M. Thuseithera=00ra = 1.

Definition:
Let Ibe an ideal of aring R. Then the nil radical of I denoted by 1T is the set:
Vi={reR:3Inez*" > rmel}
Remark(1):

1. JVI21.
2. +/Iis an ideal of R.

Proof: (H.W)
Remark(2):

L JInj=1=VIn,/.
2. VI = I
3. JI+]2VI+./].

Proof:1).Letw € JINJ,thend ne Z* 3 w" €I Nn]J,then w" € land w" € J,
hence w € VIand w € \/7.Thus w E \/Tﬂ\/j
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Lety € VIn ﬁ, then y € Vland y € \/7, hencey™ € I and y™ € J.
ymtm=yn.ym e ] theny € /I].
yWm=yn.ym e [ nJtheny € \JIN]. Thus,/In] =vIn,/J

2).we have v+/I 2 /T from Remark (1), we want to show that vT 2 vVILetx €
VVI 3 nezts x"e+I andthen3 me Z+* 5 (x™)™ € I, hencex™ € I, which

implies that x € vT. Thus V7 2 VT and VT = VI

3).Let we Vi+ ], thenw=x+y; x€ Viand y€ /], thena ne Z* >
x"elanda meZts ym™e].

(x+y)n+m :xn+m+( )xn+m—1y oo _|_( )xnym+( )xn—lym+1 4
_l_yn+m.

Thus (x + y)™™then €1+ ]thenx+y € JI+].

Definition:
A proper ideal Jof a ring Ris called semiprimeif I = +/1.

Example:In Zv6Z = 6Z, so (6) is semiprime ideal in Z.

J{(4) = /(22) = (2), s0 (4) is not semiprime ideal in Z

v10Z = 10Z.

Theorem:
Every prime ideal is semiprime.
Proof:Let I be a prime ideal,I < /T we have to show only that vI < I.

LetwevIa neZ* > whel, thenww™ ! €] but be a prime ideal so either

welowlel.

Ifw™=1 € I, then ww"™2 € I, which implies thatw™=2 € I we continue in this way

until we have w € I.
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Remark:

The converse is not true.

For example: {/{(6) = (6) is semiprime but it is not prime since 2 & (6), 3 & (6)
but 6 = 2.3 € (6)

Theorem:

A proper ideal Iof a ring Ris semiprime if and only if % has no nonzero nilpotent

element.

Proof:=)Let I be a semiprime ideal and let a + I be a nilpotent element in % Ja

positive integer such that(a + D™ =1, hencea™ + I =1 o a" €l a e =

I.[since I issemiprime]. Thusael ©a+ =1

<)we want to prove I is semiprime I < +/T we have to show only that VT € 1.

Let x e VI, then x" €1 & x™"+1 =1, then(x + D™ =1 = x + I is a nilpotent
element in %, hence x +1 =1 = x € [.ThusVI € I and thenT = 1.
Definition:

A proper ideal Tof aring R is called primary if whenevera-b € [ anda & I
implies that b* € Iforsome k € Z*+.

Example:InZ. Let] = 87 ,4.2=8€8Z,4 ¢ 8Z and 23 =8 € 8Z,508Z is
primary ideal.

Remark:
Every prime ideal is primary.
Q: Is the converse true?

87 is primary ideal but not prime since 4.2 =8 € 8Z but4 ¢ 8Zand 2 & 8Z




Dr. Alaa Abbass lecure Two

Theorem:

Let R be a commutative ring with 1 and I be a proper ideal of R, Iis a primary

ideal if and only if every zero divisor of% Is nilpotent

Proof:=) Let a+1 be a zero divisor in , S0 a+I+#1and Ib+1+

Iin%suchthat(a+l)(b+l)=I,thenba+I=I o ba€lbutbeélandlis

primary, then3 ke Z* > a*el o d‘+I=I1thus(a+D*¥=ITanda+1Iisa

nilpotent element.

<) Let x-y€eland x ¢, then x-yelox.y+Il=1 o x+Dy+1) =1,
butx + 1 # 1

Ify+1=1 —yel wearedone.[|is primary]
If y+1=+1, then y+1 is a zero divisor, hence by assumptiony +1 is a
nilpotent element in% AneZts (y+D'=1=y"+I=1y"€el.
Theorem:
Let f : R ——> R’be aring epimorphism.
1. If M isa maximal (prime ,primary , semiprime )ideal in R with ker f <
M , then f(M) is maximal (prime , primary , semiprime) ideal in R".
2. If M’ is a maximal (prime , primary , semiprime) ideal in R’ then
f~1 (M) is maximal (prime , primary , semiprime) ideal in R.
Proof:

1).Let f: R——> R’ be an epimorphism and let M be a maximal ideal in R

contain ker f we will prove that f (M) is maximal ideal in R".

Clearly f(M) isanideal inR”’
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f(M)# R’ [If f(M)= R’ then1’€ f(M)—>1’= f(m);m € M. But
fA)=1>» fm)=fA)»f(m—1)=0->m—1 €kerf S M
- m—(m—1)€M - 1 € M contradiction since M be a maximal,
M # R]
Letf (M) S J <SR’ J isanideal inR’, then 3y €] and y & f(M).
But f isonto > 3x ER3f(x)=y ,x ¢ M.
Thenby theorem (let M be aproper ideal of a ring R. If M is maximal ideal in R
iff <M,x>=R,xé¢M)<Mx>=R->1=m+tx ; meM,t €R,
then f(1) = f(m + tx), then f(1) = f(m) + f(t)f(x) [f is homomorphism]
,then 1= f(m) + f(t)y

fm)efM)<] and yef (M) <], hence 1”7 €], which implies that
J =R’ Thus f(M) is maximal in R".

2). Let M’ be a maximal ideal in R’ then clearly f~*(M”) is an ideal in R.
f~Y(M) # R.

[If f1(M) = Rthenf!w)=1;weM’'->f(1)eEM’ >1’€ M’]. Let
f71(M) €] € R, then

Ix€]and x¢& (M) iff f(x) eM’; (M,f(x))=R"
w+r'f(x)=1"; we M’, r” € R’...(»)
Since f isonto,then 3 r€R and keMs.tf(k)=w, f(1)=1" f(r) =

r” Then (%) will be : f(k) + f(r)f(x) = f(1), then f(k) + f(rx) = f(1)
[ f is homomorphism] and f(k + rx) = f(1), then f(k +rx — 1) = 0, hence
k+rx —1 €kerf € f71(M) € Jand f(k) =wthenk € f71(M) ],
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so k+rx €], then (k+rx)— (k+rx —1) €], which implies that 1 €]
and / =R .Thus f~1(M?) is maximal in R.

3) Let I be a prime ideal in R, clearly f(I) isanideal in R’

f() + R’sinceif f(I) = R’and f isonto, then 3 x € Is.t f(x) =; 1" But
fH=1->fx)=fA)->f(x—1)=0->x—1 €kerf €1, but x€el,
thenx —(x—1)€eland1€1C!.

Now, let f(a)f(b) € f(I);a,b € R, since f is homo., then f(a.b) € f(I),
thena.b € 1.

but I is prime ideal, so either a € I ,which implies that f(a) € f(I) or b €1,
which implies that f(b) € f(I). Thus f(I) is a prime ideal in R".

4). Let K be a prime ideal inR’, we have to show f~1(K) is prime ideal in R. 1.

Clearly f~1(K) is an ideal in R since K be an ideal in R’

207 YK) # R, if fA(K) =R ->1€f 1K), then 1=f"1(w); weKk
- f(1) K - 1 € K C!since K is proper ideal in R’

3Let x.y € f 1K) and x & f~1(M), then f(x.y) €K, since f is
homomorphism, then f(x)f(y) € Kand f(x) € K, but K is a prime, sof (y) €
K- y€ f~1(K). Thus f~1(K) is prime.

5).1f I is primary in R, we have to show that f(I) is primary in. R".

Let f(a).f(b) € f(I) and suppose that f(a) & f(I), we prove that (f(b))" €
f(), forsomen € Z*.
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f(a.b) € f(I) [f is homo.], hence a.b €1,a &1 since f(a) & f(I) and I is
primary, then b™ € I for some n € Z*. Thus f(b™) € f(I) » (f(b))" € f(I)
and f(I) is primary in. R".

6) Suppose that K is primary ideal in R’ we prove that f~1(K) is primary ideal
in R.

fAE) = RIFfF(K)=R[1ef'(K) = f(1)€EK= 1z €KCL
Letx.y € f~Y(K)and x & f~1(K)

f(x.y) € Kand f(x) ¢ Kthen f(x).f(y) €K, hence Ane€e Z* 5 (f(y))" €
K, then f(y™) € K, then y™ € f~1(K). Thus f~1(K) is primary in R.

7) Suppose M is semiprime ideal in R. M =+/M, we prove that f(M) is
semiprime ideal in R".
First,f (M) # R’ [1zx- € f(M) - 15.= f(m),3n € Z* such thatf(m) =
f(1),then f(m —1) = 0,then(m — 1) € Kerf < M,then1 € M C!.

We must show that f(M) = ,/f(M), but we know that f(M) < /f(M),

so we only have to show /f(M) € f(M). Let w € \/f(M), then 3 n €
Ztawm e f(M),thenw™ = f(m); m € M.

Since f is onto, then 3x€R3 f(x) =w, then w" = (f(x)" =
f(x™) = f(m),then (x™—m) € Kerf € M, then (x"—m)€ M but
m € M,hencex™ € M, then, x€VM =M = x€M [since M is

semiprime and VM =M], then f(x)€ f(M)=w e f(M),
hence,/f(M) < f(M). Thus f(M) =,/f(M) and f(M) is semiprime

ideal in R’
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8) (HW)

Definition:
The Jacobson radical of a ring R, denoted by J(R) is the set:

J(R) =n {M: Mis maximal ideal in R}

Example: (1) In Z, (22) ~ (32) A (72) A ... = {0}, J(2)=0
(2) In Zs, {0, 2, 2} ~ {0, 3} = {0}, J(Z6)=0.

3) Z, M ={0, 2, }.

+J(2)={0,2,}.

Remark:

1. J(R) # @.
2. J(R) isanideal in R.

Proof: Leta, b € J(R), thena, b €=n {M: MismaximalidealinR}, thena, b €
M V maximalidealM,thena—b € M V M, since M isanideal inR,a—b en M,

hencea — b € J(R). Similarlyra € J(R).

