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Chapter 1

The Crisp Sets

1.1 The Crisp Sets

Definition 1.1.1. Let X’ be a nonempty set, called the universe set,
consisting of all the possible elements of concern in a particular context.

Each of these elements is called a member, or an element, of X.

r € X means z is an element of X.

x ¢ X means x is not an element of X.

Definition 1.1.2. A union of several (finite or infinite) members of X
is called a subset of X, which is denoted by A C X.

There are two cases of subset:

1. Proper subset (A C X') means 3z € X but z ¢ A

2. Subset (AC X) means AC X or ¥ C A
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Remark 1.1.1. Two sets A and B is equal if A C B and B C A. Thus

Subset (A C X) means A C X or A =X
Definition 1.1.3. The empty set is denoted by 0.
Ezxample 1.1.1. Let R? be the universe set and R is a subset of R?

(R C R?).

Set - Theoretic Opeations

Let A, B be two subsets of the universe X

1. The Difference of two subsets:
A—B:={x e X|r e Abut x & B}
2. The Complement of a subset:
A =X - A ={r e Xz & A}

Remarks 1.1.1.

(a) (A) = A
(b) x° =1
(c) Pe=X

3. The Union of two subsets:
AUB :={zjlxr € Aorze B} =BUA.

2
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Remarks 1.1.2.

(a) AUX =X,
(b) AUD = A.
(c) AUA® = X.

4. The Intersection of two subsets:

ANB :={zjlr € Aand z € B} =BnNA.

Remarks 1.1.3.

(a) ANX = A.
(b) AND=10.
(c) AN A= 0.

Definition 1.1.4. Two subsets A and B are said to be disjoint

if AN B =10.

Definition 1.1.5. Let A be a set, a partion of A which is denoted
by 7(A) is
w(A) = {Ali € I; A; C A}

satisfied

(a) A; £ 0 for alli € I.
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(b) A;NA; =0 for all i # j.
(c) UA; = A.

If condition (b) does not satisfy, then 7(.4) becomes a cover or

covering of the set A.

5. The Multiplication of a real number r» and a subset A of
R:
rA:={rala € A} .

Properties of Classical Set Operations

Involutive law

(AC)C — A
Commutative law

AuB = BUA
ANB = BNA

Associative law

~~

AUB)UC = AU(BUC)
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Distributive law

AN(BUC) =
AU(BNC) =
AUA =
ANA =
AU(ANB) =
AN(AUB) =
AU(ANB) =
AN(A°UB) =
AUX =
AND =
AUD =
ANX =
ANA =
AUA =

ENEEN
c 2
55
C
ENIEN
Cc D
Q 9

T~ U S S . . N N S
o C
W W

DeMorgans law

(ANB)° = AUB
(AUB) = A°NB°

Definition 1.1.6. The number of elements in a set A is denoted by

the cardinality |.A|.
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Definition 1.1.7. A power set P(A) is a family set containing the
subsets of set A. Therefore the number of elements in the power set
P(A) is represented by

|P(A)| = 24,
Ewample 1.1.2. If A= {a,b, c}, then
Al =3
P(A) ={0,{a},{b},{a,0} {a,c} {b,c} {a,b,c}}
|P(A)] =2° =38

Definition 1.1.8. A subset A C R" that is said to be convex if for

each x,y € A,
Ax + (1 - ANy € A, for each X € [0, 1]

i.e. every point on the line connected between two points z,y € A is

also in A.

Definition 1.1.9. Let X be the universe. Membership in a crisp

subset A of X is often viewed as a characteristic function,

MA:X—>{O>1}
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defined as
1, z € A;

0, z & A.

pa(r) =

Remark 1.1.2. By using the membership function, the union and the

intersection of two sets A, B will be,

Forall z € X

pavp(z) = max{pa(z), pp(z)}

panp(z) = min{pa(x), pp(r)}



Chapter 2
FUZZY SET THEORY

2.1 Definitions

Definition 2.1.1. Let X’ be the universal set, The fuzzy set A in X

is a set of ordered pairs;
A= A{(z, pa(z)) -z € X}
where,
pa: X — [07 1]

is called the membership function,
and each x € X, the value of p4() is called the grade of membership

of z in A.

Figure 2.1: The fuzzy set
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Notation 2.1.1.

1. When X is a finite set {x1, 29, -+ ,2,}, a fuzzy set A on X is

expressed as

A= pra(z1) [z + pa(ze) [zo+ -+ pa(zn) [z, = ZMA i) /i

where the term p 4 (x;), i = 1,--- ,n signifies that yu; is the grade

of membership of z; in A and the plus sign represents the union.

2. When X is not finite, we write,

A= [ pat) o

Definition 2.1.2. Let x € X', then z is called
Not include in the fuzzy set if u4 () = 0.
Partial include if 0 < py (z) < 1.

Full include if py (z) = 1.

Definition 2.1.3. A fuzzy set is empty if and only if its membership

function is zero on X.

Definition 2.1.4. Two fuzzy sets A and B are equal, written as A =

B, if and only if u4 (x) = ug(z) for all x in X.

9
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Example 2.1.1.

1. A realtor wants to classify the house he offers to his clients. One
indicator of comfort of these houses is the number of bedrooms in
it. Let X ={1,2,3,4,...,10} be the set of available types of houses
described by x = number of bedrooms in a house. Then the fuzzy
set ”comfortable type of house for a four-person family” may be

described as

A=1{(1,0.2),(2,0.5),(3,0.8),(4,1),(5,0.7), (6,0.3)}

or

A=02/1405/2+08/3+1/4+0.7/5+0.3/6

2. the universe set X is the set of people. B fuzzy subset YOUNG is
also defined, which answers the question ”"to what degree is person
x young?” To each person in the universe set, we have to assign
a degree of membership in the fuzzy subset YOUNG. The easiest
way to do this is with a membership function based on the person’s

age.

10
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4

1, age(x) < 20

15(r) = < (30 — age(x))/10, 20 < age(x) < 30

0, age(x) > 30

\

Thus B = [;us(x)/x

3. A = "real numbers close to 10”
A= {(z, pa(x)) : pa(z) = (1+ (x —10%) 7"}

Thus
A:/A(lJr(x—lO) ) x

2.2 Expanding Concepts of Fuzzy Set

Definition 2.2.1. The support of a fuzzy set A, supp(A), is the

crisp set of all z € X such that pg (z) > 0. ie.
supp(A) :=={z € X : pa(x) > 0}.

Ezample 2.2.1. Let X := {1,2,3,4,5,6,7,8,9,10} be the universe set,
and A =0.2/14+0.5/2+0.8/3+1/4+0.7/5+ 0.3/6, then the support
of supp(A) = {1,2,3,4,5,6}.

The elements {7,8,9,10} are not part of the support of A.

11
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Definition 2.2.2. A fuzzy subset A of the universal set X is called
normal if there exists an x € X such that uy (z) = 1. Otherwise A is

subnormal.

Erample 2.2.2. Let A = 0.2/14+0.5/2+0.8/3 +1/4+0.7/5+ 0.3/6.
Since pg (4) = 1, then this fuzzy set is normal.
While the fuzzy set A = 0.2/1 4+ 0.5/2 + 0.8/3 4+ 0.7/5 4+ 0.3/6 is

subnormal.

Definition 2.2.3. The maximum value of the membership is called

height

Ezxample 2.2.3. Let A = 0.2/1+ 0.5/2 4 0.8/3 + 0.3/6. the height of

this fuzzy set is 0.8.

Definition 2.2.4. The (crisp) set of elements that belong to the fuzzy

set A at least to the degree « is called the a-cut:

Ap i ={z € X : pa(z) > o}

and

Ao ={z € X : uy(z) > a}

is called strong a-cut.

12
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Figure 2.2: Examples of a-cuts

Ezample 2.2.4. Let A = 0.2/14+0.5/2+0.8/3+1/4+0.7/5 + 0.3/6,

then list possible a-cut sets:
Ao = {1,2,3,4,5,6}
Aos = {2,3,4,5}
Aos = {3,4}
A = {4}
Definition 2.2.5. The value o which explicitly shows the value of the

membership function, is in the range of [0, 1]. The level set is obtained

by the a’s. That is, Ay :={a:pqs(z) =a,a >0,z € X'}

Ezample 2.2.5. Let A = 0.2/14+0.5/2+0.8/3+1/4+0.7/5 + 0.3/6,

then the level set is

Aq:=1{0.2,0.3,0.5,0.7,0.8, 1}

13
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Homework 2.2.1. Consider a universal set X which is defined on the

age domain. X := {5, 15,25, 35,45, 55,65, 75,85}

age(element) | infant | young | adult | senior
5 0 0 0 0
15 0 0.2 0.1 0
25 0 1 0.9 0
35 0 0.8 1 0
45 0 0.4 1 0.1
%) 0 0.1 1 0.2
65 0 0 1 0.6
75 0 0 1 1
85 0 0 1 1

Answer the following

1. Find fuzzy sets such as infant, young, adult and senior in X

2. Find the support set of each fuzzy set.

3. Find the a-cut set is derived from fuzzy set young.

4. Is the fuzzy set "adult” is normal or subnormal?

5. What is the hight of fuzzy set "senior”?

14
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2.3 Basic Set-Theoretic Operations for Fuzzy Sets

Definition 2.3.1. Let X be the universe set, a fuzzy set A is a subset
of a fuzzy set B, if and only if 4 () < pp(x) for all v € X, which is
denoted by A C B.

Definition 2.3.2. Let X be the universe set, a fuzzy set A is a proper
subset of a fuzzy set B, if and only if pa (z) < pp(z) for all x € X,
which is denoted by A C B.

Figure 2.3: fuzzy subset

Figure 2.4: Proper fuzzy subset

15
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Remarks 2.3.1.

1. Every fuzzy subset is included in itself.

2. Empty fuzzy subset is included in every fuzzy subset.

Definition 2.3.3. The complement of a fuzzy set A is denoted by
A and is defined by

pg(r) =1~ pa(r)

Figure 2.5: The complement of a fuzzy subset

16
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Ezxample 2.3.1. Let A =0/3+0.4/7+ 1/8, then

pi3) = 1—pa3)=1-0=1
ﬂj(?) = 1_MA(7):1_0-4:0-6

pi@) = 1—pa(8)=1-1=0

~

thus, A =1/3+0.6/7+0/8

Definition 2.3.4. The union of two fuzzy sets A and B with
respective membership functions puy (z) and pp(x) is a fuzzy set C,

written as C = A U B, whose membership function is related to those

of A and B by

pe () := max {pa (x) , pp ()}

Figure 2.6: The union of a fuzzy subset

17
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Ezxample 2.3.2. Let A := {(5,1),(15,0.9), (25,0.1)} and