Theorem:

Let I be an ideal in a ring R. Then I < J(R) if and only if the coset 1 + Ihas

invertible element in R.
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Proof:=) Let I <J(R) and assume that 3 a € Isuch that1 + a has no
inverse Ja maximal ideal Msuch that 1 + aeM, a €l € J(R) S

MaeMl1l+a-a€eEM=1eM

Hence M =RC!. Thus 1 + [ has inverse.

<) suppose that each member of 1 + I has inverse, but/ ¢ J(R) =nNM ;M

iIs maximal ideal, then I &€ M.

Now, if a € I,a & J(R), thend a maximal ideal M s.t a & M. Since M is

maximal, then< M,a > =R, since leR=1=m+ ra ;r€ER,mE

M= m=1-ra, but 1—ra€l +1, thenmel + I, then m has

inverse. Thus 1 =mm~1 € M C! [Since M= R].

Corollary:

a €J(R) 1 + rahasinverse Vr eR.

Proof:Take I =< a > by above lemma, we have a e< a > < J(R) if and only

ifl1 +< a >has inverse. Thus 1 + ra has inverse.

Lemma:
The uniqueness idempotent element in J(R) is 0.

Proof: Leta €J(R), such that a = a?, then a —a? =0, then a(1l —a) =0,
a(l1+ (—1)a) =0 - (x). By the last corollary and since a €J(R), then
1+ (—1)a hasinverse, so 3b € Rsuch that (1 + (—1)a)b = 1 by (x).

a.[(1+ (—1)a)b] =0.b,s0a.1 =0.Thus a = 0.
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Definition:

The ideal I is called nil ideal if each element in I is nilpotent.

Example:
In the ring Zg

The ideals are I, = {0,4}, I, = {0, 2, 4, 6} are nil ideals.
I, is anil ideal since 42 = 0.

I, isanil ideal since 23 =0,42=0,63=0

Lemma:

Every nil ideal contained in J(R).

Proof:Let I be a nil ideal and we prove that I <J(R). Let a € I, since I is nil

ideal, then 3 ne€eZ*s.ta™ =0, letr € R. Now:

1+ra)(X—ra+r2a®—r3ad, .., (D" 1ra)" ) =1-r"a" = 1.
[Since a™ = 0, thenr™a™ = 0]
By the last corollarya € J(R), then a I, which implies that I < J(R).

Lemma:

I (i) = 0

Proof:Let J(R) =1,we provethata + I =1i.e)1 + ra hasinverse in R. Let

R - - R
a+ 1 EJ(E)' then (1 +1) + (r + I)(a + Ihas inverse in Ty SO Ab+1 €
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](](LR)) such that [(1+ D)+ (@ +D(@+D](b+1) =1+1, then (1 +ra+

DMb+1)=1+4+1,then b(1+ra)+1=1+1, then b(1+ra) —1 €I, hence
1+ r,(b(1+ra)—1)has inverse. In special case take 71, =1, we have
1+ (1)(b(1 + ra) — 1)has inverse in R, i.e) b(1 + ra)has inverse in R. Thus

dw € Rst w.b(1+ra) =1, hence (1 + ra)has inverse, so that a e J(R) =1
anda + J(R) =J(R).
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Definition:
The prime radical of a ring R, denoted by L(R) is the set:
L(R) =n {P: P is prime ideal in R}
Example:
(1) In Z: L(Z2)=n(P)={0}, L(Z)=0, where P is prime.

(2) Find L(Zs), L(Ze), L(Z12).(H.W).
(3) If R is an integral domain, then L(R) = 0

Remark:

1. L(R) # Q.
2. L(R) isan ideal in R.
3. L(R) € J(R)

Theorem(*):

Let I be a proper ideal in a ringR, then
VI =n{P:P is prime ideal in R contain I}
Proof:

1)Letr ¢ VI, then " ¢ IVvneZ, letS={r,r3r3 .. ,r" ..}, then InS = @,
define F ={J:J NS =0 ;] is proper ideal contain I}, F + @ (since I € F),
let {C,},ecn De a chain of element from Fi.e C, NS =@ , C,is a proper ideal

contain I,V a, we will prove that U, C, € F, Let x,y €EU,en €, , Y, B EA

s.tx € Cg,y € Cy, since {Cy}qen is a chain of F, then either x € (3, S C, 3 y

orx€cC,SCg3dx,thenx,y€Csorx,y€eC,thenx—-—y€CCgorx—ye€C,

hence x —y € Ugen Cy.
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Now, let r € R and x € Uyep Cy, then 3 8 EAs.t x € Cp, then rx € Cg.since

Ugep Co 1S anideal in F.

2) Ugep €4 # R since if Ugen Cp = R, then 1 Uy € Gy, hence 3C, s .t 1€
C, C![since C,V aisproperideal of R], since 1< C,Va Thus ICS
UO(E/\ CO('

3)(Ugen Cp) NS = Uyep (C,NS) =U (@) =0. ThusU,ep C, € F. By Zorn’s

Lemma F has a maximal element P.
Claim: P is prime P in R.
Suppose that P is not prime, let x,y e Pandx ¢ P,y & P.
P & (P, x)
P < (P,y)
Since P is maximal in F, then (P, x) , (P, y) must intersect S.
Le(P,x)NS +0,(P,y)nS + Q.

Then 3Imk €Z*s.t rme(P,x), r*€(P,y), then r™mtk=ymrk¢g
(P,x).{P,y) € (P,x,y) = P.

Thus r™**k € P C! (since P NS = @), then P is prime ideal and P € F, hence

vneZ",r" ¢ Psor ¢ P, thenr & for any prime ideal contain |.

r €N {P: P is prime ideal contain I}, then 3P ; P. is prime ideal contain I.
Thus r™ ¢ Pvn € Z* [since P is prime ideal] i.e (r.r=7r2¢ P, r2.r=r3 ¢

P,.)andr"¢IvneZ", 1< P.
If we put I = {0} we have:

Corollary:

V(0) =N {P: P is prime ideal inR } = L(R)

20
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Since all prime ideals in R contain 0 we don’t write 0 € P.

1) L(R) = The set of all nilpotent element of R.

2) m = {r € R:r™ = 0}The set of all nilpotent element.
Theorem:

An ideal Iof a ring Ris semiprime ideal iff I is an intersection of prime ideal of
R.

Example:\/(6) = (6)

Remark:

L) =0

Proof:Let x + L(R) € L(—==),thenby ()3 n € Zst (x + L(R))" = L(R),
L(R)

then x™ + L(R) = L(R), then x™ € L(R), thenby ()3an € Zs.t (x™)™ =0,
hence x™ = 0. Thusx € L(R) iff x + L(R) = L(R).

Theorem:
Let f : R ——> R’be an epimorphism such that ker f < J(R). Then:
1L f(JR)=JR").
2. fYURY) =J(R).
Proof:
1). Let f : R — Rbe an epimorphism.
To prove that f(J(R)) = J(R) we must prove that f(J(R)) € J(R’)and
J(R) = fF(JR)).

Letw € f(J(R)),w = f(x);x € J(R). To prove w € J(R") we have to show

that 1’ + r'w has inverse where r' € R'.

21
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Since fisonto, 3t €Rs.tf(t)=r"and f(1) = 1’

+7r'w =fQ)+ f(@).f(x) = f(1 + tx) [f is homo.].

Since x € J(R),then 1+ kx hasinversein R;k €R.

In special case. 1 + tx has inverse,i.e.3a €Rs.t (1 +tx)a=1=
fA+tx).a=f=[fD)+f©).f ()] f(a) = fF(DIf is homo.]=

(1"+7r'w).f(a) =1"€R'i.e f(a)isaninverseto 1’ + r'w.

Hence w € J(R”) [theorem]. Thus f(J(R)) € J(R) - (1).

Now, to prove J(R) < f(J(R)).

Let y € J(R), since fisonto, 3x € Rs.t f(x) = y, itisenough to show that

x € J(R) i.e. 1+ rx has inverse.

Since y € J(R)=1" +r'y has inverse in R'[theorem].

dz€R' s.tz(1'"+r'y)=1,1"€e R ,zeR',r" € R'.

Since f is onto, Ar€R s.tf(r)= r', IteER s.t f(t)=z,f(1) = 1"
W +r'y)z=1U=2[fD)+f@).fW]fO = fFO=f(1+7rx).t) =
fFO=f(AL+7rx).t—1)=0 =(1+71x).t—1 € ker f € J(R). Hence

1+ s[(1+rx).t—1]hasaninverse Vs € R . In special case s = 1.
14+ (1+rx).t—1hasaninversein R =(1 + rx).t has an inverse in R.

ie. AwWeER s.tw.t(l+rx)= 1, ie, 1+rxhas an inverse (tw) in

Riff x € J(R),hence J(R) < f(J(R)) - (2).
Thus from (1), (2)f(J(R)) = J(R)

2) Now we want to show that f~1(J(R)) = J(R).
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Let x € fY(J(R))=f(x) € J(R) = f(J(R)), then f(x) € f(J(R)), then
Ay eJR)s.tfx) =fM=>fx-y)=0=x—-yE€ ker f S J(R),
x—y+y=x€J(R)[sincey,x—y€JR)]

Hence ' (J(R)) € J(R) - (D).

Now, let w € J(R)= f(w) € f(J(R)) =J(R)= f(w) € J(R)

=we fJR)).

Hence J(R) < f'(J(R)) - (2.

From (1), (2)=f"'(J(R)) = J(R).

Theorem:

Let f : R ——> R’be an epimorphism such that ker f < L(R). Then:
1. f(L(R))=L(R").
2. f(L(R)) = L(R).

Proof:

1). Let f : R — R’be an epimorphism.

To prove that f( L(R)) = L(R) we must prove that f( L(R)) € L(R)and

L(R) € f(L(R)).

L(R) ={x €R:x" =0, for somen € Z*} = \/(0).

Let x € f(L(R))=3a€LR)s.tx=f(a)=a"=0, neZ*.

0'=£(0) = f(a™ = (f(a))" =x"=x"=0'=x€L(R").

Hence f( L(R)) € L(R).
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Let yeL(R)=y"=0'"neZ*, since f is onto=3b€Rs.tf(b) = y.

0" =y" = (f( b))n = f(b™), since f is homo. =b™ € Kerf < L(R)

=b" € LR)=AmeZTs.t (b)) =0=b"™ =0=b € L(R).

y=f(b) € f(L(R))=L(R) < f(L(R)). Thus f( L(R)) = L(R).