B:={(5,0.1),(10,0.7), (25,0.8)}, then

pic (5) = max {pa(5),pup(5)} =max{1,0.1} =1
pe (10) = max{u4 (10), up (10)} = max{0,0.7} = 0.7
pe (15) = max{p4(15), up (15)} = max{0.9,0} = 0.9

pe (25) = max{u4 (25), us(25)} = max{0.1,0.8} = 0.8
Thus, C = {(5,1), (10,0.7), (15,0.9), (25,0.8) }
Proposition 2.3.1. Let A, B, C be fuzzy sets, then
AU(BUC)=(AuB)UC
Proof. Without lose of the generality, we can assume that
pa(r) <pp(x) <pe(zr) forallz € X

then

tavsue) (€)= max{p4(z), max{us (), pc (v)}}
= max {u4(z), e ()}

e (2.3.1)

18
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On the other hand,

H(AUB)UC () = max{max{pa(r),us(®)},uc(r)}
= max {us (), pc ()}

— e () (2:3.2)
Thus from (2.3.1) and (2.3.2) we get,
AU(BUC)=(AuB)UC
O

Theorem 2.3.2. If D is any fuzzy set contains both A and B, then it

also contains the union of A and B.

Proof. Let x € X, and C = AU B.
cACDand BC D forallz e X
copp (¥) > pa(x) and pp (z) > pp (z) for all z € X
copp () = max {pa (x), ps (2)} = pe (z) for all € X
.C=AUBCD.

[]

Remark 2.3.1. The union of A and B is the smallest fuzzy set containing

both A and B.

19
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Definition 2.3.5. The intersection of two fuzzy sets A and B
with respective membership functions uy4 () and ug () is a fuzzy set
C, written as C = AN B, whose membership function is related to those

of A and B by

pic (x) = min {pa (z) , ps ()}

Figure 2.7: The intersection of a fuzzy subset

Remark 2.3.2. the intersection of A and B is the largest fuzzy set which

is contained in both A and B.

Theorem 2.3.3 (De Morgan’s laws). Let A and B be two fuzzy sets,

then

—_— ~ ~

20
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Proof. 1. Without lose of the generality, assume that

2.

pa(z) < pg(x) foral z € X

sl =pa(@) > 1 —pg(x)

Thus

pog (®) = 1— paus ()
= 1 —max{ug(z),us(x)}

= 1—pug(z) (2.3.3)

On the other hand,

wing (@) = min{pz (@), pz(2)}

= 1—pug(z) (2.3.4)

Hence form (2.3.3) and (2.3.4) we get

paos () = pg (@) O opg (x)

Therefore, (AU B) = AN B.

HW.

21
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Theorem 2.3.4 (Distributive Laws). Let A, B and C be fuzzy sets, then

1.CN(AUB)=(CNnA)U(CNB)

2.CUANB)=(CUA)N(CUB)

Proof.

1. Without lose of the

generality, we assume that

pa (z) < pg () < pe (x) forallz € X

Therefore,

Hen(AuB) (z)

On the other hand,

H(cnA)u(CnB) (z) =

= min{pe (z) ,max {pa (z),us(z)}}
= min {uc (z), ug (z)}

— g (2) (2.3.5)

max {min {uc (), ua ()}, min{uc (z), ps (z)}}

max {14 () , ps ()}

s () (2.3.6)

Hence from (2.3.5) and (2.3.6) we get,

tenau) () = penayuens) () for all v € &

22
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Therefore

CNAUB)=(CNA)U(CNDB).

2. HW.

2.4 Convex Fuzzy Subsets and The Cardinality

Definition 2.4.1. A fuzzy set A is convex if and only if its a-cuts are

convex.

Theorem 2.4.1. A is convex if and only if for all z,y € X,

pa Az + (1= Ny) >min{puq (z),pa(y)} forall X €[0,1]. (2.4.1)

Proof. = ) Let x,y € X, assume that o = pg () < pa (y).
A= {2 EX pa(2) > 0l = {5 € X (2) > pa o)}
sxoy e A,

.+ A, 1s convex set
LA+ (1=Ny € A,
Hence,

pa Az + (1= ANy) = pa () (2.4.2)

23
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Similarly, if o = p4 (y) < pa (), then

pa Az + (1= ANy) = pa(y) (2.4.3)

Therefore, form (2.4.2) and (2.4.3) we get

pra Az + (L= A)y) = min {pa (2), pa(y)}-

<) Let 2 € X and a = g ()
Claim: A, is convex set:

Let u,v € A, and A € [0, 1]

copa(u) = pa () and pa (v) 2 pa(x)
By (2.4.1),

pra (Au+ (L= A)v) = min{pa(u), pa(v)}

Vv

pa(x) = o

LA+ (1—=XNv e A,

. A, is convex set. ]

24



Dr. Zeana Zaki Jamil

Chapter 2

Example 2.4.1.

Convex fuzzy set

o (O zmin (). p1,(s))
where 1= Ar+(-4)s. r.s e R.A€[0.1]

Hyl0)

plr) ==

Figure 2.8: convex fuzzy set

Figure 2.9: non-convex fuzzy set

25
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Theorem 2.4.2. If A and B are convex sets, so is their intersection.

Proof. Let C = AN B where A and B are convex fuzzy sets.

Let z,y € X and A € [0, 1], then

pe Az 4+ (1=Ny) = min{us(Az+(1—=N)y),us(Az+(1-Ny)}
> min{min {pa(z),pa(y)}, min{us (), us (y)}}
= min {p4 (), pa(y), us (), us (y)}
= min {min {4 (z) , s (2)}, min {4 (y) , ps (y)}}
= min {uc (), pe (y)}

cope A+ (1= XN)y) > min{ue (z), pe (y)}

Hence by theorem (2.4.1), C = AN B is convex fuzzy set O
Definition 2.4.2. Let X be the universe set, and A be a fuzzy set,

Scalar Cardinality (|.A]): the scalar is defined as the sum of the

grade of the membership of finite fuzzy set A. That is:

A=Y pale)

reX

Remarks 2.4.1. For any fuzzy sets A and B,
L. If for all k, upg () < pa (xg), then |B| < |AJ.

Proof. |B| =%y s (xr) < 32 pa (i) = A U

26
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2. ]i( — x| - |Al.

Proof.

n n

‘K‘ = > pgla) =) (11— palzr)

= n—) paler) =X~ A
k=1

Bl

3. [AUB|+ |ANB| = |A| + |B].
Relative Cardinality (||.A|]):
Il = =5
Remarks 2.4.2. For any fuzzy set A,

L. 0< |JAJ < 1.
2. ||All =0if pa (x) = 0 for all k. Since,

Al _ 0
A=l = — —9

3. ||A|l = 1if g (zx) =1 for all k. Since,

X X n

27
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Fuzzy Cardinality (].A|;):
[Alp = {(Aal, @) - a € [0, 1]}

Ezample 2.4.2. Let X = {1,2,3,4,5,6,7,8,9,10}
A=02/1405/2+0.8/3+1/4+0.7/5+0.3/6,
B=03/1+09/3+0.8/6+0.1/7+0.4/8+ 0.6/9 + 1/10,

then

Scalar Cardinality (|.A|):

Al = > pa(r)=02+05+08+1+0.7+03=35

Bl = ) pp(r)=03+09+08+01+04+06+1=41
While,

AUB| = 034054+09+1+074084+0.1+04+06+1=6.3

ANB| = 02+08+03=13

Thus,

AUB|+|ANB| =7.6=|A|+|B]

Relative Cardinality (||.A]):

A 35

IA] -

28
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Fuzzy Cardinality (].A|;):

AO.Q - {17273747576}
A0.3 — {273747576}

A0.5 - {27 37 47 5}

Aoz = {3,4,5}

Aos = {3,4}

A = {4}

Thus,

[Aoz| = 6
|Ags| = 5
|Ags| = 4
|Aor| = 3
[ Ags| = 2
A =1

Alp = {(lAa], @) - € [0,1]}

= {(6,0.2),(5,0.3),(4,0.5),(3,0.7),(2,0.8),(1,1)}

29
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Homework 2.4.1.

1. Let X =[1,5] and A := [, 2/z. Is A convex?

2. According to homework (2.2.1). Calculate the scalar cardinality
of young fuzzy set, the relative cardinality to adult fuzzy set, and

the fuzzy cardinality of senior fuzzy set.

3. Compute the relative cardinality of AUB and the scalar cardinality

of AN B where,
A={(z,04),(y,0.5),(2,0.9), (w, 1)}

B=05/u+08/v+09/w+0.1/z

2.5 Expansion of Fuzzy Set

Definition 2.5.1. If the value of membership function is given by a
fuzzy set, it is a type-2 fuzzy set. This concept can be extended up to

Typen fuzzy set.

FExample 2.5.1. Consider set A = adult. The membership function of

this set maps whole age to youth, manhood and senior. For instance,

30
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for any person x, y, and z,

pta(z) = youth

ta(y) = manhood
pa(z) =0
The values of membership for youth and manhood are also fuzzy sets,

and thus the set adult is a type-2 fuzzy set. The sets youth and man-

hood are type-1 fuzzy sets.

Remark 2.5.1. In the same manner, if the values of membership function

of youth and manhood are type-2, the set adult is type-3.

Definition 2.5.2. consider a fuzzy set satisfying A # () and A # X.

~

The pair (A, .A) is defined as fuzzy partition. More generally, if there
are m subsets defined in X, (A, Ay, -+, A,,) holding the following

conditions is called a fuzzy partition.
1. Vi, A; # 0.
2. AiﬂAj :@fOI‘ allz;«é]

3.Vr e X, S (z) = 1.

31



Chapter 3

FUZZY RELATION AND
COMPOSITION

3.1 Fuzzy Relation on sets

Definition 3.1.1. If a crisp relation R represents that of from sets
A to B, for x € A and y € B, its membership function ug ((x,y)) is,
1, (z,y) €R

0, (z,y) ¢ R
This membership function maps A x B to set {0, 1}.

,uR(x7 y) -

MRZAXB—>{071}
Remarks 3.1.1. In general,

1. A relation among crisp sets A;, Ao, - -+ , A, is a subset of the Carte-
sian product. It is denoted by R.
RCA xAyx---x A,

32
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2. Using the membership function defines the crisp relation R :

1, (w1,29,---,2,) €R
pr (T1, 22, ,Ty) =
0, o.w.
Where x1 € Ay, 20 € A, -+, x, € A,.

Definition 3.1.2. Let X', )V be crisp sets, then Fuzzy relation on

X x Y has degree of membership whose value lies in [0, 1].
gt X x Y = [0,1]
R:={((z,9), pr (z,y)) 1z € X,y € V}
Remarks 3.1.2.

1. Here ug(z,y) is interpreted as strength of relation between x and

y. When ur(z,y) > ur(2’,y'), (x,y) is more strongly related than
(@, 9).
2. When a fuzzy relation R C X x )Y is given, this relation R can be

thought as a fuzzy set in the space X x ).

Figure 3.1: crisp and fuzzy relation

33
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Ezample 3.1.1. crisp relation R in the figure (a) reflects a relation in

A x A. Expressing this by membership function,

pr(a,c) =1, pr(b,a) =1, ur(c,b) = 1, ur(c,d) = 1.