2) Now we want to show that f~*(L(R?)) = L(R).

Let x € f7(L(R))=f(x) € L(R) = f(L(R)), then f(x) € f(L(R)), then
Ay €eLR)s.tf(x)=f()= f(x—y) =0 [f is homo.]

= x—y€ kerf € L(R), »>x—y+y=x€L(R)[since y,x —y € L(R)].
Hence f~*(L(R)) < L(R) - (1).

Now, let w € L(R)= f(w) € f(L(R)) = L(R)= f(W) € L(R)

=we fYLR)).

Hence L(R) € f~*(L(R)) - (2).

From (1), (2)=f"Y(L(R)) = L(R).

Division Algorithm For Integral Domain:

Definition:

Let Rbearingandlet 0 #a € R,b € R we say that “a divided b”(a \ b) if

Janumber ¢ s.t b = a.c.
Remark:

If a divided b we mean that a is a factor b or b multipolar a.
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Remark:

a\ b ifand only if (b) € (a).

Proof: =)Suppose a \ b=b = a.c, c € R,b € (b), =b € (a)=xb) S (a).
<)Suppose (b) < (a)since b € (h)=b € (a)= b=a.r,TER .

Thus a/b.

Theorem:

Let R be a ring, then

1) 1\a,a\a,a\0 Va€R.

2) a\ 1iff a has inverse.

3)If a\b,b\c=a\c.

4) If a\ b,thena.c\ b.c Vc €R.

5) Ya,b,ceRif c\a, c\b,then c\ax+by Vxy €R.

Proof(1):
Sincea=1.a =1\ a andsincea=a.1 =a\ a.
0=a0 =a\0.

Proof(2):

=) Sincea\ 1 =1 = a.b where b € R which mean that b is an inverse of a.

&)a hasinverse =1 =a.c, ceR =a\1l.

Proof(3):

Since a\b, b\c =3u;, u, ER s.t b=au, , c=au,.
c=au;.u, =a.(u.u, ). Thus a\c.

Proof(4):




Dr. Alaa Abbass lecure Three

Sincea\b=b=a.r ,r€ER =c.b=c.a.r = c.a\c.b.
Proof(5):

Sincec\a, c\b=3r,, nER s.t a=cry , b=cn,.
a.x=cr.x , by=c.ny.

a.x+ by =cr.x + cny =cr.x +ny).

Thus ¢\ ax + by .

Definition:

Let R be aring and let a, b € R, we say that a, b are associated element
if a = bu, where u is invertible element in R.

Eexample:

InZ:2,—2.
-2 =(-1).2.
(—1) has an inverse in Z.

Remark(1):

Define arelation ~ on R as follows: a~b if f a,b are associated
elements, is an equivalent relation.

Proof:

a~aVa € R.
If a~b then b~a.

a~b = a = bu, uisinvertible elementin R. =au™! = b = b~a.
If a~b and b~c then a~c.

a~b = a = buy; u, isinvertible elementin R.

b~c = b = cu, ;.u, is invertible element in R.

a=cu,u; =c(u,u;) = a~c.Thus ~ is an equivalent relation.
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Remark(2):

Consider the Gaussian numbers denoted by Z (7).
Z()={a+ib:a,beZ,i’?=-1}cC
1. (Z(i), +, *) isaring but not field.?
2. Z(i) is an integral domain?

Here the only invertible elements are +1, + i.Suppose a + ib € Z(i)
has a multiplicative inverse ¢ + id. Then

(a+ib).(c+id) =1,s0(a—ib).(c —id) =1, then
(a+ib).(c+id).(a—ib).(c—id) =1
(a?+b>)(c?+d®>) =1 , abcdeZ

:>(a2+b2)=1, =0, b*’=1=a=0, b= +1.

Or a?=1, b>=0 = a= +1, b= 0 .Thus the invertible
elements are +1,+1i.

The only associated elements of a + ib are:
a+ib,—a—ib,—b+ia,—b—ia.

Theorem:

Let a, b be a non-zero element ofa ring R. Then the following statements

are equivalent:

1) a,b are associates.

2) Botha\ band b\ a.
3) (a) = (b).

Proof:
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1)=2) Suppose that a,b are associated elements= 3 an invertible

element u € Rs.ta=bu=b\a =ula=b=a\b.

2)=3) ~ a\ b =(b) S (a).

“ b\ a =(a) € (b).
=Xa) = (b).
3)=2) = (a) = (b)=Xa) C (b) iff b\ a and(b) C{(a) iff a\ b
2)=1) v~ a\b =b=ua =u,=ba™! and v b\a = a=
u,b = u, =abL.
u;u, = ba tab™' = bb™! = 1 =u, ,u, are invertible element.=a,b are

associated elements
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Definition:

Let a, ,a,,, a,be a non-zero element ofa ring R. An element d ER is a
greatest common divisor of a, , a, ,*+, a,, if satisfy the following:
1) d\a; Vi=12,n
2) Ifc\a; Vi=1,2,,n impliesthat ¢\ d.
d=g.c.d(a;,a,, a,).
Eexample:
g.c.d(30,40) = 10.

Theorem:

Leta, ,a, ,,a, be anon-zero elementofaring R, then a,,a,,, a,
have g.c.d of the form d = ra, + na, +-- +nr,a,1; € R iff the ideal
(ay,a, ,,ay,) is principal.

Proof: =)

Suppose that d = ra; + ra, + +ma,= d € {(a,,a; ", ay)

=(d) € (a;,a; " an).
Now, let x € (a;,a,, -, a,).

= x = tyaq + ty,a, +---+tya, ; t;€ER e (k)
Butd\a; Vi=12n =a;,=ds; ; s;€R Vi=12,n .
Put a; in ().

= X = t1d51 + tzdSz +--- +tndSn == d(t1$1 + tzSz +--- +tnSTL) =
d.w.

.~ x € (d)y=Xa,,a, ,,a,) = (d). Thus is principal.
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<) Now, suppose that (d) = (a; ,a, ,-,a,). To show that d isa
greatest common divisor of a, ,a, -, a,.

aiE(d) Vi=1,2,-",n :>ElbiERS.tai=dbi:,>d\ai Vl=1,2,
,n.Now, supposethat 3c€R s.t c\a; Vi = 3s;€ER s.t q; =
Si¢c =

d = ra; + ra, + +1,a,
= 1S;C+ 1p85¢ + +1,85, ¢
d = (r1s; + 125, + +1sp).c =c\d
~dis g.c.d(ay,a;,,a,)
Corollary:

Any finite set of non-zero elements a, ,a, ,-:-,a,, of P.I.D has g.c.d.

Infactg.c.d(ay,a,,,a,) = rna, + rp,a, +- +n,a, for suitable
choicery, 1y, ER .

Definition:

Let R bearingandleta,,a,, -, a, beanon-zero element of R . If
R=(d)=(a,,a,,a,) theng.c.d(a;,a,,,a,) = landa,,a, ,
, a, are called relatively prime elements.

Theorem:

Leta, b,c be elementsofa P.I.D R ,if ¢\ ab with a, c relatively prime,
thenc \ b.

Proof:
Since a, c are relatively prime elements

=g.c.d(a,c)=1= 1=ra+sc ; rseR

30




Dr. Alaa Abbass lecureFour

Sincec\ab =ab=tc; tER = b =bra+ bsc
b =rtc+ bsc = (rt + bs)c .Thus ¢\ b.

Definition:

Let R be aringand leta, ,a,, -, a, be non-zero elements of R , then
d € R.is a least common multiple of a; ,a, ,-:-,a, if a; \d Vi=1,2,
,nIf 3ce€R s.t a;\ c,then d\c

d=1lcm(ay,a,,a,).
Theorem:

Leta,,a, ,,a, beanon-zero element of R, then a, , a, ,-:-, a, have
least common multiple iff the ideal N (a;) is principale

Proof: =)
Let c¢=1c.m(ay,a,, a,), we must prove that n{a;) = (c). Let
w E(c)=>w=rc; r€R
But cis l.c.m(a,,a,,,a,)=a;\c Vi=12,n
=c=t;a; ; t;€R Vi=12,n
w=rtja; Vi=12n=w=rt;a,= wE€ (a).
, W=rt,a, = we(ay) ,., W=rt,a,= wE (a,).
w EeE(a)Vi= wen{a;)=c) €N (a;).
Let kenN(a))= ke(a)Vi=k=sa;, ; s;ERVi=12,,n
=a;\k Vi but c=1lcm(a,,a,, a,),

~c\k = k=rc ; reR =k €c).

Nizq (a;) € (¢}, =~ (c) =NiZ; ().

&)Let (c) =N, (a;), we prove that c = l.c.m(ay ,a, - a,).
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c E{(c)=c en (a;))=c E(aq;))Vi= c=t;q;Vi t; ER.
=a;\c ..(1).
We supposethat 3¢ €R s.t a;\ ¢ Vi, wemustprove thatc \ c.

a;\ c=c=r1,q;Vi 1, ER=c € {(q;)Vi.

=c en’, (a;)=c € (c).

c=w.c = c\c ~(2).

From (1), (2) = is l.c.m(ay,a,,, a,).

Corollary:

If R is P.I. D, then every finite set of non-zero elements have [.c.m..
Proof:

Leta, ,a, ,, a, be non-zero elements, then N}, (a;)is an ideal

Jc€E€R s.t (c) =N}, (a;)sinceRisP.I.D. Thus by the last theorem

c=1lcm(ay,a,, - a,).

Definition:

Let R be aring with 1. The element a € R is called prime element if
a # 0, a hasnoinverseand a \ c.b, then either a\ cora\ b.

Definition:

Let R be a ring with 1,then the element b € R is called
irreducibleelement if b # 0, b has no inverse and ifb = a. c, then
either a has an inverse or ¢ has an inverse.

Theorem:
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1) If p is prime elementin R and pis associated with p, then pis
prime element.

2)If g isirreducible elementin R and g, gare associated, then gis
irreducible element.

Proof:

1) Since p,p are associated, then p = up where u has an inverse.
a)p # 0 sinceifp =0 =0 =up =p = 0C! [since p is prime
element].
b) phas no inverse since if phas an inverse.