If this relation is given as the value between 0 and 1 as in the figure (b),
this relation becomes a fuzzy relation. Expressing this fuzzy relation

by membership function yields,

pr(a,c) = 0.8, ur(b,a) = 1.0, ug(c,b) = 0.9, ur(c,d) = 1.0

Figure 3.2: Crisp and fuzzy Relation
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Remark 3.1.1. When crisp relation R represents the relation from crisp

sets A to B, its domain and range can be defined as,

dom(R) = {r€A:x e Aye B, ug(r,y) =1}

ran(R) = {ye B:xe€ Ay € B, ur(x,y) =1}

Definition 3.1.3. When fuzzy relation R is defined in crisp sets A and

B, the domain and range of this relation are defined as :
Mdom(R)(l‘) = max MR(SU, y)
yeB
,uran(R)(y) - I?Ea/}l( NR(xa y)

Set A becomes the support of dom(R) and dom(R) C A. Set B is the

support of ran(R) and ran(R) C B.

Ezample 3.1.2. Let A = {z1,x2} and B = {y1,y2} such that

pr(x1,11) = 0.4 and pg (z1,y2) = 0.7

pr (ro,y1) = 0.6 and pug (x2,y2) = 0.3
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then

Mdom(R)(ivl) = I;leaé(HR(xlay)

= max {yr(r1,y1), pr(21,92)} = max {0.4,0.7} = 0.7
Mdom(R)(iU2) = I;lgm%(%y)

= max {{r(Ta, Y1), r(T2,92)} = max {0.6,0.3} = 0.6
Pran(R) (Y1) = Iggij(x,yl)

= max {pr(r1,y1), pr(2,91)} = max {0.4,0.6} = 0.6
Pran(R)(Y2) = Talj'leaj(MR(fU,yQ)

= max {ur(z1,v2), tr(x2,y2)} = max {0.7,0.3} = 0.7

3.2 Fuzzy Matrix

Definition 3.2.1. if an element of the vector has its value between 0

and 1, we call this vector a fuzzy vector.
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Example 3.2.1.

Definition 3.2.2. A fuzzy matrix is a matrix which has its elements

from the interval [0, 1], called the unit fuzzy interval.

Ezxample 3.2.2.
0.2 0.33

P=105 1

0 024
3x2

Definition 3.2.3. An m X n fuzzy matrix for which m = n (i.e the
number of rows is equal to the number of columns) and whose elements
belong to the unit interval [0, 1] is called a fuzzy square matrix of

order n.

Ezxample 3.2.3.

2%2
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3.2.1 operations on fuzzy matrices.

Given a fuzzy matrix A = (a;;) and B = (b;;), we can perform opera-

tions on these fuzzy matrices.
- Sum: A+ B = max{a;j, b;;}

Ezxample 3.2.4. Let

0.1 04 0.7 0.2
A= and B =
0.5 0.9 0.6 04
Then
0.7 04
A+ B =
0.6 0.9

- Max product: C' = A e B = AB = max {min(aj, by;)}

Ezxample 3.2.5. Let

0.2 0.5 0.0 1.0 0.1 0.0
A=104 10 0.1 and  B=1] 00 00 05
0.0 1.0 0.0 0.0 1.0 0.1
Note that,
0.2 0.5 0.0 :(a) 0.2 0.5 0.0 :(a)
min {4 1.0 0.0 0.0 :(bp1) min |} 0.1 0.0 1.0 :(br2)
02 0.0 0.0 max 0.2=cy 0.1 0.0 0.0 max 0.1=cy,
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0.2 0.5 0.0 :(a) 04 1.0 0.1 :(a)
min{ 0.0 0.5 1.0 :(bgs) minl 1.0 0.0 0.0 :(by)
0.0 0.5 0.0 max 0.5=cp3 04 0.0 0.0 max 0.4= cy
0.4 1.0 0.1 :(a) 0.4 1.0 0.1 :(a)
min{ 0.1 0.0 1.0 :(bg2) min{ 0.0 0.5 1.0 :(b3)
0.1 0.0 0.1 max 0.1= cy 0.0 0.5 0.1 max 0.5=co
0.0 1.0 0.0 :(as) 0.0 1.0 0.0 :(as)
min{ 1.0 0.0 0.0 :(bg1) min{ 0.1 0.0 1.0 :(byo)
0.0 0.0 0.0 max 0.0= cs 0.0 0.0 0.0 max 0.0= cs
0.0 1.0 0.0 :(as)
min{ 0.0 0.5 1.0 :(bgs)
0.0 0.5 0.0 max 0.5= cs3
Thus,
02 0.1 0.5
C=AeB=1 04 01 05
0.0 0.0 0.5
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-Scalar product: AA where 0 < A <1

Ezxample 3.2.6.
0.4 0.5 0.1

0.3 0.7 1.0

Then,

0.2 0.25 0.05
0.5A =

0.15 0.35 0.5
3.3 Fuzzy relation matrix

Definition 3.3.1.
If a fuzzy relation R is given in the form of fuzzy matrix, its ele-
ments represent the membership values of this relation. That is, if the

matrix is denoted by My, and membership values by pz(i,7), then
Mr = (pr(i, ).
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Example 3.3.1.

Its corresponding fuzzy matrix is as follows.

Mpr|l a b ¢ d

a (0.0 0.0 0.8 0.0
b |1.0 0.0 0.0 0.0
c 0.0 09 00 1.0

d (0.0 0.0 0.0 0.0

3.3.1 Operation of Fuzzy Relation
Let RCAxB,andSCAXxB
-Union relation: Union of two relations R and § is defined as follows:
prus(z,y) = max {ur (2, y), ps(z, y)} = Mg + Ms
For more general,
IR URU--UR, (T, 1) = max {pr(x,y)} ZMR

Ezxample 3.3.2.

Mzr| a b ¢ Ms| a b ¢
1 103 0.2 1.0 1 103 0.0 0.1
2 108 1.0 1.0 2 101 08 1.0
3 100 1.0 0.0 3 106 09 0.3
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Thus,
Mprus| a b ¢
1 0.3 0.2 1.0
2 0.8 1.0 1.0
3 0.6 1.0 0.3

-Intersection relation: The intersection relation R NS of sets A and

B is defined by the following membership function.

pras (T, y) = min {ur (2, y), ps(z, y)}

For more general,

/’LR1QRQQ"'Q'R% (x

Ezxample 3.3.3.

Mzr| a b ¢

1 103 02 1.0

Y) = min {pr,(z,y)}

Mg b ¢

a

1 103 0.0 0.1

2 108 1.0 1.0 2 101 08 1.0
3 100 1.0 0.0 3 106 09 0.3
Thus,
Mpras| a b ¢
1 0.3 0.0 0.1
2 0.1 0.8 1.0
3 0.0 0.9 0.0
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-Complement relation: Complement relation R for fuzzy relation R

shall be defined by the following membership function.

For all (z,y) € A x B; pg(z,y) =1 — pr(z,y)

Ezxample 3.3.4.

Mzr| a b ¢ Mzl a b ¢
1 103 0.2 1.0 1 107 08 0.0
2 108 1.0 1.0 2 102 0.0 0.0
3 10.0 1.0 0.0 3 1.0 0.0 1.0

-Inverse relation: When a fuzzy relation R C A x B is given, the
inverse relation; R~!, of R is defined by the following membership

function.

For all (z,y) C A x B; pur-1(y, ) = pr(z,y)
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Example 3.3.5.

Mpr| a b ¢ Mprpa| 1 2 3
1 103 0.2 1.0 a 0.3 0.8 0.0
2 108 1.0 1.0 b 0.2 1.0 1.0
3 100 1.0 0.0 c 1.0 1.0 0.0

3.4 Composition of Fuzzy Relation

Definition 3.4.1. Two fuzzy relations R and S are defined on sets
A, Band C. Thatis, R C Ax B, S C B x (C. The composition
SoR = SR of two relations R and S is expressed by the relation from
A to (', and this composition is defined by the following.

For (z,y) € Ax B, (y,2) € Bx C,

pisor (2, 2) = max {mym {ur (2, y) , ps (v, Z)}}

Remarks 3.4.1.

1. SoRCAxC.

2. If the relations R and S are represented by matrices Mz and Mg,

the matrix Mger corresponding to § o R is obtained from the
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product of Mz and Mg.

Msor = Mz o Msg.

FEzample 3.4.1. Let A := {1,2,3}, B :={a,b,c,d}, and C :={a, 5,7}

are sets. Consider fuzzy relations R € A x B, S C B x C, such that:

Sla B v
Rl a b ¢ d

al09 0.0 0.3
1101 02 0.0 1.0

b|10.2 1.0 0.8
2103 03 0.0 0.2

c |08 0.0 0.7
3108 09 1.0 04

d|{04 0.2 0.3
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Then,

SoR| a B ~n

1 04 02 0.3
2 0.3 0.3 0.3

3 0.8 09 0.8

Figure 3.3: Composition of fuzzy relation

3.4.1 «a-cut of Fuzzy Relation

Definition 3.4.2. We can obtain a-cut relation from a fuzzy relation
by taking the pairs which have membership degrees no less than .

Assume R C A x B, and R, is a « -cut relation. Then
Ro = {(2,y) : pr (v,y) > a,x € A,y € B}
Remark 3.4.1. Note that R, is a crisp relation.

Definition 3.4.3. The level set is all the degrees of membership

function.

FExample 3.4.2. Let 'R be a fuzzy relation such that
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0.9 04 0.0
Mz = 0.2 1.0 04
0.0 0.7 1.0

0.4 0.2 0.0

Now the level set with degrees of membership function is,

A =1{0,0.2,0.4,0.7,0.9,1.0}

then we can have some « - cut relations in the following

i110 i11o i100
Mg,, 1 11 Mgy, 011 Mg, 010
01 1 01 1 01 1
1 10 1 00 000
iloo iooo
Mgy, 010 Mg = 010
001 00 1
00 0 000

47



Dr. Zeana Zaki Jamil

Chapter 3

Homework 3.4.1.

1. Draw the following relation

R

1.0

0.0

0.1

0.2

0.6
0.8
0.0

0.4

48

0.3
0.4
1.0

0.0

0.0

0.9

0.0

1.0



Dr. Zeana Zaki Jamil Chapter 3

2. Compute the complements, intersection and union of the following

fuzzy relations R and S.

R|{a b ¢ d Sl a b ¢ d
a |10 0.2 04 0.0 a|l.0 00 0.0 04
b |00 01 00 09 b{00 0.0 04 0.9
c 0.1 0.0 1.0 0.0 c|04 00 0.1 0.0
d |00 04 00 1.0 d{05 0.1 0.0 0.0

3. Determine the composition relation SoR C AxC where R C A x B

and S C B x (' are defined as follows

Rl a b ¢ d S|l a b ¢
1104 00 00 1.0 a|04 01 0.0
2105 04 0.9 0.0 b|0.2 0.0 0.9 Find the
3102 01 1.0 04 ¢ 02 0.0 0.5
4100 0.2 0.0 1.0 d|0.1 00 0.9

level set of R and a-cut of S.
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3.5 Properties of fuzzy relations

-Reflexive Relation: Let R be a fuzzy relation in X x X then R is

called reflexive, if

pr (z,x) =1 for all z € X.