(p)_lp = (ﬁ)_l.up =1= [(ﬁ)_l.u] .p = pisinvertible C!
[since p is primeelement].

oO)Ifp\c.hb=chb=tp ,tER=chb=tup=cbh=
(t.u).p =p \ c.b butp is prime element, then either p \ c.or
p\bif p\b= b=r.p =b = (r.u).=p \ b.Similarly, if

p \ c=p is primeelement.

2) Since g, gare associated, then ¢ = uq where u has an

inverse=u~l.q =q - (%).

a)q # 0 sinceifq =0 =0 =ug=q = 0C! [since q is prime
element].

b) ghas no inverse since if ghas

inverse:;(cj)_l.cj = (cj)_l.uq = 1= [(q)_lu] .q = q has
inverseC! [since q is prime element].
o) Ifqg =c.b=u.q =c.b= q = (u'.b).c since q is irreducible
element, then either chas an inverseor u~1. b has an inverse.
Ifu~l.bhasaninverse= 3 weR s.t wiul.p)=1
wuHb=1

— bhas an inverse. Thus gis irreducible element.

Theorem:
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Let R be an L.D, then every prime element in R is irreducible
element.

Proof:

Let p be a prime elementin Randlet a,b ERs.tp=a.b (1l.p =
a.b)=p \ a.b, p is prime element, then either p \ aorp \ b. if
p\a=a=r.p,r€ER=a.b=(r.p).b =>p=r.b.p=>1=r.b

= b has an inverse.

Similarly if p \ b= p is irreducible element.
Note

The converse is not true?

Theorem:

Let RbeaPlLDandlet p € R, then p is prime element iff p is
irreducible element.

Proof: =)

From the last theorem
&)

Let p € Rbe an irreducible element andsuppose thatp \ a.b= p =
a.b ; ceR - (%),

R is P . D, then (a, p)is principle

~ I deRs.t{ap)=(d).=p=k.d , KkER but p is
irreducible element = k has an inverse or d has an inverse.

If k hasaninverse=d =k p=d € (d)={d) S (p) but
a€(d)=a€(p)=a=r.p; rER=p\a.
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If d has an inverse=1 = dd~! € (d)=(d) = R but(d) =
(a,p)=Xa,p) = R.

1ER=(a,p):,> 1=at1 +pt2 ) tl,tz ER

b - batl + bptz
b - thl + pbtz

b - p(Ctl + btz)

16 , contf(x) =g.c.d (4,—32,-16) =4
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Corollary:

In Z there is no difference between irreducible element and prime
element.

Proof:(H.W)

Remark:

Let RbeaPLD.If{l,} ; n € Z" is any infinite sequence of ideals
of Rs.t L €I, €-c I, € I,,; S--, thenthere exist
meZ* s.t I, =1, forall n >m.

Proof:
Letuy_, Iy =1, and I, < I, <-- isachain.
Ur=q I is an ideal?

RisPID,then 3a€R s.t =(a)= a€U = Im €

Zt s.ta€lyforaln>m=I=(a)<l, S, S Up I, =1.
o I, = U, I,.Thus I, = I,

Definition:

The principle ideal is called maximal principle ideal if it's maximal
in the set of proper principle ideals of R .

Theorem:

Let R be an integral domain for non-zero element p € R, the
following holds:

1. P isirreducible element iff (p)is maximal principle ideal.
2. P isprime element iff (p) # R is prime ideal.

Proof:1) =)

Let P be irreducible element, and let (p) € (a) , a €R .
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pe(p)= pefa), p=ac , cER (%)

But P is irreducible element = either a or ¢ has an inverse. If ¢ has
aninverse=c p = a [by (*)]=a € (p)=xa) € (p) C!, hence a has
aninverse= a.a"!=1 € (a)=a) = R .Thus(p) is maximal
principle ideal.

=)
Let (p) bea maximal principle ideal.

Let p = a.b,suppose thata,b hasno inverse p € (a)=(p) c (a) if
a€(p)=a=p.c ,cER .

a.b=p.c.cb =2p=p.c.cb [Risl.D]=c.b=1=bhasan
inverseC! -~ (p) € (a).

Next if (a) = R = ahas inverse
. {a) # R C!|[ since a has no inverse] =(p) & (a) c R
Since (p) is maximal principle ideal . a or b has an inverse.
~ P isirreducible element.
2) =)
Let P be prime element, (p) # R [ since p has no inverse]

Let a.b €(p)= a.b=k.p , Kk€ER =p\ a.bbut P isprime element
—either p\aor p\b

If p\a=a=pk; , ki €ER = a € (p)
Orp\b= b=pk, , k, ER = b €(p)
~ (p)is prime ideal.
=)
Suppose that (p) is prime ideal * (p) # R =p has no inverse.

37




Dr. Alaa Abbass lecure Five

Let p\a.b=a.b=m.p , mE€R =a.b € (p)but P is prime element
—eithera € (p)= a=kp , k  €ER

Orb E(p):bzkzp ) szR .
—Either p\aor p\b
Lemma:(*)

Let RbeaPILD, 0# a € R .ahasno inverse, then there exists a
prime element p s.t p\ a.

Proof:

» a hasnoinverse=(a) # R =(a) is properidealof R. = 3 a
maximal ideal M s.t (a) c M.

“RisPILD= 3p€eR s.t M= (P) .. (a) c (P),then (P)is maximal
principle ideal.

But every maximal ideal is prime ideal, where p is prime element [by
last Thm.(2) .

a€(a) c(P)=a€(P)=a=m.p , mER =p\ a.

Definition:

An integral domain R is unique factorization domain (UFD) if the
following are satisfied:

(D) Va€R s.t a+#0andhasnoinverse, then a =p;.p;...p,
where p;areirreducible elements Vi.

(2) If a=py.05 ...0n = .95 ... q,, Where p; , q; are irreducible
element Vi,then n = m and there is a permutation © on

{1,2,..,n} s.t p;,q;areassociated elements.

Example:
Z is UFD.
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24 =(2).(2).(3)-(2) = (=2).(=3)-(2).(2).
Notice that 2,—2 are associated and 3,—3 are associated.

Theorem:

Every PID is UFD.
Proof:

Let RbeaP 1D, andlet 0 # a € R be an element whichhas no invers.
Then a = p;.p, ... p, by theorem () p;is irreducible elements Vi. Now

suppose that @ = p;.p; ..Pp = q1-G2 - Gm

Now we must show that n = m.
Suppose that n < m.

Notice that p; \ @ =p1 \ (q1-92 --- Gm), but p; is prime element=p, \

q; for some j, after arranging.
p, and g, are prime element in R and
p1 \ 91=q1 = u p; where u is an invertible elementin R .

P1:P2 --Pn = U.P1-q2 - qm=P2 ---Pn = U. 42 ... .

We continue with these steps to (n — 1) times
= 1= (. Uy .. Up) - Gnt1 - G =qn+1, ---» @ has an inverse in R.

Tn =m

q1-92 -+ qm = P1-P2--Pn=q; = 1" p;

q;j ,q; are associated for every .

Theorem:
Let R be a UFD if p is an irreducible element, then p is prime element.

Proof:




Dr. Alaa Abbass lecure Five

Let p be an irreducible element and suppose that
p\a-b= a-b=c-p (1)

1) If b has inverse
= abbl=chblp =a=0C b)) p=p\a

2) If a has inverse
=a~l
prime

3) If c has inverse
= a*b-c”

1 1

-a*b=a"

c'p = b=@@" " c)'p =p\b. ~pis

1 1 1

=c-c''p =(a*b)-cc"=p =a-b\p

(sincep \ a - b)
4)If a, b, c have no inverse

RisUFD= a=p;.p,..0, , b=q..q,..q,c=kiky.. ki
Where p;, q;, k;areirreducible elements
i=12,...,n , j=12,..m , =12, ..,1.
Subdued in (1).
P1-02 - Pu)-(Q1-42 - Gm) = (k1Ko o k) .

P is associated with p;(i.e)p; = w.p , w has an inverse.

Or P isassociated with g;(i.e)q; = u.p , u hasaninverse.

¥ Q@ =DP1.P2 - Pi-Dit1 - P
=Pp1:D2 - W.P).Dit1 - Pn = P-(P1-P2 - W-Dit1 - Pn) -
=p\a
b=¢q1-92 . qj-4j+1 - qm-
=q1.-q2 - (W.P)-qj11 - Gm =P-(G1-92 - W-qj41 - Gm) -

=p\b

40
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= p is prime number.




Dr. Alaa Abbass Lecure Six

Rings of polynomials Definition:

Let R be a ring, then the function f: Z* U {0} — R is called infinite
sequence in R and we shall denoted to f(n) byr, , Yn € Z* u {0}.

15, is called the nth term (or general term)for thesequence(r;,).

f(n) = (TO,T'l,"',Tn,"')

Definition:

Let R be aring, every infinite sequence in R (all term equal zero
except a finite of terms) is called a polynomial ringin Ri.e) 3 a
positive integer n suchthat ;,, =0 V m > n.

Examples:

(1) (0,0,...,0,..)
(2) (54,-1,0,3,0,0,..)
(3) (0,0,0,—1,2,4,0,0,...)

Are polynomial ringsin R.

Remark:

We will denoted to all polynomial ringsin R by R|[x]
R[x] = {(as,a,,as,...,a,,0,0,..): a; € R}

Remark:

Let a = (aq,a,,as,...,a,,0,..)and B = (by, by, bs,...,b,,0,..) a, B €
R[x],thena =B iff a; = b; Vi=1,2,...,n .Define + on R[x] as
follows:

a + ﬁ = (al, a,,as, ..., Ay, 0, ) + (bll bz, b3, ...,bn, O, )
= (a; + by, a, + by ...,a, + b, 0, ...).

Remark:
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(R[x],+) is abelian group.
Proof:

1. (0,0, ...,0,...) is the identity.

2. Va€R[x], 3—ac€R[x],
where—a = (—ay, —aq, ...,—a,,0,...) s.ta+ (—a) =0.

3. Associative:let a, B, y € R[ ] , a=(ayay..,a,0,..), B=
(bo, by, .y by, 0,..) , ¥ = (€, €1y s €, 0,.) (@ + B) ‘|‘ y=a-+
B+v).

4, Let a, f € R[x],thena + B = (ay, a4, ...,a,,0,...) +
(by, by, ..., by, 0,...) = (ag + bg,ay + by, ..., a, + bn,O ) =
(by + ayg, by + a4, ...,b, + a,,0,...). (sincea;,b; € RandR is
commutative), thena + f = f + a.

Remark:

(R[x],+ ) isaring.

Proof:(H.W)

Define (+) on R[x]by:If @, B € R[x], where
, a=(ayaq..,a,0,..), B =(bg by,..,by,0,..). Then

a-f = (ay,aq,..,a,,0,..) (by, by, ....,0,,0,...) = (cyg,Cq, ..., 0,...) E

R[x], where c,, = Zl+]=n a; " b;.

1 = aobl + boal "t Cp = Qg .bn + al.bn_l + az.bn_z + -+
a,.byTheorem:

R can be imbedded in R[x].

Proof:

If S={(r,0,0,..): r € R}subsetof R[x]

Define @:R — R[x]by @(r) = (r,0,0,..) Vr €R .

1. @ is homomorphism:
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O +1r)=(0y+1n,00,..)=(r,00,..)+ (,00,..)
= @(r1) + 0(r2)
@(7"1 ' TZ) - (rl "1, 0101 ) - (rli 010! ) ' (rZI 0,0, ) - Q(T‘l) : Q(TZ)

2. 9is (1 —1):

If @(ry) =0(,)=(,00,..) =(1,00,..) iffry=r1y"
3. @ is onto:

Leta = (ay, a4, ...,a,,0,...) € R[x]

Ay ER = @(ao) - (ao,0,0, )
a, ER = ®(a1) = (al, 0,0, )

a, €ER = 0(a,) = (a,,00,..)
“a; € R = (ZS(al-) = (ai, 0,0, )

Remark:

Let R bearingput x = (0,1,0,...),x% = (0,0,1,0,...) , x
(0,0,0,1,0,..) , =, x™ = (0,0, ...,1,0, ...).

Let (aO) ai, .. an: ) € R[ ]
(ag, ay, .., ay,0,..) = (ay,0,...) +(0,a,,0,..) + (0,0, ...,a,,0,...)

= (a,,0,..) +(0,a4,0,...) - (0,1,0,...)x + (0,0, a,, 0, ...)
-(0,0,1,0, )x +--+(0,0, ...,a,,0,..)(0,0,...,1,0, ... )x™

=ay+ ayx + ax® + -+ a,x"

Definition:

Let R be aring and let a € R[x] be a nonzero polynomial ring we say
that the degree of @ = n [demoted by deg(a) = n ] ifa,, # 0 and aq; =
0 Vk>n.

Examples:
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a(x) =5—x+x* —x° € R[x]
= (5,-1,0,1,0,—-1,0,0, ...)
deg(a) =5 ,a5=-1+#0 and a,=0 V k <5.
Remark:

If a(x) =0 € Z[x] , deg(a) = 0,then «a is called constant
polynomial.

Remark:

IfRisl.Dand a,f € R[x] s.t deg(a(x)) =n ,deg(ﬁ(x)) = m. Then
deg(a(x) -,B(x)) =n-m= deg(a(x)) + deg(ﬁ(x)).

Definition:

Let R be aring and R[x] be a polynomial ring onR . Let a(x) €

R[x] s.t a(x) =ay+ ayx + ax?>+ -+ a,x" , a, # 0 we call that
a, is a leading coefficient of a@(x), and the integer n is thedegreea.
Ifa, = 1,then a(x) is called monic polynomial

Remark:(1)

If R is a commutative ring, then R[x]is commutative.

Proof:

Let f,g € R[x].s.t
f(x) =ay+ a;x + ax?+ -+ a,x™, a, # 0
g(x) =by+ bix+byx*+ -+ bypyx™, b, #0

fx)-g(x)
- aobo + (a0b1 + boal)x + (aobz + a1b1 + azbl)xz + .-
+ Ay by, x™tM

Since R is a commutative ring, then a;b; = bja; Vi,j .
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= byag+ - gx) - f(x)
Q:
Is the converse true?

Sol

Yes, since if a,b € R=a,b € R[x].Put f(x) =a , gx)=b .

=fx)-glx)=a-b

Since R[x] is a commutative ring,then f-g=g-f =a-b=b-a.
~ R is a commutative ring.
Remark:(2)
If R has an identity, then R[x]has an identity.
Proof:
Since R has an identity 1, then Put f(x) =1
~Vg) ER[x]: f(x) - gix) =glx)=1-g(x) = g(x)
Q:
[s the converse true?
Sol
Suppose that R[x]has an identity say f (x).
Now, let a € R.
Since f(x) is the identity of R[x].
=f(x)-gx) = gx)vg(x) € R[x]

In special case put g(x) = a.

=2f(x)ra=a =fkx)=(100,--)=1.
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Lemma:
If RisI.D,then R[x]is L.D.
Proof:

From the last two remarks. If R is a commutative ring with 1, then
R[x]is commutative with 1.

Let f(x), g(x) € R[x].s.t

f(x) =ay+ a;x + ax? + -+ a,x™, a, # 0

g(x) = by + byx + byx? + -+« + b, x™ , b, # 0

Sincea, #0 , b,, # 0and Risl.D,thena, - b, # 0
=f(x)-g(x) =+ 0(Sincea, - b,, # 0)

=R|[x]is I.D.

Remark.(3)

Let R be a commutative ring with one and let &, # be a non zero
polynomial inR[x], then

deg(a(x) + B(x)) < max(dega(x),degB(x)) or a(x)+ B(x) = 0.
Example:
a(x) =2+3x , B(x)= 4+3x in Zgx]
a(x) +Bx)= 6+6x =0
a(x) =1+2x% , B(x) = x in Zg[x]
a(x)+ B(x) = 1+ x+ 2x?
deg(a(x) + B(x)) = 2 = deg a(x)

Remark:(4)

deg(a(x) -ﬁ(x)) < (dega(x) + degpB(x)) or a(x)-p(x) =0.
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Example:
a(x) =2x , B(x)= 3x in Zgx]
a(x)-B(x) = 6x2 =0

a(x)=x , Bx)=1+x* in Zgx]
a(x) - B(x) = x+x3

deg(a(x)) + deg(B(x)) =1+2 =

Remark:(5)

If RislDanda, B € R[x]st deg(a(x)) =n, deg(B(x)) =m,then
deg(a(x) -,B(x)) =n+m = deg(a(x)) + deg(B(x)).

Q:

If R isafieldis R[x]a field?
Sol

(H.W).
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Definition:

Let R be a ring, then the function f: Z* U {0} — R is called infinite
sequence in R and we shall denoted to f(n) byr, , Yn € Z* U {0}.

1;, is called the nth term (or general term)for thesequence(r;, ).
f(n) = (7'0,7'1, Tt )

Definition:

Let R be aring, every infinite sequence in R (all term equal zero
except a finite of terms) is called a polynomial ringin Ri.e)3 a
positive integer n suchthat ;,, =0 V m > n.

Examples:

(1 (0,0,...,0,...)
) (54,-1,03,0,0,..)
(3) (0,0,0,—1,2,4,0,0,...)

Are polynomial ringsin R.

Remark:

We will denoted to all polynomial ringsin R by R[x]
R[x] = {(as,a,,as,...,a,,0,0,..): a; € R}

Remark:

Let a = (aq,a,,as,...,a,,0,...)and B = (by, by, bs,...,b,,0,...) a, B €
R[x],thena = iff a; =b; Vi=1,2,...,n .Define + on R[x] as
follows:

a + ﬁ - (al, a,as, ..., Ay, O, ) + (bll bz, b3, ...,bn, 0, )
= (al + bl; a; + bz ., A + bn, 0, )

Remark:
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(R[x],+) is abelian group.
Proof:

1. (0,0, ...,0,...) is the identity.

2. Va€R[x], 3—ac€R[x],
where—a = (—ay, —aq, ...,—a,,0,...) s.ta+ (—a) =0.

3. Associative:let a, B, y € R[ ] , a=(ayay..,a,0,..), B=
(bo, by, .y by, 0,..) , ¥ = (€, €1y s €, 0,.) (@ + B) ‘|‘ y=a-+
B+v).

4, Let a, f € R[x],thena + B = (ay, a4, ...,a,,0,...) +
(by, by, ..., by, 0,...) = (ag + bg,ay + by, ..., a, + bn,O ) =
(by + ayg, by + a4, ...,b, + a,,0,...). (sincea;,b; € RandR is
commutative), thena + f = f + a.

Remark:

(R[x],+ ) isaring.

Proof:(H.W)

Define (+) on R[x]by:If @, B € R[x], where
, a=(ayaq..,a,0,..), B =(bg by,..,by,0,..). Then

a-f = (ay,aq,..,a,,0,..) (by, by, ....,0,,0,...) = (cyg,Cq, ..., 0,...) E

R[x], where c,, = Zl+]=n a; " b;.

1 = aobl + boal "t Cp = Qg .bn + al.bn_l + az.bn_z + -+
a,.byTheorem:

R can be imbedded in R[x].

Proof:

If S={(r,0,0,..): r € R}subsetof R[x]

Define @:R — R[x]by @(r) = (r,0,0,..) Vr €R .

1. @ is homomorphism:
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O +1r)=(0y+1n,00,..)=(r,00,..)+ (,00,..)
= @(r1) + 0(r2)
@(7"1 ' TZ) - (rl "1, 0101 ) - (rli 010! ) ' (rZI 0,0, ) - Q(T‘l) : Q(TZ)

2. 9is (1 —1):

If @(ry) =0(,)=(,00,..) =(1,00,..) iffry=r1y"
3. @ is onto:

Leta = (ay, a4, ...,a,,0,...) € R[x]

Ay ER = @(ao) - (ao,0,0, )
a, ER = ®(a1) = (al, 0,0, )

a, €ER = 0(a,) = (a,,00,..)
“a; € R = (ZS(al-) = (ai, 0,0, )

Remark:

Let R bearingput x = (0,1,0,...),x% = (0,0,1,0,...) , x
(0,0,0,1,0,..) , =, x™ = (0,0, ...,1,0, ...).

Let (aO) ai, .. an: ) € R[ ]
(ag, ay, .., ay,0,..) = (ay,0,...) +(0,a,,0,..) + (0,0, ...,a,,0,...)

= (a,,0,..) +(0,a4,0,...) - (0,1,0,...)x + (0,0, a,, 0, ...)
-(0,0,1,0, )x +--+(0,0, ...,a,,0,..)(0,0,...,1,0, ... )x™

=ay+ ayx + ax® + -+ a,x"

Definition:

Let R be aring and let a € R[x] be a nonzero polynomial ring we say
that the degree of @ = n [demoted by deg(a) = n ] ifa,, # 0 and aq; =
0 Vk>n.