Ezample 3.5.1. Let X = {a,b,c}

Rl a b ¢

a |10 0.1 0.0
b 102 1.0 0.9

c 02 00 1.0

is reflexive relation.

- Antireflexive relations: Fuzzy relation R C X' x X is antireflexive
if
pr (x,z) =0 for all x € X.

Ezample 3.5.2. Let X = {a,b,c}

Rl a b C

a 0.0 01 0.0
b |02 0.0 09

c 02 00 0.0
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is antireflexive relation.

-Symmetric Relation: A fuzzy relation R is called symmetric if,
pr (z,y) = pr (y,z) for all y,x € X.

Ezample 3.5.3. Let X = {a,b,c}

Rl a b c
a 05 0.1 0.3
b 0.1 0.0 0.9
c |03 09 0.6

is a symmetric relation.

- Antisymmetric Relation: Fuzzy relation R C X x X is antisym-

metric iff

if ug (z,y) > 0 then pug (y,x) =0forall z,y € X, x £y

Ezample 3.5.4. Let X = {a,b,c}

R|{a b ¢
a |04 00 0.7
b 0.1 0.0 0.0
c |00 02 0.6

is a antisymmetric relation.
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-Transitive Relation: Fuzzy relation R C X x X is transitive iff

R?=RoR C R means ug: (x,y) < ur (z,7).

Ezample 3.5.5. Let X = {x1, 29, 3}

R| z1 x99 x5

107 09 0.4
z210.1 0.3 0.5

73] 02 0.1 0.0

2
R 1 ) X3

z1 | 0.7 0.7 0.5
r2 10.2 0.3 0.3

z3 | 0.2 0.2 0.2

Since pigz2 (2, ;) is not always less than or equal to ug (z;,x;),

hence R is not transitive.

Ezxample 3.5.6. Let X = {x1, 25}

R| x1 a9 R*| 21
r1 104 0.2 z1 104 0.2

Since pg2 (x;, x;) is always less than or equal to pug (x;, x;), hence

R is transitive.
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3.5.1 Fuzzy Equivalence Relation

If a fuzzy relation R C A x A satisfies the following conditions:

1. Reflexive relation.
2. Symmetric relation.

3. Transitive relation.

we call it a fuzzy equivalence relation or similarity relation.

Fxample 3.5.7. Lets consider a fuzzy relation expressed in the following

matrix.
R|{a b ¢ d
a |10 08 0.7 1.0
b 0.8 1.0 0.7 0.8
c 0.7 0.7 1.0 0.7
d|1.0 0.8 0.7 1.0

Since this relation is reflexive, symmetric and transitive, then it is a

fuzzy equivalence relation

Figure 3.4: fuzzy equivalence relation
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Definition 3.5.1. The fuzzy set A is done partition into subsets

Ay, Ag, - -+ by the equivalence relation.

FExrample 3.5.8. A partition of A by the given relation R. At this point,

fuzzy equivalence relation holds in class A; and A,, but not between

Al and AQ.

b |05 1.0 05 00 0.0

c |10 05 1.0 0.0 0.0

Figure 3.5: Partition by fuzzy equivalence relation
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Definition 3.5.2. if a partition is done on set A into subsets A, Ay, As, - - -

the similarity among elements in A; is no less than . The a-cut

equivalence relation R, is defined by

17 MR (xay) > oz,V:J:,y S AZ
MR (xay) =
0, ow

If we apply « - cut according to o in level set {aq, g, - - - }, the partition
by this procedure is denoted by 7(R,,). In the same manner, we get
m(Rq,) by the procedure of ay-cut. Then, we know

if a1 > a9, Ra, € Ra, and we can say that m(R,,) is more refined

than m(Ra,).
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Ezxzample 3.5.9.

e

b 0.8
c | 0.0
d 04

0.8
1.0
0.0
0.4
0.0
0.0

0.0
0.0
1.0
0.0

1.0

0.4
0.4
0.0
1.0

0.0

0.0
0.0
1.0
0.0

1.0

0.5 0.0 0.5

Figure 3.6: Partition tree

Definition 3.5.3. Let X,Y be the universal sets, and

A:

Then R = {((z,y), pa(z,y)) :

on A and B if

pr (@, y) < pa(z) V(z,y) € X XY

and

pr (2, y) < pp(y),V(z,y) € X x Y

0.0
0.0
0.5
0.0
0.5

1.0

{(z, pa (@) - 2 € X}

{(y, 5 (y)) :y €V}

o6

(z,y) € X x Y} is fuzzy relation
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Remark 3.5.1. Fuzzy relation are obviously fuzzy sets in product spaces.
Therefore set - theoretic and algebraic operations can be defined for

them in analogy to the above definitions.
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Homework 3.5.1.

1. Determine whether the following fuzzy relation is an equivalence

relation. Determine the partition tree of the set A

R

87

B

g

1.0
0.8
0.7

a

0.8
1.0

0.7

b

0.7

C

d

1.0
0.8
0.4

0.1

0.8
1.0
0.0
0.0

0.4
0.0
1.0
0.5

0.1
0.0
0.5

1.0

2. Let the two fuzzy sets A and B be defined as

A:

B —

{(0,0.2),(1,0.3), (2,0.4), (3,0.5)}

{(0,0.5),(1,0.4),(2,0.3),(3,0.0)}

Is the following set a fuzzy relation on A and B?