Examples:
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a(x) =5—x+x* —x° € R[x]
= (5,-1,0,1,0,—-1,0,0, ...)
deg(a) =5 ,a5=-1+#0 and a,=0 V k <5.
Remark:

If a(x) =0 € Z[x] , deg(a) = 0,then «a is called constant
polynomial.

Remark:

IfRisl.Dand a,f € R[x] s.t deg(a(x)) =n ,deg(ﬁ(x)) = m. Then
deg(a(x) -,B(x)) =n-m= deg(a(x)) + deg(ﬁ(x)).

Definition:

Let R be aring and R[x] be a polynomial ring onR . Let a(x) €

R[x] s.t a(x) =ay+ ayx + ax?>+ -+ a,x" , a, # 0 we call that
a, is a leading coefficient of a@(x), and the integer n is thedegreea.
Ifa, = 1,then a(x) is called monic polynomial

Remark:(1)

If R is a commutative ring, then R[x]is commutative.

Proof:

Let f,g € R[x].s.t
f(x) =ay+ a;x + ax?+ -+ a,x™, a, # 0
g(x) =by+ bix+byx*+ -+ bypyx™, b, #0

fx)-g(x)
- aobo + (a0b1 + boal)x + (aobz + a1b1 + azbl)xz + .-
+ Ay by, x™tM

Since R is a commutative ring, then a;b; = bja; Vi,j .

52
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= byag+ - gx) - f(x)
Q:
Is the converse true?

Sol

Yes, since if a,b € R=a,b € R[x].Put f(x) =a , gx)=b .

=fx)-glx)=a-b

Since R[x] is a commutative ring,then f-g=g-f =a-b=b-a.
~ R is a commutative ring.
Remark:(2)
If R has an identity, then R[x]has an identity.
Proof:
Since R has an identity 1, then Put f(x) =1
~Vg) ER[x]: f(x) - gix) =glx)=1-g(x) = g(x)
Q:
[s the converse true?
Sol
Suppose that R[x]has an identity say f (x).
Now, let a € R.
Since f(x) is the identity of R[x].
=f(x)-gx) = gx)vg(x) € R[x]

In special case put g(x) = a.

=2f(x)ra=a =fkx)=(100,--)=1.
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Lemma:
If RisI.D,then R[x]is L.D.
Proof:

From the last two remarks. If R is a commutative ring with 1, then
R[x]is commutative with 1.

Let f(x), g(x) € R[x].s.t

f(x) =ay+ a;x + ax? + -+ a,x™, a, # 0

g(x) = by + byx + byx? + -+« + b, x™ , b, # 0

Sincea, #0 , b,, # 0and Risl.D,thena, - b, # 0
=f(x)-g(x) =+ 0(Sincea, - b,, # 0)

=R|[x]is I.D.

Remark.(3)

Let R be a commutative ring with one and let &, # be a non zero
polynomial inR[x], then

deg(a(x) + B(x)) < max(dega(x),degB(x)) or a(x)+ B(x) = 0.
Example:
a(x) =2+3x , B(x)= 4+3x in Zgx]
a(x) +Bx)= 6+6x =0
a(x) =1+2x% , B(x) = x in Zg[x]
a(x)+ B(x) = 1+ x+ 2x?
deg(a(x) + B(x)) = 2 = deg a(x)

Remark:(4)

deg(a(x) -ﬁ(x)) < (dega(x) + degpB(x)) or a(x)-p(x) =0.
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Example:
a(x) =2x , B(x)= 3x in Z[x]
a(x)-B(x) = 6x2 =0
a()=x , BO)=1+x% in Zx]

a(x) - B(x) = x+x3

deg(a(x)) + deg(B(x)) =1+2 =

Remark:(5)

If RislDanda, B € R[x]st deg(a(x)) =n, deg(B(x)) =m,then
deg(a(x) - f(x)) = n+m = deg(a(x)) + deg(B(x)).

0

If R isafieldis R[x]a field?

Sol

(H.w).

Theorem:(Division Algorithm)

Let R be a commutative ring with 1 and f(x), g(x) # Obe two
polynomials in R[x] with leading coefficient of g(x)an invertible
element. Then there exist unique polynomial q(x),r(x) € R[x] s.t

f(x) =qx).g(x) +rx)
Where either 7(x) = 0or deg(r(x)) < deg(g(x)).

Proof:
If f(x)=0wewilltake g(x) =7r(x) =0
r(x) =f(x)=0-g(x) #0
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If deg(f(x)) < deg(g(x)) we will take g(X) = 0 and r(X) = f(x).

f)=gx).0o+f(x) ; flx) =rk)
Notice that deg(r(x)) = deg(f(x)) < deg(g(x))
Now suppose that f(x) # 0 and deg(f(x)) < deg (f (x)).
By induction on deg(f (X)).
1) Suppose that deg(f (x)) =0
i.e)f(x)=c, c+0 ER
- deg(f(x)) = de g(g(X)) - deg(g(x)) =0
i.e) g(X)=k , R2k+#0
¢ = c.k~1.k + 0 [since the coefficient of g is invertible].
Suppose that the theorem is true for all polynomial.
Which its degree less than degree f(x)
fO) =ag+ax+-ax™ , a, #0
g(x) = by + byx + - byyx™ , by, #0.
Put f(x) = f(x)- (anby') x" ™ - g(x) - (D
deg (f(x)) = deg f; (x)
~ by induction 3 gq;(x), r(x) satisfy
fi(x) = g(x). g1 (x) + 7(x)
And either r(x) = 0 ordeg (r(x)) < deg g(x).
Sub.(2) in (1) we get :-
g).q1(x) +r(x) = F() = (gp52) - X" g (%)

fO) = (q:(x) + anby' .x""™). g(x) +1(x)
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By (2) r(x) =0or deg( r(x)) < deg(g(x)).
Uniqueness:-Suppose that there exist g; (x) ,r,(x) € R[x] s.t

f&x) =q:(x).g(x) +r(x) ,
degri(x) = 0 or degr;(x) < deg g(x)

Put f(x) =q(x).g(x) +r(x) and r(x) = 0ordegr(x) < deg g(x).
q(0).g() +7(x) = q1(x). g(x) + 71 (x)
() — a1 (0)).g() =r(x) —r(x) .. (*)
Ifg# g,-» qx) #q,(x) VxeER-> qx)—qg;(x) #0 Vx€ER

- deg(q(x) — q1(x)). g(x) = deg(q(x) — q;(x)) + deg(g(x))
= deg(r(x) —r.(x)) by ()

Put deg(r(x) -7 (x)) < max({ deg(r(x)) ,deg(r;(x))}.

max{ deg(r(x)), deg(r1(x))} = deg(g(x)) + deg(q(x) — q:(x)) C!
With deg(r(x)) < deg(g(x)) and deg(ry(x)) < deg(g(x)).

wq#*F q ~ qx) = ¢u(x) Vx - q(x)— q;(x) #0 Vx€ER

r(x)=rn(x) =0 vx - r(x)—nn(x) Vx€ER -~ r=n.
. q and r areunique.
Example:
Let f(x) =3x3+2x2+1 , glx)=x*—1 find q, 7 .
Sol: gq(x)=3x+2, r(x)=3x+3
flx) = qlx).g(x) + r(x)

Definition:




Dr. Alaa Abbass lecure Seven

Let R be a ring with 1, then aring Ris called extension for R if R

contain R as a subring (R  R)
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Theorem:

Let R be commutativering with 1 s.t R imbedded in Rand let

f(x) €RIx]

fx)=ap+a;x+--+a,x",a, #0andlet r € cent R,then I a
ring homomorphism.

@r: R[x] = R define by ¢,(f(x)) = f(r).
fr)y=ay+ ayr +--+a,r"* €R
Proof:
fx)=ap+ax+-+a,x" , a, #0
gx) = by +byx+ -+ b, x™, b, #0 n>m

or(f() +9(x))
= @r[(ag + bo + (ag + b)x + -+ (@pm + bp)x™ + -
+ apx™|

=ag+ by + (ay +b)r+ -+ (ay + bp)r™ + -+ a,r"
=f) +90) = ¢o.(f(2)) + ¢r-(9(x))
wr(f(X).g(x)) = @,[(apby) + (aph; + a;bg)x + =+ + anbpyx™™]
= (aghy) + (agh; + a1by)r + -+ + apby,,r™*™
=f(r).g(r)
. ¢, is aring homomorphism.

Definition:

Let R be a commutative ring with 1 and let R be an extension of R

and let r € cent R, we denoted the set

or = ¢r(R[x]) = {f(r):f(r) € R s.t f(x) € R[x]}
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Exampls:

1. In (Z,+,).

f(x)=1+2x , , g) =2+ 3x + 4x?

deg(f.g) =2+1=3 [sincea,.b, # 0]
2.In (Zy, + ).

f(x)=1+3x+2x% , , g(x) =5+ 6x + 4x% + 63
deg(f.g) = 5 false
[ sincea, =2 ,b,, =6, a,.b,, =2.6=12= 0]
. deg(f.g) = 4

Lemma:

Let R be a commutative ringwith1l f(x) =ay+a;x+--+a,x" ,
, g(x) = bg+bx+-+b,x™ s.t b,yhasinverse,then

deg(f.g) = deg(f) +deg(g) , a, #0, by # 0

Proof:

Suppose that [a,,.b,, =0].b;} - a,=0C! - a,.b, #0

Exampl}
f(x)=6x+3x>+5x3+6x° , gx) =6+5x% +5x1° inR
5 invertible.
(Division Algorithm)

1- R commutative ring with 1 2-f, g # 0 3- b,,, invertible in R. Then
31 q,r € R[x] s.t f=q.g+7r andr =0 or deg(r) < deg(g).

Exampls:

1. R =7 ,polynomialin Z[x].
f(x) =x®+3x>+2x* , g(x) =6+ 5x + x?
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1- Z commutative ring with 1 2-f, g # 0 3- b,;, = 1 invertible in Z.
Then 3! q(x),r(x) € R[x] s.t f(x) =q(x).g(x)+r(x) andr(x) =
0 or deg(r(x)) < deg(g(x))

2 R =Z ,polynomial in Z[x].
fxX)=x®+3x>+4x3-3x+2 , glx) =x*> +3x—4

1- Z commutative ring with 1 2-f, g # 0 3- b,;,, = —4 invertible in Z.
Then 3! q(x),r(x) € R[x] s.t f(x) =q(x).g(x)+r(x) andr(x) =
0 or deg(r(x)) < deg(g(x))

Remark -

If f(r) =0,thenr € R is called aroot of f(x).

Theorem:: (Remainder theorem)

Let R be acommutative ring with 1,if f(x) € R[x] , a € R then there
exist unique polynomial q(x) € R[x] s.t

f) =& —a)gx) + f(a).
Proof-

Let g(x) = x — a, then by division algorthim (for f(x)and x —a) 3
unique 7r(x),q(x) €R[x]s.tf(x)=(x—a)q(x) +r(x) .. (1)
And either r(x) = 0or deg(r(x)) < deg(x —a)

But deg (x —a)=1 - deg(r(x)) =0-r(x)=c.

Sub r(x)in (1) weget f(x) =(x—a)q(x)+c.
Put x=a - f(a)=(a—a)g(a)+c - f(a)=c.
SO = (x— () + (@)
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Example
Letf(x) =x3+5x?+x+1, glx) =x—1?

Corollary.

Let R be a commutative ring with 1, f(x) € R[x] , a € R, then
(x — a) is divisible f(x) iffa is arootof f(x).

Proof==)
“(x—a)/f(x) - f(x) =(x—a)g(x) where g(x) € R[x].

fla)=(a—a)-gx) =0 — aisarootof f(x)

&)Let f(a) = 0 by Remainder theorem 3! q(x) € R[x] s.t f(x) =
(x —a)qg(x) + f(a).

f(x) = (x—a)q) [sincef (a) = 0]
~(x—a)/f(x).
Theorem:

Let R beanlDand 0 # f(x) € R[x]be a polynomial of degree n, then
f has at most n distinct of rootsin R.

Proof-

By induction on deg(f(x))if deg f(x) =0 f(x)=c, 0#c€R

— f has noroot.

If deg (f(x)) =1- f(x)=ax+b where a,b€R

If a is aninvertible elementin R — therootof f(x)is (—ba™1)
,f(=ba ™) =a(-ba)+b=0

If a has no inverse then — f has no root
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Now suppose that the theorem is true for every polynomial with
degree less than n.

Let deg(f(x)) = n. (if f has no roots then the theorem is true).

Let a € R, if a isarootof f(x)thenbylastcorr. = (x —a)/f(x) —

flx) = (x —a)q(x); q(x) € R[x].
deg(f(x)) = deg((x — a)q(x))
= deg(x — a) + deg(q(x)) [since R is LD]
n=1+deg(q(x)) - deg(q(x))=n—-1

~By induction g has at most (n — 1)of roots and since (x — a) has one
root

~ f(x) has n distinct roots.

Corollary:

let R bean I.D and let f(x), g(x) € R[x] are two polynomial of degree
n,if 3 (n 4+ 1) roots of distinct elements a; € R s.t

flay) =g(ay) Vk=1.2,..,n+1,then f(x) =g9x) Vx
Proof::

Let h(x) = f(x) — g(x) , deg(h(x)) <n

~ 3 atleast n + 1 of element for h(x) [theorem]

s.t h(ap)=0, k=12,..,n+1.

0=nh(ay) =f(ay) —glay) , k=1,....n+1.

~ h has more than n rootsC! —» h(x) =0 Vx.

S f)—g) =0 - f(x)=gk).

Corollary.
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Let R beanlDand f(x) € R[x]andlet S be any infinite subset of R .
If f(a) =0 Va€S,then f isthe zero polynomial.

Proof:

Suppose that f(x) is a polynomial of degree n, then by last theorem f
has at most n roots C!

Since f(a) =0 Va € Sand S isinfiniteset - f(x) =0 Vx.

Theorem:

Let F be afield, then F[x] is E.D

Proof:
 Fis afield —» Fisl.D - F[x]isLD.
Now define &:F[x] - Z* U {0}

if fx)=0
if f(x)=+0

0
() = L aeg(reo)

(1) s(f(x) =0if f(x) =0
(2) 8(f(x). g(x)) = 299(f()-g9(x)

= 24eg(f()+degg(¥)[since R is I.D]
_ 9deg(f(x)) pdeg(g(®).

= 6(f(x)).6(g(X)).

(3)let f(x),g(x) € F[x] by division algorthim , 3 unique r(x), q(x) €
Flx] s.t f(x) =q(x).g(x)+ r(x)and either r(x) =0 or
deg(r(x)) < deg(g(x))

Case(1) if r(x) =0 - &(r(x)) =0 < §(g(x)) = 24e9(9),
Case(2) 1(x) #0 - &(r(x)) =299 x)

64
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-+ deg(r(®)) < deg(g(®)).
2deg(r(x))  pdeg(g(x))

o(r(x)) < d(gx)),
~ F[x] isE.D.

Coroliary .
Let F be afield, then F[x]is P.L.D.

Proof-

Fis afield — F[x]isE.D. — FJx]isaP.L.D [ Every E.D.is P.L.D]

Corollary.
If F is afield, then F[x] is U.F.D.

Proof-

F is afield - F[x]isE.D. —» F[x]isP.I.D. —» F|[x]is U.F.D.

Theorem:

Let R bel.D and let g(x) be a polynomial which is not constant in
R[x], we say that g(x) is irreducible if we cannot find two
polynomialh(x), k(x) € R[x] s.t g(x) = h(x).k(x) and satisfies that
h(x), k(x) with positive degree not equal zero.

Otherwise we say that g(x) is reducible polynomial.

Example::

f(x)=2x*>—=4 inZ[x] - f(x)=2x%-2)=2(x—-V2)(x +2)
and x —v2 € Z[x] - f(x)isirreducible.

Remark(1):
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(1)The reducible polynomial must it's of degree greater or equal two.
(2)All polynomial of first degree is irreducible.

(3)The constant polynomial cannot be considered reducible or
irreducible by definition.

Q/ prove that (x) in Z[x] is prime not maximal ideal.
Proot.

(x) ={xf(x): f(x) € Z[x]}, x€Z

(x) # Z[x]?
wax+b e€Z[x], b#0
but ax+b ¢<x>

< x> # Z[X].
(2)Define ¢ = Z[x] - Z by:¢(f(x)) = f(0)

@ is onto and homomorphism?

Z[x]
kerq

~ By FLT—= = 7

Kerp = {f(x) € Z[x]: o(f(x)) = 0}
={f(x) €Z[x]: f(0) =0} =<x>

» 2~ 7 butZis LD then by [theorem]

<xX>

zlx)
<x>

is I.D thus (x) is prime by [/ is prime iff? is I.D.]..

Now if we suppose that (x) is maximal. ideal then by theorem

[ I is maximal ideal iff? is afield |
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- %is afield —» Zisafield C!since Z is not afield.

Q/l1s Z[x] P.1D?

Sol/No, since if Z[x] is P.I.D and Z is .LD — by the last theorem Z isa
field C!
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Corollary(2):

If f(x) € R[x] with positive degree, then f(x) can be written as a
product of linear factors and others with constant degree.

Let f(x) € R[x] by last corollary
fl) =0 —c)(x—cp) ... (x —cp)
,if ¢; € R - x — ¢; € R[x] — the proofis finish

Now, if
el - ¢=aq+ lbj , aj,bj ER , lij lsaroot,thenc_] is aroot

Now,(x — cj)(x — C_J) = [x — (aj + ibj)][x — (a; — ibj)]

=x? — 2ajx + (aj2 + ajz) € R[x] C!

Example:
f(x)=x*+x%+1 € R[x], hasnorootinR

Lemma:
Let F be afield, then the following are equivalent:
(1)f(x) is an irreducible polynomial in F[x].

(2)The principle ideal < f(x) > is a maximal or prime ideal in F[x].

F[x]

is a field
<f(x)>

(3)The goutient ring
Proof (HW)

Example:
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Let f(x) =x%+1 is f(x) irreducible in R[x]?i.e).Is< x* +
1 >Is maximal ideal?

If it’s maximal— f(x) is irreducible in R[x]

R[x]
= (¢ ?
<x24+1>

v C field - Rz[x] is field iff <x* + 1 > is maximal ideal.
<x“+1>

~ f(x) = x* + 1 isirreducible. [by last Lemma]

Theorem:

If R is U.F.D, then R[x]is U.F.D

Proof:(H.w)

Definition:

Let R be U.F.D "the content"” of non constant polynomial

f(x) =ay+ a;x + -+ a,x™ € R[x].denoted by symbol cont f(x),is
defined to be a greatest common divisor of its coefficient.

(i.e) cont f(x) = g.c.d.(ay, ..., a,).
(MIf cont f(x) = 1, then we called f(x) primitive polynomial.
Example:

4x3 —32x%2 —16 , contf(x) = g.c.d (4,—32,—16) = 4
Example:
f(x) =3x>—=5x2+7x+1, contf(x)=1.
. f(x) is primitive.

Remarks:
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(1) f(x) € Z[x] is primitive iff there is no prime number p divided all
coefficient a; of f(x).

(2)Let f(x) be a polynomial not primitive, then there exists a primitive
polynomial f;(x) € Z[x] s.t f(x) = cont f(x) - f;(x).

(3)If f(x) € Z[x] with positive degree, then f(x) = cont (f(x)) -
f1(x) where f;(x)is primitive.

Gaus Theorem:

If f(x), g(x) are primitive polynomials in Z[x], then f(x) - g(x) is also
primitive polynomial in Z[x].

Proof:

Let f(x) =ay+a;x+--+a,x" €R[x] , a, # 0 and

gx) =by+byx+-+byx™e€R[x] , b, #0 . Let
h(x) = f(x) - g(x)

Suppose that h(x)is not primitive.

3 p aprime number s. t p divide all the coefficient of h(x) ...(1)
and p notdivide all a; (since f is primitive).

Suppose k is the smallest positive integer s.t p t a;, and p notdivide

all b; [since g is primitive], let [ be the smallest positive integer s.t
pt a ..(2).

Now,let h(x) = cy+ cix + -+ Qx5 + oo + apyppx™™

p\¢i Vi - p\Cyy
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Ck+l = Z a;b;

i+j

= Aobyy; + A1byyy—q + -+ ag_1byy1 + agby + agp1by—q + -
+ ag41bo

For choiceof k and [ p \ ax4q1 bj—1 + -+ agy1bp and p \ cx4; —
p \ ai b; but p is prime number -~ p\ a; or p\ b; C!with (1) and
(2) - h(x) is primitive polynomial.