{(0,0),0.2),(0,2),0.2),(2,0),0.2) }

Give an example of a fuzzy relation on A and B.
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Kinds of Fuzzy Function

4.1

Definition 4.1.1. Let X and Y be crisp sets, and f be a crisp function.
A and B are fuzzy sets defined on universal sets X and Y respectively.
Then the function satisfying the condition

pa(z) <ps(f(r) Ve e X

is called a function with constraints on fuzzy domain A and fuzzy
range B.

FExrample 4.1.1. Consider two fuzzy sets,
A:=1{(1,0.5),(2,0.8)},B :={(2,0.7),(4,0.9) }
and a function
y=f(x) =2z, forx e A,y e B
We see the function f satisfies the condition, u4 (z) < pg (y).

Definition 4.1.2. Consider a function satisfying fuzzy constraint
f:A—=B,g: B — C (A B and C denote fuzzy sets defined on X,
Y and Z). The composition of these two functions yields fuzzy
function with fuzzy constraint.

gof:A—C.
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That is due to the conditions

pa(z) < pp(f(z) and pp (y) < pe (9(y))

Where y = f(z),z = g(y). The following holds.

pa(z) < pe (g(f(x))).

Definition 4.1.3. Let X and Y be universes and P(Y) the set of all
fuzzy sets in Y (power set). f: X — P(Y) is a mapping, f is a fuzzy
function if and only if

i W) = pg (2,y) V(z,y) € X XY

where 115 (z,y) is the membership function of a fuzzy relation.

Ezample 4.1.2. Let A = {2,3,4} and B = {2,3,4,6,8,9,12} be two
crisp sets. And suppose also the fuzzy function defined from the elements
of A to the power set P(B), established by:

f(2) = By, f(3) = By, f(4) = B3
with:

P(B) = {B1, By, Bs} = { /(2), J(3), f() }
being:

By ={(2,0.5),(4,1),(6,0.5)}, B, = {(3,0.5),(6,1),(9,0.5)},
B; ={(4,0.5),(8,1),(12,0.5)}
So, for instance:

:2¢€¢ A— B
: 3€eA— By
c4€e A— Bs

Y i
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And also it is possible to introduce the a-cut operation on the fuzzy
function:

s {2,4,6}, fora=0.5
U 26A_>{{4}, for a =1.0
z {3,6,9}, fora=0.5
I 36A_>{{6}, for a = 1.0
s {4,8,12}, for a =0.5
U 4€A_>{{8}, for = 1.0

corresponding to By, By and Bj, respectively.

Definition 4.1.4. Suppose defined f : U — V, crisp function between
universal sets. The fuzzy extension function propagates the fuzziness,
or ambiguity, from the independent variable to dependent variable.
Such extension function defines the image, B = f(A), of fuzzy set

A.

Ezample 4.1.3. There is a crisp function, f(z) = 3x + 1 where its
domain is A := {(0,0.9), (1,0.8),(2,0.7),(3,0.6), (4,0.5) } and its range
is B = [0,20]. We can obtain a fuzzy set B in B

B:={(1,0.9), (4,0.8), (7,0.7), (10,0.6), (13,0.5)} .

Definition 4.1.5. Fuzzy Bunch of Functions of crisp functions from
X to Y is defined with fuzzy set of crisp function f; (i = 1,--- ,n) with

and it is denoted as

f: Zﬂf(fi) / i

This function produces fuzzy set as its outcome.
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Erample 4.1.4. In the case of crisp sets fi, fo and f3, the bunch will be,
for example, X = {1,2,3}

f=A(f1,0.4),(f,0.7),(f5,0.5)}
where,
filz) =, fo(z) = 2%, fz(x) =1 —=
By, fi we get fi ={(1,0.4),(2,0.4),(3,0.4)}
By, f» we get fo = {(1,0.7), (4,0.7),(9,0.7)}
By, f3 we get f3 = {(0,0.5),(—1,0.5),(—2,0.5)}

then, we can summarize the outputs as follows :

(1) = {(1,0.4),(1,0.7),(0,0.5)} = {(0,0.5), (1,0.7)}
(2) = {(2,0.4),(4,0.7), (=1,0.5)} = {(—1,0.5), (2,0.4), (4,0.7)}
(3) = {(3,0.4),(9,0.7),(=2,0.5)} = {(=2,0.5), (3,0.4), (9,0.7)}

Ty T

We can see that the fuzzy function maps 2 to 2 with possibility 0.4
through fi, to 4 with 0.7 through f; and to —1 with 0.5 through f;.
This result is represented by the above f5(2).

Homework 4.1.1.

1. Show the following function satisfies the conditions.
Condition : pua(x) < up(y)

Function : y = f(z) = 322, x € A, y € B where

A = {(2,0.5),(3,0.4)}
B = {(4,0.4),(12,0.5),(27,0.5)}

2. Show the following function is a fuzzy function.

f:A— P(B)
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f1) = By
f(2) = B
f(3) = Bs

where A ={1,2,3}, B ={1,2,3,4,6}
pB) - {(} 317327B3)

By = {(1,0.9),(2,0.5)}
By = {(2,0.5),(4,0.9)}
By = {(3,1.0),(6,0.5)}

3. There in a fuzzy bunch of function, X = {2, 3,4}

filz) =z +1, folz) = 2%, fs(z) = 2* + 1

f={(f1,04),(f2,0.5), (f3,0.9)}
Find f(2), f(3) and f(4).
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