Corollary:

Ifeach f(x)and g(x) € Z[x] are polynomial with positive
degree.Then cont( f(x). g(x)) = cont f(x).cont g(x)

Proof

In case f and g are both primitive polynomial.

.. cont. (f(x).g(x)) =1,,. cont. (f(x)) = 1 and cont. (g(x))=1

. cont. (f(x).g(x)) =1 = 1.1 = cont(f (x)). cont(g(x)).

Now suppose that f and g are not primitive.

Let cont(f(x)) =aand contg(x)=b , 0+ a,b € Z.

By remark (2) 3f;(x), g;(x)primitive polynomial s.t f(x) =
cont. f(x) f1(x) andg(x) = contg(x) g1(x)

i.e) f(x) =afi(x),g(x) =b.g,(x)
s f(x).g(x) = a.b.fi(x) - g1 (x)
cont (f(x).g(x)) = a.b cont(f,(x). g1(x))
= a.b.1[ since f, and g, are primitive ]
=a.b
= cont. f (x).cont. g(x)

72
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Theorem:

Let f(x) be an irreducibleprimitive polynomial in Z[x], then f(x)is
irreducible in Q[x].

Proof

Suppose that f(x) is primitive in Z[x] otherwise, there exist a
primitive polynomial f(x) € Z[x] s.t f(x) = cont.f(x). f;(x)
suppose that f(x) is reducible in Q[x] this means 3 h(x).g(x) €
Qlx] s.t f(x) =h(x).g(x)and deg g(x) =1, degh(x)>1

Now g(x) = Z—;’ + Z—ix + -+ Z—:xm

Co €1 Cl
h = — 4+ — ceo  — x
(x) d0+d1x+ +dlx

where ay, ..., 4., , by, ey by , Cor e €, do, .., d] €EZ

Let b=g.c.d(by,..,b,), d=g.c.d(dy,..,d;)

b.d (f(x)) =b.g(x) - d-h(x)
g(x) = cont g(x).g;(x) and h(x) = cont h(x).h,(x)

Where g;(x) and h,(x)are primitive
- g(x) = by.g;(x)and h(x) = d; - hy(x)
bd = (f(x)) = by dy - g1(x) - hy (%)
cont (b.d - f(x)) = cont (by - dy - g1(x) - hy(x))
=by - d; - cont (g1(x).h (X)) = by - d4
b-d-f(x) = by-di-g1(x) hy(x) = cont (b-d-f(x))-gi(x) - hy(x)
= b-d- cont (f(x))* g1(x) hy (%)

= g1(x) " hy(x) € Z[x] , [f(x) primitive by assumption]
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f(x)isreduciblein Z [x] C!
Thus f(x) isirreduciblein Q [x]

Theorem:(Eisenstein)

Let f(x) =ag+ a;x + -+ a,x"be a polynomial in Z[x]with positive
degree if there exist a prime number p st p/a; V0O <i <n-—1,
p t ayand p? t ay, then f(x)isirreduciblein Q[x].

Kronecker Theorem;

Let F be afield and f(x) b a enon-constant polynomial in F[x] then
there exists an extension field £, x € E s.t f(x)=0.

Proof:
F isafield - F is U.F.D |field - E.D , E.D — U.F.D|

Let f(x) € F[x], then we can write f(x) as a product of irreducible
polynomial :

f(x) =pi(x) py(x) - py(x) where p;(x) isirreducible Vi =
1, ..

,n

< p;(x) >is maximal.

is afield.
<p;1(x)>

F[x]

Put E =
4 <1 (0>

F[x]
<p1(x)>

(1) @ iswell define:

Define @ =F — by @(a) =a+<p,(x) > Va€eF
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if a=b - a+<p(x)>=b+<p(x)> - 0(a)=0(b)
(2) @ is well homomorphism?

Oa+b)=a+b+<p(x)>=at+<p;(x) >+ b+ <p(x)>
= @(a) + 0(b)

O(a.b) =a.b+<p;(x) >= (a+<p;(x) >) - (b+< p;(x) >)
= @(a) - d(b)

(3)Pis 1—1:
If @(a) =0(b)
a+<p(x)>=b+<p;(x)> & a—-be<p(x)>,

~a—b=0 - a=».

Fcfp =

= s ~. E is extension for F
Let x€E , x=x+<p;(x)> , x € F[X]
To prove f(x) =07?
f (o) = p1 () - pp (o) = pu ()
if pi()=0 - f(x)=0
If degpi(x) =21, py(x) = ap+ayx+ -+ a,x™

[=pi(x)=ag+a; X+ +a, x* ,

py (x+ <p(x) >) = ag +a;x + ax? ...+ a,x"+ < p,(x) >

=p;(x)+ < py(x) >

=<p;(x) >=0

» p()=0 - f(a)=0.
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HW/

R[x]
t 2
<x“+1>

Let f(x) =x®>+1 €R[x], x=x + (x? + 1), prove tha = C.

R[x]
<xZ+41>

Sol/ Define h:C — by h(a+ib)=a+bx+<x*+1>

1) h(a+ib) = h(c+id)
a+bx+<x*+1>=c+dx+<x?*+1>
sa+bx—c—dx € <x*+1>
»a+bx—c—dx=0-a—-c=0, b—d=0
»a=c¢c & b=d - a+ib=c+id , ~1-1
1) h is homomorphism
h(a+ib+c+id) = h(a+c+ (b+ d)i)
=a+c+b+dx+<x*+1>=a+bx+<x?+1>c+dx+c
= h(a + ib) + h(c + id).
h(a +ib).(c +id) = h(a+ib).h(c +id))
Example:;
fGx)=x*—-4 € Qlx]
fo) = (x* = 2)(x* +2)

Use Kronecker's Thmeorem , o= x+< p;(x) > = x+< (x? —2) >

HW//

Dlet f(x) = x% + 5 prove that < f(x) > isirreducible in

Z[x] (Hint: @:z[x] - Z[V=5] , 8(g(x)) = g(v-5)

2) f(x) =x*+x*=1 € Q[x] ,isfirreducible and have a root in Q?

76
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3) f(x) =x3+3is f(x)irreduciblein Zg?
4)Use Eneshtin theorem to show that if:
a) f(x) =x*—2x3+6x%+4x —10 € Z[x][Hint: p = 2]

b) f(x) =1+ 5x + 10x? + 5x3

5) Prove thatif f(x) =1+ x + x? isirreducible in Q[x] or not?




Dr. Alaa Abbass lecure Ten

Remarks
1)f(x) is irreducible iff f(x+ 1) isirreduciblein Q.
2) f(x)isirreducible, iff f(x — 1)isirreduciblein Q.

3)The polynomial f(x) =1+ x + x2 + -+ xP~1 (where P is prime)
isirreducible in Q[x]?

Proof:
(D& (2) (H.W)
Proof: (3)

fF+1D=1+@+1)+ @ +1)%2+ -+ (x +1)P1

G+ DP-1 (x+DP -1
C (x+D -1 X

=1[(x+1)p—1]
X

1 -1
_1+p(p )

2!

= —|xP + pxP
e

xP72 4 o 4 px]

= [xp_l = pxp_z + @xp_s _|_ _|_ p]

We choose p to satisfy the theorem , - by Eisenstein theorem, then
f(x + 1) isirreducible on Q[x]and by remark (1) f(x)is irreducible

on Q[x].

Defintion:

The field E is an extension to the field F if F is asubfieldin E .
Example:

R is an extension field of Q .

C is an extension field of R.
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C is an extension field of Q .

HW//

Let f(x) =x*—5x%2+ 6 € Q[x]find an extension field E to Q by
using kronker theorem?

Qlx]

<x2-2>

Hint: £ = ,X=x+< x> —2>

HW//

Let f(x) =x%+5x+8 ,is f(x) irreducible on Q ?
Hint: f(x + 1) = -~

Defintion:

Let E be an extension field of F,let« € E we called « algebraic

element if there exists anon zero polynomial f(x) € F[x] s.t f(x) =
0.

Otherwise we say that o« is transcendental element

Example:

R extension field to Q

V2 € R isV/2 algebraic element Q ?

Note that f(x) =x*—-2 € Q[x]& f(vV2)=0

». \/2 is algebraic element.
HW// Is

1) x=+/1++/3 € R algebraicon Q?
2) m is algebraicon Q ?

3) eisalgebraicon Q ?
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Sol: (Nx?=1++vV3 - «?—1=+/3 - («*-1)2=3

x*—-2x?~-1=3 > x?—2x%?—4=0.
Defintion::

Let R isI.D f(x) € R[x] non-constant, f isirreducibleiff A h(x) ,
k(x) € R[x] s.t f(x)=h(x).k(x) , deg(h(x)) > 1, deg(k(x)) >
1

Example:
flx) =2x* -4 €Z[x],
flx) =2(x%—-2) = 2(x —V2)(x +V2)
V2 ¢z

Note: f(x) =ax+ b € R|[x]isirreducible

f(x) = h(x).k(x) since deg f (x) < deg(h(x) - k(x))
Example:

fx) =x3+3x+2 € Zs[x]?

Sol: Claim that f isirreducible ,if f notirreducible then

f(x) = h(x) - k(x) with degh,k > 0, then either k or h has a first
order.

i.e) h(x)=x—a , a€ Zg[x] h(a) =a—a =0 and since

fG)=hx) k(x)=x—-a) k() , ~fla)=(@—-a) k(a)=0

~ f hasarootin Zg[x] but fhas no rootin Z¢[x] since

fl@=2, f()=1, f2)=1, f(3)=3, f(4) =78 C!With
f(x) =h(x)-k(x) «f isirreducible.

Theorem:
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Let F beafieldand f(x) € F[x] , degf(x) =2 or 3,then f is
irreducible iff f(x)hasnorootin F.

Example:
f(x) =2x*+4 €R[x]

=2(x?2+2)=2(x—v2i)(x++v2i) -~ f hasnorootin R - fis
irreducible

Example:
flx) =x3+3 € Zy[x].

f(O=3, f(L=4, f2A) =5, fB)=0
+ f isnotirreducible

Example(H.W)

f(x)=x34+x+1 € Zs[x].

Example(H W)

f(x) =x%*+3 € Z,[x].
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